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Foreword

The roots of the mathematical topic of optimization go back to ancient Greece,
when Euclid considered the minimal distance of a point to a line; convex
sets were investigated by Minkowski about a hundred years ago, and fifty
years ago, J.-J. Moreau [87] defined the notion of the subdifferential of a
convex function. In 1970, R.T. Rockafellar wrote his monograph [97] on convex
analysis. Since then, the field of convex optimization and convex analysis has
developed rapidly, a huge number of papers on that topic have been published
in scientific journals and a large number of monographs and textbooks have
been produced. Now, we have a new book at hand and one can ask why read
this book.

A recent topic of research in mathematical optimization is the need to
compute global optima of nonconvex problems. To do that, the problem can
be convexified using the optimal function value of the resulting convex opti-
mization problem as a bound for the problem investigated. Combining this
with an enumeration idea the problem can be solved. The same approach of
convexification plus enumeration can serve as a way to solve mixed-integer
nonlinear optimization problems which is a second challenging problem of re-
cent and future research. Moreover, many practical situations lead directly to
convex programming problems. Hence the need to develop a deep insight into
convex optimization.

The theory of convex differentiable optimization is well established. Every
student will be introduced in basic courses on mathematical optimization to
the Fritz John and Karush-Kuhn-Tucker necessary optimality conditions. For
guaranteeing the Karush—Kuhn—Tucker conditions a constraint qualification
such as the Slater condition is needed. But, in many applications, this condi-
tion is violated. There are a larger number of ways out in such a situation:
Abadie constraint qualification can be supposed, sequential optimality condi-
tions can be used or we can try to filter out full information of (enhanced)
Fritz John necessary optimality conditions. These nonstandard but essential
parts of the theory of convex optimization need to be described in detail and
in close relation to each other.

Nonsmooth analysis (see, for example, Mordukhovich [86]) is a quickly
developing area in mathematical optimization. The initial point of nonsmooth
analysis is convex analysis, but recent developments in nonsmooth analysis are
a good influence on convex analysis.

The aim of this book is to develop deep insight into the theory of convex

XV



xvi Foreword

optimization, combining very recent ideas of nonsmooth analysis with stan-
dard and nonstandard theoretical results. Lagrange and Fenchel duality use
different tools and can be applied successfully in distinct directions. But in
the end, both are shown to coincide.

If, at an optimal solution, no constraint qualification is satisfied, algorithms
solving the Karush-Kuhn-Tucker conditions cannot be used to compute this
point. And, how to characterize such a point? Roughly speaking one idea is
the existence of a sequence outside of the feasible set with smaller objective
function values converging to that point. These are the enhanced Fritz John
necessary optimality conditions. A second idea is to characterize optimality
via subgradients of the regular Lagrangian function at perturbed points con-
verging to zero. This is the sequential optimality condition. Both optimality
conditions work without constraint qualifications. e-optimal solutions can be
characterized using e-subgradients.

One special convex optimization problem is also investigated. This is the
problem to find a best point within the set of optimal solutions of a convex
optimization problem. If the objective function is convex, this is a convex
optimization problem called a simple bilevel programming problem. It is easy
to see that standard regularity conditions are violated at every feasible point.
For this problem, a very general constraint qualification is derived.

A last question is if convexity can successfully be used to investigate non-
convex problems as the maximization of convex functions or the minimization
of a function being the difference of convex functions.

Algorithmic approaches for solving convex optimization problems are not
described in this book. This results in much more space for theoretical proper-
ties. The result is a book illuminating not only the body but also the bounds
and corners of the theory of convex optimization. Many of the results pre-
sented are usually not contained in books on this topic. But, if more and
more (applied) difficult optimization problems need to be solved, we are more
likely be faced with instances where usual approaches fail. Then it is necessary
to search away from standard tools for applicable approaches. I am sure that
this book will be very helpful.

I deeply recommend this book for advanced reading.

Stephan Dempe
Freiberg, Germany



Preface

This is a book on convex optimization. More precisely it is a book on the re-
cent advances in the theory of optimality conditions for convex optimization.
The question is why should one need an additional book on the subject? How-
ever, possibly the books on convex analysis are much more in number than the
ones on convex optimization. In the books dealing with convex analysis, like
the classic Convex Analysis by Rockafellar [97] or the the more recent Conver
Analysis and Nonlinear Optimization by Borwein and Lewis [17], one would
find convex optimization theory appears as an application to various results
of convex analysis. However, from 1970 until now there has been a growing
body of research in the area of optimality conditions for a convex optimiza-
tion. Many of these results address the question as to what happens when
the Slater condition fails for a convex optimization problem or are there very
general constraint qualification conditions which hold even if the the most pop-
ular ones fail? The books on convex analysis usually do not present results of
this type and thus these results remain largely scattered in the vast literature
on convex optimization. On the other hand, the books dealing with convex
optimization largely focus on algorithms or algorithms and theory associated
with a certain special class of problems like second-order conic programming
or semidedfinite programming. Some recent books like Introductory Lectures
in Convex Optimization by Nesterov [90] or Lectures on Modern Convex Opti-
mization by Ben-Tal and Nemirovskii [8] deal with algorithms and the special
problems, respectively.

This book has a completely different focus. It deals with optimality con-
ditions in convex optimization. It attempts to bring in most of the important
and recent results in this area that are scattered in the literature. However,
we do not ignore the required convex analysis either. We provide a detailed
chapter on the main convex analytic tools and also provide some new results
that have appeared recently in the literature. These results are usually not
found in standard books on convex analysis but they are essential in devel-
oping many of the important results in this book. This book actually began
as a survey paper but then we realized that it has too much material to be
considered as a survey; and then we thought of converting the survey paper
into the form of a monograph.

We would look to thank the many people who encouraged us to write
the book. Professor Stephan Dempe agreed very kindly to write the foreword.
Professor Boris Mordukhovich, Professor Suresh Chandra, Professor Juan En-

xvii



xviii Preface

rique Martinez-Legaz also encouraged us to go ahead and write the book. We
are indeed grateful to them. We would also like to thank Aastha Sharma of
Taylor & Francis, India, for superb handling of the whole book project and
Shashi Kumar from the helpdesk of Taylor & Francis for helping with the
formatting. We would also like to extend our deepest gratitude to our families
for their support. Joydeep Dutta would like to thank his daughter Naina and
his wife Lalty for their understanding and patience during the time this book
was written. Anulekha Dhara would like to express her deepest and sincer-
est regards and gratitude to her parents Dr. Madhu Sudan Dhara and Dolly
Dhara for their understanding and support. She would also like to thank the
National Board for Higher Mathematics, Mumbai, India, for providing finan-
cial support during her tenure at the Indian Institute of Technology Kanpur,
India.

The book is intended for research mathematicians in convex optimization
and also for graduate students in the area of optimization theory. This could be
of interest also to the practitioner who might be interested in the development
of the theory. We have tried our best to make the book free of errors. But to
err is human, so we take the responsibility for any errors the readers might
find in the book. We would also like to request that readers communicate
with us by email at the address: jdutta@iitk.ac.in. We sincerely hope that the
young researchers in the field of optimization will find this book helpful.

Anulekha Dhara
Avignon, France

Joydeep Dutta
Kanpur, India


mailto:jdutta@iitk.ac.in

Chapter 1

What Is Convex Optimization?

1.1 Introduction

Optimization is the heart of applied mathematics. Various problems encoun-
tered in the areas of engineering, sciences, management science, and economics
are based on the fundamental idea of mathematical formulation. Optimiza-
tion is an essential tool for the formulation of many such problems expressed
in the form of minimization of a function under certain constraints like in-
equalities, equalities, and/or abstract constraints. It is thus rightly considered
a science of selecting the best of the many possible decisions in a complex
real-life environment.

Even though optimization problems have existed since very early times,
the optimization theory has settled as a solid and autonomous field only in
recent decades. The origin of analytic optimization lies in the classical calculus
of variations and is interrelated with the development of calculus. The very
concept of derivative introduced by Fermat in the mid-seventeenth century via
the tangent slope to the graph of a function was motivated by solving an op-
timization problem, leading to the Fermat stationary principle. Around 1684,
Leibniz developed a method to distinguish between minima and maxima via
second-order derivatives. The calculus of variations was introduced by Euler
while solving the Brachistochrone problem, which was posed by Bernoulli in
1696. The problem is stated as “Given two points x and y in the vertical plane.
A particle is allowed to move under its own gravity from x to y. What should
be the curve along which the particle should move so as to reach y from x in
the shortest time?” In 1759, Lagrange gave a completely different approach
to solve the problems in calculus of variations, today known as the Lagrange
multiplier rule. The Lagrange multipliers are viewed as the auxiliary variables
that are primarily used to derive the optimality conditions for constrained
optimization problems. These optimality conditions are the building blocks of
optimization theory.

During the second world war, Dantzig developed the simpler method to
solve linear programming problems. The first attempt to develop the La-
grange multiplier rules for nonlinear optimization problem was made by Fritz
John [71] in 1948. In 1951, Kuhn and Tucker [73] gave the Lagrange multiplier
rule for convex and other nonlinear optimization problems involving differen-
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2 What Is Convex Optimization?

tiable functions. It was later found that Karush in 1939 had independently
established the optimality conditions similar to those of Kuhn and Tucker.
These optimality conditions are today famous as the Karush—Kuhn—Tucker
(KKT) optimality conditions. All the initial theories were developed with the
differentiability assumptions of the functions involved.

Meanwhile, efforts were made to shed the differentiability hypothesis,
thereby leading to the development of nonsmooth convex analysis as a subject
in itself. This added a new chapter to optimization theory. The key contrib-
utors in the development of convexity theory are Fenchel [45], Moreau [88],
and Rockafellar [97]. An important milestone in this direction was the publi-
cation of Conver Analysis by Rockafellar [97], where the theory of nonsmooth
convex analysis was presented in detail for the first time. No wonder this text
is by far a must for all optimization researchers. In the early 1970s, his stu-
dent Clarke coined the term nonsmooth optimization to categorize the theory
involving nondifferentiable optimization problems. He extended the calculus
rules and applied them to optimization problems involving locally Lipschitz
functions. This was just the beginning. The subsequent decade witnessed a
large development in the field of nonsmooth nonconvex optimization. For de-
tails on nonsmooth analysis, one may refer to Borwein and Lewis [17]; Bor-
wein and Zhu [18]; Clarke [27]; Clarke, Ledyaev, Stern and Wolenshi [28];
Mordukhovich [86]; and Rockafellar and Wets [101].

However, such developments have not overshadowed the importance of
convex optimization, which still is and will remain a pivotal area of research. It
has paved a path not only for theoretical improvements, but also algorithmic
designing aspects. In this book we focus mainly on convex analysis and its
application to the development of convex optimization theory.

1.2 Basic Concepts

By convex optimization we simply mean the problem of minimizing a convex
function over a convex set. More precisely, we are concerned with the following
problem

min f(x) subject to 1z € C, (CP)

where f : R™ — R is a convex function and C C R” is a convex set. Of course
in most cases the the set C is described by a system of convex inequalities
and affine equalities. Thus we can write

C={zxeR":g(x)<0,i=1,2,...,m and
hi(x) =0, j=1,2,...,1},

where g; : R" — R, i = 1,2,...,m are convex functions and h; : R® — R,
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j =1,2,...,1 are affine functions. When C' is expressed explicitly as above,
(CP) is called the conver programming problem.

A set C' C R" is a conver set if for any x,y € R™, the line segment joining
them, that is

[z,yl ={z €R": 2= (1 - Nz + Xy, 0 <A< 1},

is also in C. A function ¢ : R™ — R is a convex function if for any z,y € R™
and A € [0, 1],

(1 =Nz +Ay) < (1 =N)d(x) + Ad(y),

while it is an affine function if it is a translate of a linear function; that is, ¢
is affine if

where a € R” and b € R.

It is important to note at the very outset that in optimization theory it is
worthwhile to consider extended-valued functions, that is, functions that take
values in R = RU{—o00, +00}. The need to do so arises when we seek to convert
a constrained optimization problem into an unconstrained one. Consider for
example the problem (CP), which can be restated as

min fo(z) subject to 1z €R"™,

where

400, otherwise.

All the modern books on convex analysis beginning with the classic Convex
Analysis by Rockafellar [97] follow this framework. However, when we include
infinities, we need to know how to deal with them. Most rules with infinity
are intuitively clear except possibly 0 x (+00) and oo — co. Because we will
be dealing mainly with minimization problems, we will follow the convention
0 X (+00) = (+00) x 0 = 0 and co — co = oo. This convention was adopted in
Rockafellar and Wets [101] and we shall follow it. However, we would like to
ascertain that we really need not get worried about co — co as the functions
considered in this book are real-valued or proper functions. An extended-
valued function ¢ : R® — R is said to be a proper function if ¢(x) > —oo for
every € R™ and dom ¢ is nonempty where dom ¢ = {x € R" : ¢(x) < +o0}
is the domain of ¢.

It is worthwhile to note that the definition of a convex function given
above can be extended to the case when ¢ is an extended-valued function. An
extended-valued function ¢ : R” — R is a convex function if for any z,y € R
and A € [0, 1],

(1 =Nz + Ay) < (1= N)o(x) + Ap(y),



4 What Is Convex Optimization?

with the convention that co — oo = +00. A better way to handle the convexity
of an extended-valued convex function is to use its associated geometry. In
this direction we describe the epigraph of a function ¢ : R® — R, which is
given as

epi ¢ = {(z,a) e R" xR : ¢(x) < a}.

A function is said to be convex if the epigraph is convex. We leave it as a simple
exercise for the reader to show that if the epigraph of a function ¢ : R* — R
is convex in R™ X R, then ¢ is a convex function over R™. For more details see
Chapter 2.

In case of extended-valued functions, one can work with the semicontinuity
of the functions rather than the continuity. Before we define those notions, we
present certain notations that will be used throughout.

For any two sets Fi, Fo C R", define

F1+F2={l‘1+£62 eR":xz1 € F1, 2o EFQ}.
For any set F* C R™ and any scalar A € R,
M ={ xeR":zeF}.

The closure of a set F' is denoted by cl F while the interior is given by int F.
The open unit ball, or simply unit ball, is denoted by B. By Bs(Z) we mean
an open ball of radius § > 0 with center at Z. Explicitly,

Bg(f) =T+ 0B.

For vectors z = (z1,x2,...,2,) and y = (y1,Y2,.-.,Yn) in R™, the inner
product of x and y is denoted by (z,y) = >, x;y; while the norm of x is
given by ||z|| = +/(z,z). We state a standard result on the norm.

Proposition 1.1 (Cauchy—-Schwarz Inequality) For any two vectors x,y € R™,

(@, »)] < llzllllyll.

The above inequality holds as equality if and only if * = ay for some scalar
a € R.

To discuss the concept of continuities of a function, we shall consider the
notions of limit infimum and limit supremum of a function. But first we discuss
the convergence of sequences in R™.

Definition 1.2 A sequence {z; € R : k = 1,2,...} or simply {z;} C R is
said to converge to T € R if for every € > 0, there exists k. such that

|z — 7| <e, VE> k..

A sequence {z} C R™ converges to & € R™ if the i-th component of xj
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converges to the i-th component of Z. The vector Z is called the limit of {xzy}.
Symbolically it is expressed as

Ty — T or lim x, = 2.
k—o0

The sequence {xr} C R™ is bounded if each of its components is bounded.
Equivalently, {z)} is bounded if and only if there exists M € R such that
|zk|l < M for every k € N. A subsequence of {x} C R" is a sequence {xy, },

J=1,2,..., where each xy, is a member of the original sequence and the order
of the elements as in the orlglnal sequence is maintained. A vector T € R™ is

a limit point of {x} C R™ if there exists a subsequence of {zy} converging
to Z. If the limit point is unique, it is the limit of {z4}. Next we state the
classical result on the bounded sequences.

Proposition 1.3 (Bolzano—Weierstrass Theorem) A bounded sequence in R™
has a convergent subsequence.

For a sequence {z;} C R, define
zr =inf{ag :k>r} and y. =sup{zp:k>r}

It is obvious that the sequences {z.} and {y,} are nondecreasing and non-
increasing, respectively. If {z}} is bounded below or bounded above, the se-
quences {z.} or {y,}, respectively, have a limit. The limit of {z,} is called
the limit infimum or lower limit of {x}} and denoted by liminfy_, ., , while
that of {y,} is called the limit supremum or upper limit of {x)} and denoted
by lim supy,_, ., Tr. Equivalently,

hm 1nf xp = lim {inf z,} and limsup zy = hm {sup z,}.
k—oo r>k k—00 k—oo r>k
For a sequence {xy }, liminfy_ o, 2 = —o0 if the sequence is unbounded below

while limsup;,_, . xr = 400 if the sequence is unbounded above. Therefore,
{z1} converges to Z if and only if

—oo < liminfzy = = limsup zx, < +o0.
k—o00 k—o0

Now we move on to define the semicontinuities of a function that involve
the limit infimum and limit supremum of the function.

Definition 1.4 A function ¢ : R® — R is said to be lower semicontinuous
(Isc) at £ € R™ if for every sequence {z;} C R™ converging to Z,

6(z) < lim inf ().
Equivalently,

¢(z) < lim inf ¢(z),

r—x
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where the term on the right-hand side of the inequality denotes the limit
infimum or the lower limit of the function ¢ defined as

lim inf =lim inf :
im inf ¢(z) lim (E)aﬁ(w)

The function ¢ is Isc over a set F' C R™ if ¢ is Isc at every & € F.
For a function ¢ : R* — R,
inf () < ¢(2).

TEBs (50)
Taking the limit as § | 0 in the above inequality leads to
liminf ¢(x) < 6(2).
r—T
Thus, the inequality in the above definition of Isc can be replaced by an
equality, that is, ¢ : R — R is Isc at z if
¢(z) = liminf ¢(x).

Similar to the concept of lower semicontinuity and limit infimum, we next
define the upper semicontinuity and the limit supremum of a function.

Definition 1.5 A function ¢ : R” — R is said to be upper semicontinuous
(usc) at T € R™ if for every sequence {x} C R™ converging to Z,

¢(x) > limsup ¢(xy).

k—oo

Equivalently,

¢(T) > limsup ¢(x),

where the term on the right-hand side of the inequality denotes the limit
supremum or the upper limit of the function ¢ defined as

lim sup ¢(x) :%iil(} sup é(z).

T—T z€B5(T)
The function ¢ is usc over a set F' C R™ if ¢ is usc at every & € F.

Definition 1.6 A function ¢ : R” — R is said to be continuous at z if it is
Isc as well as usc at z, that is,

lim (z) = 6(z).

r—T

Alternatively, ¢ is continuous at Z if for any £ > 0 there exists d(e,z) > 0
such that

|p(z) — #(Z)] < e whenever ||z —Z| < (g, T).

The function ¢ is continuous over a set F' C R”™ if ¢ is continuous at every
Tz eF.
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Because we will be considering minimization problems, the continuity of
a function will be replaced by lower semicontinuity. Before moving on, we
state a result on the infimum and supremum operations from Rockafellar and
Wets [101].

Proposition 1.7 (i) Consider an extended-valued function ¢ : R® — R and
sets F; CR™, i = 1,2 such that Fy C Fy. Then

inf ¢(xz1) > inf @(xa) and  sup ¢(z1) < sup P(xs).
1 E€EF T EFy r1EF xo€F,

(ii) Consider the functions ¢y, ¢ : R" — R and a set F C R™. Then
zlgg o1 () + zuel% da(z) < ;2?(@51 + ¢2)(x)

< sup(¢1 + ¢2)(x) < sup ¢y (x) + sup ga(x).
zeF xEF xEF

Also, for functions ¢; : R™ — R and sets F; C R™, i=1,2,

inf inf _ inf
$1H€1F1 d)l ($1) + JC;IEIFz ¢2(=T2) (wl,wzl)IéFl ><Fz(¢)1 (-Tl) + ¢2(x2))’

sup ¢1(71) + sup ¢z(x2) = sup  (¢1(w1) + pa(w2)).
1€ T2E€F, (x1,22)EF1 X Fa

(iii) Consider an extended-valued function ¢ : R* — R and a set F C R™.
Then for A > 0,

inf (A@)(x) = X inf ¢(x) and  sup(Ao)(x) = Asup ¢(x),

zELR zeF z€F zEF
provided 0 X (+00) =0 =0 X (—00).

The next result from Rockafellar and Wets [101] gives a characterization
of limit infimum of an arbitrary extended-valued function.

Lemma 1.8 For an estended-valued function ¢ : R» — R,

liminf ¢(x) = min{a € R : there exists x), — T satisfying ¢(zx) — a}.
r—x

Proof. Suppose that liminf, .z ¢(z) = & We claim that for z — T with
d(xg) — a, a > a@. As x, — T, for any § > 0, there exists ks € N such that
xy, € Bs(z) for every k > ks. Therefore,

P(ax) = LU o(z).

Taking the limit as k — 400 in the above inequality,

a> inf ¢(z), Vi>0.
z€Bs(T)
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Because § is arbitrarily chosen, so taking the limit § | 0 along with the defin-
ition of the limit infimum of ¢ leads to
a > liminf ¢(z),
r—x
that is, a > a.
To prove the result, we shall show that there exists a sequence zp — T
such that ¢(xx) — &. For a nonnegative sequence {Jy}, define

ap = Inf T).
k xGB{sk(i) ¢( )

As 0 — 0, by Definition 1.4 of limit infimum, ay — &. Now for every k € N,
by the definition of infimum it is possible to find z, € B, (Z) for which ¢(x)
is very close to ay, that is, in an interval [ay, o] where @y < ax and a — a.
Therefore, as k — +o00, xp — T, and ¢(zr) — @, thereby establishing the
result. O

After the characterization of limit infimum of a function, the result below
gives an equivalent characterization of lower semicontinuity of the function in
terms of the epigraph and lower level set.

Theorem 1.9 Consider a function ¢ : R® — R. Then the following condi-
tions are equivalent:

(i) ¢ is lsc over R™.
(ii) The epigraph of ¢, epi ¢, is a closed set in R™ x R.

(i1i) The lower-level set lev<o,d = {x € R™ : ¢(z) < a} is closed for every
a€R.

Proof. If ¢ = oo, the result holds trivially. So assume that dom ¢ is nonempty
and thus epi ¢ and lev<,¢ are nonempty.
We will first show that (i) implies (ii). Consider a sequence {(zx, )} C
epi ¢ such that (zx, ag) — (T, a@). Therefore, ¢(x) < ay, which implies that
liminf ¢(x) < likm inf ¢(xy) < a.

r—x

By the lower semicontinuity of ¢,

¢(r) = lim inf ¢ (),
which reduces the preceding condition to ¢(Z) < &, thereby proving that epi ¢
is a closed set in R™ x R.

Next we show that (ii) implies (iii). For a fixed @ € R, suppose
that {z} Clev<qa¢ such that xp — Z. Therefore, ¢(rr) < «, that is,
(zk, ) € epi ¢. By (ii), epi ¢ is closed, which implies (Z,«) € epi ¢, that
is, () < a. Thus, T € lev<y¢, thereby yielding condition (iii).
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Finally, to obtain the equivalence, we will establish that (iii) implies (i).
To show that ¢ is Isc, we need to show that for every & € R™,

o(z) < likm inf ¢(x) whenever xj — Z.
—00
On the contrary, assume that for some z € R™ and some sequence xj — Z,
é(z) > liminf ¢(xy),
k—o0
which implies there exists o € R such that

o(T) > a > likn_l)inf o(xg). (1.1)

Thus, there exists a subsequence, without relabeling, say {xy} such that
¢(rg) < « for every k € N, which implies 2y, € lev<o¢. By (iii), the lower
level set lev<,¢ is closed and hence T € lev<,¢, that is, ¢(Z) < «, which
contradicts (1.1). Therefore, ¢ is lsc over R™. O

The proof of the last implication, that is, (iii) implies (i) of Theorem 1.9
by contradiction was from Bertsekas [12]. We present an alternative proof for
the same from Rockafellar and Wets [101].

It is obvious that for any z € R™,

a= liﬁrlp_)igf o(z) < (T).
Therefore, to establish the lower semicontinuity of ¢ at Z, we need to prove
that ¢(Z) < @ By Lemma 1.8, there exists a sequence {x} C R" with
2z — & such that ¢(zp) — @. Thus, for every a > @, ¢(xx) < «, which
implies 3, € lev<,¢. Now if condition (iii) of the above theorem holds, that
is, lev<o@ is closed in R™,

z €lev<ag, V o> o

Thus, ¢(Z) < «, which leads to ¢(Z) < @. Because T € R™ was arbitrarily
chosen, ¢ is lsc over R™.

Theorem 1.9 gives equivalent characterization of lower semicontinuity of a
function. But if the function is not lIsc, its epigraph is not closed. The result
below gives an equivalent characterization of the closure of the epigraph of
any arbitrary function.

Proposition 1.10 For any arbitrary extended-valued function ¢ : R™ — R,
(Z,a) € c epi ¢ if and only if

liminf ¢(z) < @.

T—T
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Proof. Suppose that (Z,a) € ¢l epi ¢, which implies that there exists
{(zk,ar)} C epi ¢ such that (zp,axr) — (Z,&). Thus, taking the limit as
k — +o0, the condition

liminf ¢(z) < liminf ¢(xy)

T—T Tp—T
yields
liminf ¢(z) < @,
r—x
as desired.
Conversely, assume that liminf, .z ¢(z) < @ but (Z,a) & cl epi ¢.
We claim that, liminf, .z ¢(x) = @& On the contrary, suppose that

liminf, .z ¢(x) < @ As (Z,a) ¢ cl epi ¢, there exists § > 0 such that for
every ¢ € (0,9),

Bs((z,a)) Ncl epi ¢ =0,

which implies for every (z,a) € Bs((Z,a)), ¢(x) > «. In particular for
(r,0) € By((7,a)), d(x) > o, that is,

o(x) > a, Ve Bs(z).

Therefore, taking the limit as § — 0 along with the definition of limit infimum
of a function yields

liminf ¢(z) > @,
which is a contradiction. Therefore, liminf, .z ¢(x) = &. By Lemma 1.8, there

exists a sequence zy — T such that ¢(zr) — @. Because (x, ¢(zk)) € epi ¢,
(z,a) € cl epi ¢, thereby reaching a contradiction and hence the result. O

Now the question is whether it is possible to construct a function that is
the closure of the epigraph of another function. This leads to the concept of
closure of a function.

Definition 1.11 For any function ¢ : R” — R, an Isc function that is con-
structed in such a way that its epigraph is the closure of the epigraph of ¢ is
called the lower semicontinuous hull or the closure of the function ¢ and is
denoted by ¢l ¢. Therefore,

epi(cl @) = cl epi .
Equivalently, the closure of ¢ is defined as
c ¢(z) = liminf ¢(x), V& € R™.

r—x

By Proposition 1.10, it is obvious that (z,a&) € ¢l epi ¢ if and only if
(Z,a) € epi cl ¢. The function ¢ is said to be closed if ¢l ¢ = ¢.
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FIGURE 1.1: Lower semicontinuous hull.

If ¢ is Isc, then it is closed as well. Also ¢l ¢ is Isc and the greatest of all
Isc functions 4 such that (x) < ¢(z) for every x € R™. From Theorem 1.9,
one has that closedness is the same as lower semicontinuity over R™. In this
discussion, the function ¢ was defined over R™. But what if ¢ is defined over
some subset of R™. Then one cannot talk about the lower semicontinuity of
the function over R™. In such a case, how is the closedness of a function related
to lower semicontinuity? This issue was addressed by Bertsekas [12]. Consider
a set ' C R™ and a function ¢ : F' — R. Observe that here we define ¢ over
the set F' and not R™. The function ¢ can be extended over R™ by defining a
function ¢ : R® — R as

B(z) = { #(z), z€F,

+o00, otherwise.

Note that both the extended-valued functions ¢ and ¢ have the same epigraph.
Thus from the above discussion, one has ¢ is closed if and only if ¢ is lsc over
R™. Also observe that the lower semicontinuity of ¢ over dom ¢ is not sufficient
for ¢ to be closed. In addition, one has to assume the closedness of dom ¢.
To emphasize this fact, let us consider a simple example. Consider ¢ : R — R
defined as

0, ze€(-1,1),
400, otherwise.

o) = {
Here, dom ¢ = (—1,1) over which the function is lsc but epi ¢ is not closed

and hence, ¢ is not closed. The closure of ¢ is given by

. 07 T e [_17 1]’
c ¢(x) = { +00, otherwise.

Observe that in Figure 1.1, epi ¢ is not closed while epi cl ¢ is closed. There-
fore, we have the following result from Bertsekas [12].
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Proposition 1.12 Consider F C R™ and a function ¢ : F — R. If dom ¢ is
closed and ¢ is lsc over dom ¢, then ¢ is closed.

Because we are interested in studying the minimization problem, it is im-
portant to know whether a minimizer exists or not. In this respect, we have
the classical Weierstrass theorem, according to which “A continuous function
attains its minimum over a compact set.” For a more general version of this
theorem from Bertsekas [12], we require the notion of coercivity.

Definition 1.13 A function ¢ : R” — R is said to be coercive over a set
F C R™ if for every sequence {xy} C F

klim d(xg) = 400 whenever |xg| — +oo.
— 00

For FF =R", ¢ is simply called coercive.

Observe that for a coercive function, every nonempty lower level set is
bounded. Below we prove the Weierstrass Theorem.

Theorem 1.14 (Weierstrass Theorem) Consider a proper lsc function
¢ : R™ = R and assume that one of the following holds:

(i) dom ¢ is bounded.

(i1) there exists a € R such that the lower level set lev<n¢ is nonempty and
bounded.

(iii) ¢ is coercive.
Then the set of minimizers of ¢ over R™ is nonempty and compact.

Proof. Suppose that condition (i) holds, that is, dom ¢ is bounded. Because
¢ is proper, ¢(x) > —oo for every x € R™ and dom ¢ is nonempty. Denote
Ging = infzern ¢(), which implies ¢inr = infrcdom ¢ ¢(x). Therefore, there
exists a sequence {z;} C dom ¢ such that ¢(xy) — ¢ins. Because dom ¢ is
bounded, {xx} is a bounded sequence, which by Bolzano—Weierstrass Theo-
rem, Proposition 1.3, has a convergent subsequence. Without loss of generality,
assume that x; — Z. By the lower semicontinuity of ¢,

#(Z) < liminf ¢(ap) = lim ¢(zx) = diny,
k—oo k—oo

which implies that Z is a point of minimizer of ¢ over R™. Denote the set
of minimizers by S. Therefore, € S and hence S is nonempty. Because
S C dom ¢ which is bounded, S is a bounded set. Also, S is the intersection
of the lower level sets lev<,¢, where a > m. For an lsc function ¢, lev<,¢ is
closed by Theorem 1.9 and thus S is closed. Hence S is compact.

Assume that condition (ii) holds; that is, for some a € R, the lower level
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set lev<, ¢ is nonempty and bounded. Consider a proper function ¢ : R — R
defined as

&(x) — { ¢(x)7 QS(:L') S «,

400, otherwise.

Therefore, dom ¢ = lev<q ¢ which is nonempty and bounded by condition (ii).
Since ¢ is Isc which by Theorem 1.9 implies that dom ¢ is closed. Also by the
lower semicontinuity of ¢ along with Proposition 1.12, ¢ is closed and hence
Isc. Moreover, the set of minimizers of ¢ is the same as that of ¢. The result
follows by applying condition (i) to ¢.

Suppose that condition (iii) is satisfied, that is, ¢ is coercive. Because ¢
is proper, dom ¢ is nonempty and thus has a nonempty lower level set. By
the coercivity of ¢, it is obvious that the nonempty lower level sets of ¢ are
bounded, thereby satisfying condition (ii), and therefore leading to the desired
result. ]

As we all know, the next concept that comes to mind after limit and
continuity is the derivative of a function. Below we define this very notion.

Definition 1.15 For a scalar-valued function ¢ : R™ — R, the derivative of
¢ at T is denoted by V¢(z) € R™ and is defined as

L O+ 1) = 6(z) = (Vo(@), by

=0.
= A

Equivalently, the derivative can also be expressed as
¢(z) = ¢(z) + (Ve(z),x — Z) + o(||lz — 7)),
o(llz — z)||

|z — z]
tiable at every & € R™. The derivative, Vo (Z), of ¢ at T is also called the
gradient of ¢ at T, which can be expressed as

Vo(0) = (@) e (@) @) )

where 387(25’ it = 1,2,...,n denotes the i-th partial derivative of ¢. If ¢ is
continuouély differentiable, that is, the map z — V¢(z) is continuous over
R"™, then ¢ is called a smooth function. If ¢ is not smooth, it is called a
nonsmooth function.

Similar to the first-order differentiability, we have the second-order differ-
entiability notion as follows.

where lim,_.; ————— = 0. A function ¢ is differentiable if it is differen-
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Definition 1.16 For a scalar-valued function ¢ : R” — R, the second-order
derivative of ¢ at Z is denoted by V2¢(Z) € R™*"™ and is defined as

@) o)~ (V01 (Vo)
iAo Ok o

which is equivalent to
¢(z) = ¢(2) + (V(2),x — ) + (V?6(7)(x — 2), 2 — 7) + o( |z — Z[|*).
The matrix V2¢(Z) is also referred to as the Hessian with the ij-th entry of

2
the matrix being the second-order partial derivative

(z). If ¢ is twice
Al
continuously differentiable, then the matrix V2¢(Z) is a symmetric matrix.
In the above definitions we considered the function ¢ to be a scalar-valued
function. Next we define the notion of differentiability for a vector-valued
function ®.

Definition 1.17 For a vector-valued function ® : R™ — R™, the derivative
of ® at T is denoted by J®(z) € R™*™ and is defined as

f 1@+ 0 = o) — (J0(@), )|

= 0.
l[a][—0 A

The matrix J®(Z) is also called the Jacobian of ® at T. If ® = (p1, Po, ..., dm),
® is differentiable if each ¢; : R® — R, ¢ = 1,2,...,m is differentiable. The
Jacobian of ® at T can be expressed as

V1(Z)
Va(z)

8l

JO(7) =

Ve (2)

9
with the ij-th entry of the matrix being the partial derivative a—(bl(f) In
Lj

the above expression of J®(Z), the vectors Vo1 (Z), Vpa(Z),..., Vo (T) are
written as row vectors.

Observe that the derivative is a local concept and it is defined at a point
z if x € int dom ¢. Below we state the Mean Value Theorem, which plays a
pivotal role in the study of optimality conditions.

Theorem 1.18 (Mean Value Theorem) Consider a continuously differen-
tiable function ¢ : R™ — R. Then for every x,y € R™, there exists z € [x,y]
such that

d(y) — d(z) = (Vo(2),y — ).
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With all these basic concepts we now move on to the study of convexity.
The importance of convexity in optimization stems from the fact that when-
ever we minimize a convex function over a convex set, every local minimum
is a global minimum. Many other issues in optimization depend on convexity.
However, convex functions suffer from the drawback that they need not be
differentiable at every point of their domain of definition and the nondiffer-
entiability may be precisely at the point where the minimum is achieved. For
instance, consider the minimization of the absolute value function, |z|, over R.
At the point of minima, Z = 0, the function is nondifferentiable. How this ma-
jor difficulty was overcome by the development of a completely different type
of analysis is possibly one of the most thrilling developments in optimization
theory. This analysis depends on set-valued maps, which we briefly present
below.

Definition 1.19 A set-valued map ® from R™ to R™ associates every x € R"
to a set in R™; that is, for every z € R”, ®(x) C R™. Symbolically it is
expressed as @ : R®" =% R™. A set-valued map is associated with its graph
defined as

gph @ = {(z,y) e R" xR™ : y € ®(x)}.

® is said to be a proper map if there exists x € R™ such that ®(x) # (). ® is said
to be closed-valued or convex-valued or bounded-valued if for every x € R", the
sets ®(x) are closed or convex or bounded, respectively. ® is locally bounded
at £ € R" if there exists 6 > 0 and a bounded set F C R™ such that

O(z) CV, VzeBs(x).

The set-valued map ® is said to be closed if it has a closed graph; that is, for
any sequence {zx} C R™ with 2y — Z and yi € ®(ay) with yr — 7, § € (Z).
A set-valued map @ : R” — R™ is said to be upper semicontinuous (usc) at
Z € R™ if for any ¢ > 0, there exists § > 0 such that

O(z) C (z) + B, V z € Bs(2),

where the balls are in the respective spaces. If ® is locally bounded and has a
closed graph, then it is usc. If @ is single-valued, that is, ®(x) is singleton for
every x, the upper semicontinuity of ® coincides with continuity.

For more on set-valued maps, the readers may refer to Berge [10]. A de-
tailed analysis of convex function appears in Chapter 2.

1.3 Smooth Convex Optimization

Recall the convex optimization problem (CP) stated in Section 1.1, that is,
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f

graph of f

FIGURE 1.2: Graph of a real-valued differentiable convex function.

min f(z) subject to x € C, (CP)

where f : R™ — R is a convex function and C'is a closed convex set in R™. Let
us additionally assume that f is differentiable. It is mentioned in Chapter 2
that if f is differentiable, then for any z € R™,

fly)— fl@) > (Vf(z),y—x), VyeR"

Conversely, if the above relation holds for a function, then the function is
convex. This fact appears as Theorem 2.81 in the next chapter. It is mentioned
there as a consequence of more general facts. However, we provide a direct
proof here.

Observe that if f is convex, then for any z,y € R™ and any A € [0,1],

(L=XNf(@)+Af(y) = flz+ Ay — 2)).
Hence, for any A € (0, 1),

[+ My — o)) - f(a)
F) - fl) > - .

Taking the limit as A | 0, the above inequality yields

fly) = @) = (Vf(x),y —z). (1.2)
2) holds for any z,y € R™. Setting

)=
For the converse, suppose that (1.
z=x+ Ay —x) with A € (0,1), then

>
>

fly) = f(2)
f(x) = f(z)

(V(2), 2 = 2)
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The result is obtained by simply multiplying (1.3) with A and (1.4) with
(1 — ) and then adding them up. This description geometrically means that
the tangent plane should always lie below the graph of the function. For a
convex function f : R — R, it looks something like Figure 1.2. This important

characterization of a convex function leads to the following result.

Theorem 1.20 Consider the convex optimization problem (CP) where f is
a differentiable convex function and C is a closed convex set in R™. Then T

is a point of minimizer of (CP) if and only if
(Vf(Z),x—Z) >0, Vael.
Proof. It is simple to see that as C' is a convex set, for z € C,
T+MNMx—%)eC, Ve[0,1].
Therefore, if T is a point of minimum,
f(@+ Mz —17)) = f(2),
that is,
f@+Xz—2)— f(z) >0.
Dividing both sides by A > 0 and taking the limit as A | 0 leads to
(Vf(z),z—x)>0.
Because = € C' was arbitrarily chosen,
(Vf(@),x—%)>0,VzeC.
Also as f is convex, by the condition (1.2), for any = € C,
f(x) = f(@) > (Vf(z), — 7).
Now if (1.5) is satisfied, then the above inequality reduces to
flx) = f(z), Ve,

thereby proving the requisite result.

(1.5)

O

Remark 1.21 Expressing the optimality condition in the form of (1.5) leads
to what is called a variational inequality. Let F' : R™ — R™ be a given function
and C be a closed convex set in R™. Then the variational inequality VI(F, C)

is the problem of finding z € C' such that

(F(z),x—x) >0, VzeC.
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FIGURE 1.3: Local minimizer is global minimizer.

When f is a differentiable convex function, for F' = V f, VI(V f,C) is nothing
but the condition (1.5). In order to solve VI(F,C) efficiently, one needs an
additional property on F' which is monotonicity. A function F' : R” — R"™ is
called monotone if for any =,y € R",

(F(y) — F(z),y —x) =2 0.
However, when f is a convex function, one has the following pleasant property.

Theorem 1.22 A differentiable function f is convex if and only if Vf is
monotone.

For proof, see Rockafellar [97]. However, the reader should try to prove it on
his/her own. We have shown that when (CP) has a smooth f, one can write
down a necessary and sufficient condition for a point £ € C to be a global
minimizer of (C'P). In fact, as already mentioned, the importance of studying
convexity in optimization stems from the following fact. For the problem (C'P),
every local minimizer is a global minimizer irrespective of the fact whether f
is smooth or not. This can be proved in a simple way as follows. If Z is a local
minimizer of (C'P), then there exists 6 > 0 such that

f(z) > f(z), Va e CnNBs.

Now consider any « € C. Then it is easy to observe from Figure 1.3 that there
exists Ag € (0, 1) such that for every A € (0, \g),

Az + (1 =Nz € CNBs.
Hence

fAz+ (1 =XNz) = f(2).
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The convexity of f shows that
A(f(x) = f(z)) = 0.

Because A > 0, f(x) > f(Z). As x € C was arbitrary, our claim is established.
The result can also be obtained using the approach of contradiction as done
in Theorem 2.90.

Now consider the following function

0(x) = Sgg(W(w% T—y).

The interesting feature of the function is that
(x) >0, Vaeel

and if 8(x) = 0 for « € C, then z solves the problem (CP). Furthermore, if
solves the problem (CP), we have §(x) = 0. The function 6 is usually called the
gap function or the merit function associated with (C'P). For the variational
inequality problem, such a function was first introduced by Auslender [5]. The
next question is how useful is the function 6 to the problem (C'P). What we
will now show is that for certain classes of the problem (CP), the function
0 can provide an error bound for the problem (CP). By an error bound we
mean an upper estimate of the distance of a point in C' to the solution set
of (CP). The class of convex optimization problems where such a thing can
be achieved is the class of strongly convex optimization problems. A function
f:R™ — R is strongly conver with modulus of strong convexity p > 0 if for
any z,y € R™ and X € [0, 1],

(L= Nf(@) +Af(y) = fl@+ Ay —2)) + pAL = Ny — [,
If f is differentiable, then f is strongly convex if and only if for any z,y € R™,

fly) = f(2) 2 (Vf(2),y — @) + plly — 2.

Observe that f(z) = 5(

matrix, is strongly convex with p = A (A), the minimum eigenvalue of A
while f(x) = z with € R™ is not strongly convex.

If f is a twice continuously differentiable strongly convex function, then
V2 f(x) is always positive definite for each 2. Now if f is strongly convex with
modulus of convexity p > 0, then for any x,y € R",

fy) = f(@) > (Vf(x),y— )+ plly — ||,
f@) = fy) = (V). z—y) +plly — .

Adding the above inequalities leads to

0> (Vf(x),y—a)+ (V). z—y)+2plly — |,

x, Az), where € R™ and A is a positive definite n xn
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that is,
(Vi(y) =V f(x),y —z) > 2plly — ] (1.6)

The property of V f given by (1.6) is called strong monotonicity with 2p as the
modulus of monotonicity. It is in fact interesting to observe that if f : R* — R
is a differentiable function for which there exists p > 0 such that for every
z,y € R",

(V) = Vi@),y—=z) > 2ply — x|

which implies that

(VI(y) = Vf(@),y—z)2plly—z|*, V o,y e R"

Now we request the reader to show that f is strongly convex with modulus
p > 0. In fact, if f is strongly convex with p > 0 one can also show that V f
is strongly monotone with p > 0. Thus we conclude that f is strongly convex
with modulus of strong convexity p > 0 if and only if V f is strongly monotone
with modulus of monotonicity p > 0.

It is important to note that one cannot guarantee 6 to be finite unless C
has some additional conditions, for example, C' is compact. Assume that C
is compact and let Z be a solution of the problem (CP), where f is strongly
convex. (Think why a solution should exist.) Now as f is strongly convex, it
is simple enough to see that Z is the unique solution of (C'P). Thus from the
definition of 6, for any x € C' and y = T,

O(z) > (Vf(z),z — T).

By strong convexity of f with p > 0 as the modulus of strong convexity, V f
is strongly monotone with modulus 2p. Thus,

(V)2 —7) > (Vf(@),2 - 7) + 2|l — 7|%,
thereby yielding
0(2) = (Vf(2), 2 — ) + 20llo — 3| (1.7)

But by the optimality condition in Theorem 1.20,

(Vf(@),xr—2)>0,Veel.
Therefore, the inequality (1.7) reduces to

0(z) > 2pl|z — z||?,

which leads to

o —a < /52,
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This provides an error bound for (C'P), where f is strongly convex and C' is
compact. In this derivation if V f was strongly monotone with modulus p > 0,
then the error bound will have the expression

0(z)
.

fow) _ [ow)
2p 7\ »p

and hence the error bound provided by considering that f is strongly monotone
with modulus 2p gives a sharper error bound.

Now the question is can we design a merit function for (CP) that can be
used to develop an error bound even when C' is noncompact. Such a merit func-
tion was first developed by Fukushima [48] for general variational inequalities.
In our context, the function given by

o — || <

Observe that as p > 0,

~ «
fa(w) = sup ((Vi@.a—y) =Sy =al?). a>0.

It will be an interesting exercise for the reader to show that

fo(z) >0,V el

and 0, (z) = 0 for 2 € C if and only if z is a solution of (CP). Observe that

o) = = inf ((VI(@)y =)+ Sy —=]?). a>0

For a fixed x, observe that the function
(e} o 2
9z (y) = (Vf(@)y —2) + Slly — |

is a strongly convex function and is coercive (Definition 1.13). Hence ¢ attains
a lower bound on C. The point of minimum is unique as ¢$ is strongly convex.
Hence for each z, the function ¢ has a finite minimum value. Thus 04 (x) is
always finite, thereby leading to the following error bound.

Theorem 1.23 Consider the convex optimization problem (C'P) where f is
a differentiable strongly convex function with modulus p > 0 and C' is a closed
convez set in R™. Let & € C be the unique solution of (CP). Furthermore, if

p > g, then for any x € C,

o —z| <
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Proof. For any = € C and y = Z in particular,

A~ _ o _
ba(z) 2 (Vf(z),2 — ) — Sllz — z|1%.
By the fact that V f is strongly monotone with modulus p > 0,
i - - -2 @ —12
Oa(2) 2 (Vf(2),2 = 2) + pllz — 2||° = Sl — 2] (1.8)
Because T is the unique point of minimizer of (C'P), by Theorem 1.20,
<Vf(i‘)7x - j> =0,
thereby reducing the inequality (1.8) to
~ o B
Oa(z) 2 (p = F)llz ~ z|%.

Therefore,

o — ]| < 4| 2Zal®
20—«

as desired. O

The reader is urged to show that under the hypothesis of the above theo-
rem, one can prove a more tighter error bound of the form

o — 2| <

The study of optimality conditions with C' explicitly given by functional con-
straints will begin in Chapter 3.



Chapter 2

Tools for Convex Optimization

2.1 Introduction

With the basic concepts discussed in the previous chapter, we devote this
chapter to the study of concepts related to the convex analysis. Convez analy-
sis is the branch of mathematics that studies convex objects, namely, convex
sets, convex functions, and convex optimization theory. These concepts will be
used in the subsequent chapters to discuss the details of convex optimization
theory and in the development of the book.

2.2 Convex Sets
Recall that for any x,y € R™, the set
[y ={z€R":2=(1-XNz+ Ay, 0< A< 1}

denotes the line segment joining the points x and y. The open line segment
joining x and y is given by

(r,y)={z€eR":z=(1-Nz+ Iy, 0< A <1}
Definition 2.1 A set FF C R™ is a convex set if
M+ (1—-NyeF, Vz,yeF, Vel0,1].

Equivalently, for any z,y € F, the line segment [z,y] is contained in F. Fig-
ure 2.1 present convex and nonconvex sets.

Consider the hyperplane defined as
H(a,b) ={x € R": {(a,z) = b},

where ¢ € R™ and b € R. Observe that it is a convex set. Similarly, the closed
half spaces given by

Hc(a,b) ={z € R": (a,z) <b} and Hs(a,b) ={z €R": (a,z) > b},

23
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I I
I I
I I
I I
| ]

convex set nonconvex set

FIGURE 2.1: Convex and nonconvex sets.

and the open half spaces given by
H (a,b)={z € R": {(a,z) <b} and Hs(a,b)={ze€R":{(a,z)>0b}
are also convex. Another class of sets that are also convex is the affine sets.
Definition 2.2 A set M C R" is said to be an affine set if
(I-XNz+XIyeM, Va,ye M, VeER,

where the set {z € R" : z = (1 — A)z + Ay, A € R} denotes the line passing
through = and y. Equivalently, M € R" is affine if for any z,y € M, the line
passing through them is contained in M.

Note that a hyperplane is an example of an affine set. The empty set §) and
the whole space R™ are the trivial examples of affine sets. Even though affine
sets are convex, the converse need not be true, as is obvious from the example
of half spaces.

Next we state some basic properties of convex sets.

Proposition 2.3 (i) The intersection of an arbitrary collection of convezx sets
18 convex.

(i) For two convex sets Fy, Fo CR™, Fy + F» is convex.

(iii) For a convex set F C R™ and scalar A € R, A\F is convex.

(iv) For a convex set F' C R™ and scalars \y > 0 and Ay > 0,
(M + Ao)F = M F + Ao F

which is convez.

Proof. The properties (i)-(iii) can be established by simply using Defini-
tion 2.1. The readers are urged to prove (i)-(iii) on their own. Here we will
prove only (iv). Consider z € (A1 + A2)F'. Thus, there exists z € F' such that

z = ()\1 + )\2)1‘ =Mz + Xox € \{F + N\ F.
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Because z € (A1 + A2)F was arbitrary,
(M 4+ Xo)F C M F + M\F. (2.1)

Conversely, let z € Ay F' + Ao F, which implies that there exist x1,zo € F such
that

A1 Ao )

z=Mx1+ Xz = (A1 + A T+ T | . 2.2

ez = O+ ) (3 ) (22)

Because X +7 3 € [0,1], < = 1,2, which along with the convexity of F' implies

1+ A2

that \ \
1 2

= F. 2.3

T )\1+/\2£1+)\1+)\21‘2€ (2.3)

Combining the conditions (2.2) and (2.3) lead to
z= A1+ X))z € (A + X)) F.
As z € \{F + M\ F was arbitrarily chosen,
(M 4+ A2)F D MF + A\ F,

which along with the inclusion (2.1) yields the desired equality. Observe that
(ii) and (iii) lead to the convexity of (A1 + A2)F = A\ F + Ao F. O

From Proposition 2.3, it is obvious that intersection of finitely many closed
half spaces is again a convex set. Such sets that can be expressed in this
form are called polyhedral sets. These sets play an important role in linear
programming problems. We will deal with polyhedral sets later in this chapter.

However, unlike the intersection and sum of convex sets, the union as well
as the complement of convex sets need not be convex. For instance, consider
the sets

Fy={(z,y) e R?: 2? +¢* < 1} and  Fy = {(z,y) € R? : y > 2?}.

Observe from Figure 2.2 that both F; and F> along with their intersection are
convex sets but neither their complements nor the union of these two sets is
convex.

To overcome such situations where nonconvex sets come into the picture
in convex analysis, one has to convexify the nonconvex sets. This leads to the
notion of convex combination and convex hull.

Definition 2.4 A point x € R" is said to be a convex combination of the
points x1,xo, ..., %, € R™ if

T=MNT1+XoTo+ ...+ A\nTm

with \; >0, i =1,2,...,mand >,/ | \; = 1.
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FlﬂFg FIUF2

FIGURE 2.2: I}, F», and F} N Fy are convex while Fy, iy, and F} U Fy are

nonconvex.

The next result expresses the concept of convex set in terms of the convex
combination of its elements.

Theorem 2.5 A set F C R" is convez if and only if it contains all the convex
combinations of its elements.

Proof. From Definition 2.1 of convex set, F' C R™ is convex if and only if
(1—=XNax1+Xxg € F, YV, 20 € F, A €[0,1],

that is, the convex combination for m = 2 belongs to F'.

To establish the result, we will use the induction approach. Suppose that
the convex combination of m = [ — 1 elements of F' belong to F. Consider
m = [. The convex combination of [ elements is

T =Ax1 + Ao + ...+ Nay,
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where z; € F and \; > 0, ¢« = 1,2,...,] with 22:1 A; = 1. Because
Zézl Ai = 1, there exists at least one A; > 0 for some j € {1,2,...,1}. Denote

T = 5\1{1,‘1 +...+ j\jflxjfl + /N\j+1.’L'j+1 + ...+ S\I‘Tl,

~ by
where \; = 1_3\‘ >0, ¢ = 1,...,75 — 1,5+ 1,...,l. Observe that
j
2221 izj i = 1 and thus & € F' because it is a convex combination of I — 1
elements of F'. The element x can now be expressed in terms of z; and % as

xr = )\jl'j + (1 — )\j)f?.

Therefore, = is a convex combination of two elements from F, which implies
that x € F'. Thus, the convex set F' can be equivalently expressed as a convex
combination of its elements, as desired. O

Similar to the concept of convex combination of points, next we introduce
the notion of the convex hull of a set.

Definition 2.6 The convexr hull of a set ' C R™ is the smallest convex set
containing F' and is denoted by co F'. It is basically nothing but the intersection
of all the convex sets containing F'.

Further, the convex hull of F' can be expressed in terms of the convex
combination of the elements of F' as presented in the theorem below.

Theorem 2.7 For any set F C R", the convex hull of F, co F, consists of
all the convex combinations of the elements of F, that is,
coF={aceanx:z:)\ixi7 xE€F, N>0,i=1,2,...,m,
i=1
> Ai=1,m>0}
i=1

Proof. Denote the set of convex combination of the elements of F' by F, that
is,

fz{xeR":x:Z)\ixi, ,e€F, \>0,i=1,2,...,m,

i=1
> Ai=1,m=>0}
=1

From Definition 2.6, co F' is the smallest convex set containing F'. Therefore,
F C co F. By Theorem 2.5, the convex combination of the elements of F' also
belong to the convex set co F', that is,

coFDF. (2.4)



28 Tools for Convex Optimization

To establish the result, we will show that F is also convex. Suppose that
x,r € F, which implies there exist z; € F, A\; > 0, i = 1,2,...,m with
St Ai=land & e F, \; >0, i=1,2,...,1 with >.'_ \; = 1 such that

$:)\1$1+)\2$2+...+)\ml’m,
T = MNT1+ Nodo + ...+ N7y

For any A € [0, 1],
(L=Nz+ 27 = (1= MA@+ oo+ (1= MDA + ANE1 + o+ AN

Observe that (1 — A\)A; > 0, ¢« = 1,2,...,m and A >0, i =1,2,....1
satisfying

m l
T=ND N+AD> =1
i=1 i=1

Thus, for any A € [0,1],
(1— Nz +\i € F.

As x, T € F were arbitrary, the above relation holds for any =,z € F, thereby
implying the convexity of F. Also, F' C F. Therefore, by Definition 2.6 of
convex hull, co F' C F, which along with the inclusion (2.4) leads to the
desired result. |

It follows from the above discussion that a set F¥ C R™ is convex ifco F' = F
and thus equivalent to the fact that a convex set F© C R™ contains all the
convex combinations of the elements of F'. From the above theorem we observe
that co F is expressed as a convex combination of m elements of F', where
m > 0 is arbitrary. But the obvious question is how large this m has to be
chosen in the result. This is answered in the famous Carathéodory Theorem,
which we present next. Though one finds various approaches to prove the
result [12, 97, 101], we present a simple proof from Mangasarian [82].

Theorem 2.8 (Carathéodory Theorem) Consider a nonempty set F' C R™.
Then any point of the convex hull of F' is representable as a convexr combina-
tion of at most n + 1 points of F.

Proof. From Theorem 2.7, any element in co F' can be expressed as a convex
combination of m elements of F'. We have to show that m < (n+1). Suppose
that « € co F', which implies that there exist z; € F, \; >0, t =1,2,...,m,
with >, A; = 1 such that

T=MNT1+NoZo+ ...+ AT

Assume that m > (n+1). We will prove that x can be expressed as a convex
combination of (m — 1) elements. The result can be established by applying
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the reduction process until m = n + 1. In case for some i € {1,2,...,m},
A; = 0, then z is a convex combination of (m — 1) elements of F'.

Suppose that A\; > 0, ¢ = 1,2,...,m. It is known that for [ > n, any [
elements in R™ are linearly dependent. As m — 1 > n, there exist a; € R,
i =1,2,...,m — 1, not all zeroes, such that

o1(z1 — ) +@2(xa — ) + ...+ 1 (Tn—1 — Tm) = 0.

Define o, = —(a1 + ag + ... + @yn—1). Observe that

iai =0 and iaizi =0. (2.5)
i=1 i=1

Define \; = \; — yai, i =1,2,...,m, where v > 0 is chosen such that N > 0,
i €{1,2,...,m} and for some j € {1,2,...,m}, A\; = 0. This is possible by

taking
1 Q4 a;
— = max = .
¥ i=1,...,m | A; /\j
by

By choice, A\; = 0 and A; > 0, i = 1,...,5 — 1,5 + 1,...,m, which by the

condition (2.5) yields

i=1, i#j i=1 i=1
and
m m m
T = E A% = E Aix; +y E QT = E i,
i=1 i=1 i=1 i=1, i#j

which implies that = is now expressed as a convex combination of (m — 1)
elements of F. This reduction can be carried out until m = (n + 1) and thus
any element in the convex hull of F' is representable as a convex combination
of at most (n + 1) elements of F'| as desired. O

Using the above theorem, we have the following important result for a
compact set from Bertsekas [12] and Rockafellar [97].

Theorem 2.9 For a compact set F' C R"™, its convexr hull co F is also a
compact set.

Proof. We claim that co F is closed. Consider a sequence {z;} C co F. By
the Carathéodory Theorem, Theorem 2.8, there exist sequences {\F} C R,
i=1,2,...,n+ 1, satisfying 7" A =1 and {aF} C F,i=1,2,...,n+1,
such that

m

=) Ma¥ VEkeN. (2.6)
=1
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Asforany k € N, AF >0, i =1,2,...,n+ 1 with 37" AP =1, {\}isa
bounded sequence. By the Bolzano—Weierstrass Theorem, Proposition 1.3,
{A\F}, i = 1,2,...,n + 1, has a convergent subsequence. Without loss of
generality, assume that )\f — N, © = 1,2,...,n + 1, such that A\; > 0,
i =1,2,...,n + 1 with 2?14-11 A; = 1. By the compactness of F', the se-
quence {z¥},i =1,2,...,n+1, is bounded. Again by the Bolzano-Weierstrass
Theorem, {x¥} has a convergent subsequence. Without loss of generality, let
xf —x;, 1 =1,2,...,n+ 1. By the compactness of F', F'is a closed set and
thus z; € F, i =1,2,...,n+ 1. Taking the limit as k — +o00, (2.6) yields that

n+1
2k —>z=Z)\imi € co F.

i=1

Because {z;} C co F was arbitrary sequence, co F is a closed set.

To prove that co F' is compact, we will establish that co F' is bounded.
As F' is compact, it is a bounded set, which implies that there exists M > 0
such that [|z]] < M for every x € F. Now consider z € co F, which by the
Carathéodory Theorem implies that there exist A; > 0, ¢ = 1,2,...,n + 1,
satisfying Z?jll AM=landz; € F,i=1,2,...,n+ 1, such that

n+1

z = E )\lxl
i=1

Therefore, by the boundedness of F' along with the fact that \; € [0,1],
i=1,2,...,n+ 1 yields that

n+1 n+1

2l = 13" Nl < 37 Al < (n+ 1)M.
i=1 i=1
Because z € co F' was arbitrary, every element in co F' is bounded above by

(n+ 1)M and thus co F is bounded. Hence co F is a compact set. O

However, the above result does not hold true if one replaces the compact-
ness of F' by simply the closedness of the set. To verify this fact, we present
an example from Bertsekas [12]. Consider the closed set F' defined as

F = {(0,0)} U {(.’El,LCQ) S RQ T X1xy > ].7 1 >0, zo0 > 0},
while the convex hull of F' is
co F = {(0,0)} U{(z1,22) € R? : 21 > 0, x5 > 0},

which is not a closed set.
Now, similar to the concepts of convex combination and convex hull, we
present the notions of affine combination and affine hulls.
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Definition 2.10 A point = € R"” is said to be a affine combination of the
points z1, X2, ..., %, € R™ if

T=MTL+ Ao+ ...+ A\pTm
with \; €R, i=1,2,...,mand »_\; =L
=1

Definition 2.11 The affine hull of a set F' C R™ is the smallest affine set
containing F' and is denoted by af f F. It consists of all affine combinations
of the elements of F.

Now we move on to the properties of closure, interior, and relative interior
of convex sets.

Definition 2.12 The closure of a set FF C R"™, ¢l F, is expressed as

cd F= ﬂ(F+eIB%): ﬂ{m—i—sB:xeF},
e>0 e>0

while the interior of the set F, int F, is defined as
int F' = {x € R™ : there exists € > 0 such that (z +¢B) C F'}.

It is well known that the arbitrary intersection of closed sets is closed
but not for the union. However, for the case of union, the following relation
holds. For any arbitrary family of set {F)\}, A € A, where the index set A may
possibly be infinite,

UCZF)\CCZUF)\.

AEA AEA

The notion of interior suffers from a drawback that even for a nonempty
convex set, it may turn out to be empty. For example, consider a line in R2.
From the above definition, it is obvious that the interior is empty. But the
set of interior points relative to the affine hull of the set is nonempty. This
motivates us to introduce the notion of relative interior.

Definition 2.13 The relative interior of a convex set ' C R", ri F| is the
interior of F relative to the affine hull of F', that is,

ri F'={x € R" : there exists £ > 0 such that (z +eB) Naff F C F}.

For an n-dimensional convex set F© C R", aff F = R™ and thus
ri F' =int F. Though the notion of relative interior helps in overcoming the
emptiness of the interior of a convex set, it also suffers from a drawback. For
nonempty convex sets Fy, Fp C R",

Fy C Fy - cd Fy Cc F, and int Fy Cint Fy,
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but i Fy C ri Fy need not hold. For instance, consider F; = {(0,0)} and
F, = {(0,y) € R? : y > 0}. Here Fy C Fy with i F; = {(0,0)} and
ri Fy = {(0,y) € R? : y > 0}. Here the relative interiors are nonempty and
disjoint.

Next we present some properties of closure and relative interior of convex
sets. The proofs are from Bertsekas [11, 12] and Rockafellar [97].

Proposition 2.14 Consider a nonempty convex set F' C R™. Then the fol-
lowing hold:

(i) ri F is nonempty.
(i) (Line Segment Principle) Let x € i F andy € ¢l F. Then for A € [0,1),

(I-=XNz+ A yeriF.

(iii) (Prolongation Principle) x € ri F if and only if every line segment in
F having x as one end point can be prolonged beyond x without leaving
F, that is, for every y € F there exists v > 1 such that

z+(y-1(@—y) €L

(iv) ri F and cl F are convex sets with the same affine hulls as that of F.

Proof. (i) Without loss of generality assume that 0 € F. Then the affine hull
of F, aff F, is a subspace containing F. Denote the dimension of aff F' by
m. If m =0, then F as well as af f F' consist of a single point and hence ri F'
is the point itself, thus proving the result.

Suppose that m > 0. Then one can always find linearly independent ele-
ments Ty, Za, ..., Ly from F such that af f F = span{x1,x2,...,Tn}, that is,
T1,%2, - .., Ty, form a basis of the subspace af f F. If this was not possible, then
there exist linearly independent elements y1, y2, . . ., y; with [ < m from F such
that F' C span{y1,ya, ...,y }, thereby contradicting the fact that the dimen-
sion of af f F is m. Observe that co {0,x1,z3,...,2,} C F has a nonempty
interior with respect to aff F, which implies co {0,z1,29,...,2m} C 11 F,
thereby yielding that i F' is nonempty.

(ii) Suppose that y € ¢l F, which implies there exists {yx} C F such that
yr — Y. As © € ri F, there exists € > 0 such that B.(z) Naff F C F. For
A €10,1), define yy = (1 —N)z+ Ay and yi » = (1 —A)z+ Ayx. Therefore, from
Figure 2.3, it is obvious that each point of B(1_y)-(yx,x) Naff F is a convex
combination of y and some point from B.(x)Naf f F. By the convexity of F,

B(l_)\)e(yk,x) Naff FCF, VkeN.
Because yi, — ¥, yr,» — ya. Thus, for sufficiently large k,

B1i-xe/2(Un) CBa—ne(yra),
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FIGURE 2.3: Line segment principle.

which implies
Bii—xe2a) Naff FCBa_x:(yex) Naff F CF.

Hence, yy = (1 = Nz + Ay € ri F for A € [0,1).

Aliter. The above approach was direct and somewhat cumbersome. In the
proof to follow, we use the fact that relative interiors are preserved under one-
to-one affine transformation of R™ to itself and hence these transformations
preserve the affine hulls. This property simplifies the proofs. If F' is an m-
dimensional set in R™, there exists a one-to-one affine transformation of R™
to itself that carries af f F' to the subspace

S={(x1, ., Tm, Tmt1,--,Tp) ER" t @y =0,...,2, =0}

Thus, S can be considered a copy of R™. From this view, one can simply
consider the case when F' C R" is an n-dimensional set, which implies that
ri F' = int F. We will now establish the result for int F' instead of i F.
Because y € cl F,

yeF+4+eB, Ve>0.
Therefore, for every € > 0,
I=XNz+Iy+eB C (1-=Nz+AF+eB)+B

- (1—/\){x+6(11_4—>\/\)183}+)\F, Vel ).
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Because z € int F, choosing € > 0 sufficiently small such that

e(I+ )
—B CF.
TE Ty P

which along with the convexity of F' reduces the preceding relation to
1-XNz+dy+eBC(1-NF+AFCF,VAel0,1).

Thus, (1 — Az + Ay € int F for A € [0, 1) as desired.

(iii) For = € ri F, by the definition of relative interior, the condition holds.
Conversely, suppose that =z € R™ satisfies the condition. We claim that
x €ri F. By (i) there exists £ € ri F. If x = &, we are done. So assume
that x # Z. As & € ri ' C F, by the condition, there exists v > 1 such that

y=z+(y—-1)(zx—2)€F.
1
Therefore, for A = = € (0,1),
v

x=(1—-XNZ+ Ay,

which by the fact that y € F C ¢l F along with the line segment principle (ii)
implies that = € ri F', thereby establishing the result.

(iv) Because i F' C ¢l F', by (ii) we have that ri F' is convex. From (i), we know
that there exist x1,2s,..., 2y, € F such that af f {21, 29,..., 2} = aff F
and co {0,z1,22,...,Tm} Cri F. Therefore, ri F has an affine hull the same
as that of F.

By Proposition 2.3, F'+eB is convex for every € > 0. Also, as intersection of
convex sets is convex, cl F', which is the intersection of the collection of the sets
F +eB over € > 0 is convex. Because F Caff F,cl F Cclaff F=aff F,
andas F Ccl F,aff F C aff cl F, which together implies that the affine
hull of ¢l F coincides with aff F. O

In the result below we discuss the closure and relative interior operations.
The proofs are from Bertsekas [12] and Rockafellar [97].

Proposition 2.15 Consider nonempty convex sets F, Iy, Fo C R™. Then the
following hold:

(i) c(ri F)=cl F.
(ii) ri(cl F)=ri F.

(’L’LZ) re FiNri Fy Cri (Fl mFg) and cl (F1 ﬂFg) Cel FiNcl Fs.
In addition if ri Fy Nri Fy # 0,

ri FiNri Fo=7ri (F1NFy) and o (F1NFy)=cl FyNcl Fy.
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(iv) Consider a linear transformation L : R™ — R™. Then

L(d Fycd (LF) and L(ri F)=ri (LF).

(v) ri (F) =« ri F for every o € R.

(vi) i (F1 4+ Fy) =71i F1 +ri Fy and ¢l Fy +cl Fy C ol (Fy + Fy). If either
Fy or Fy is bounded,

c 1 +cl Fy =cl (F1 —|—F2)

Proof. (i) Because ri F' C F, it is obvious that
c(ri F) Ccl F.

Conversely, suppose that y € ¢l F. We claim that y € cl(ri F). Consider
any x € ri F. By the line segment principle, Proposition 2.14 (ii), for every
Ae(0,1),

(1-=XNz+AyeriF.

Observe that the sequence {(1 — Ag)z + Ay} C ri F' is such that as the limit
A — 1, (1 — Ag)x + Apy — y, which implies that y € cl(ri F'), as claimed.
Hence the result.

(ii) We know that F' C ¢l F and by Proposition 2.14 (iv), aff F = aff (cl F).
Consider z € i F', which by the definition of relative interior along with the
preceding facts imply that there exists ¢ > 0 such that

(x+eB)naff (cd F)=(x+eB)Naff FCF CclF,

thereby yielding that « € ri (cl F). Hence, ri F C ri (cl F).

Conversely, suppose that « € ri (¢l F). We claim that « € ri F. By the
nonemptiness of ri F', Proposition 2.14 (i), there exists £ € ri F C cl F.
If in particular x = Z, we are done. So assume that x # &. We can choose
~v > 1, sufficiently close to 1 such that by applying the Prolongation Principle,
Proposition 2.14 (iii),

y=z+(y—1)(xz—2)edF.

Therefore, for A = = € (0,1),

=2~

x=(1-XNZ+ Ay,

which by the Line Segment Principle, Proposition 2.14 (ii), implies that
x € ri F, thereby leading to the requisite result.
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(iii) Suppose that € ri Fy Nri Fy and y € Fy N Fy. By the Prolongation
Principle, Proposition 2.14 (iii), there exist v; > 1, ¢ = 1,2 such that

z+(v—1)(x—y) €F, i=1,2.
Choosing v = min{vy1,v2} > 1, the above condition reduces to
z+(y=1)(z—y) € FiNF,,
which again by the Prolongation Principle leads to = € ri (Fy N Fy). Thus,
ri FyNri Fy Cri (Fy N EFy).

Because F1 N Fy C ¢l FyNel Fy, it is obvious that ¢l (F1 N Fy) C el FiNecl Fy
as intersection of arbitrary closed sets is closed.

Assume that 77 Fy Nri Fy is nonempty. Suppose that x € ri Fy Nri Fy
and y € ¢l Fy; Nel Fy. By the Line Segment Principle, Proposition 2.14 (ii),
for every X € [0,1),

(I=XNzx+ My €ri FyNri Fy.

Observe that the sequence {(1 — Ag)z + A\py} C F' is such that as A\, — 1,
(1= Ag)x + Ay — y and hence y € ¢l (ri Fy Nri Fy). Therefore,

cd Finc Fy Cecl (ri FyNri Fy) Cc (FyNFy), (2.7)
thereby yielding the desired equality, that is,
cd FiNc F, =cl (F1NF).
Also from the inclusion (2.7),
c (ri FyNri Fy) =cl (F1 N Fy).
By (ii), the above condition leads to

ri (ri FyNri Fy) =ri (e (ri Fy Nri Fy))
=1 (Cl (F1 ﬂFQ)) =71 (Fl mF2)7

which implies that
ri FyNri By Dri (FyNE),

thus establishing the requisite result.

(iv) Suppose that = € ¢l F, which implies there exists a sequence {xp} C F
such that xy — x. Because L is a linear transformation, it is continu-
ous. Therefore, L(xy) — L(x), which implies L(z) € cI(LF) and hence
L(cl F) C cl(LF).
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As ri F C F, on applying the linear transformation L, L(ri F) C LF and
thus ¢l L(ri F) C ¢l (LF). Also, as F C ¢l F, proceeding as before which
along with (i) and the closure inclusion yields

LF C L(cl F)=L(cl (ri F)) Cel L(ri F).

Therefore, ¢l (LF) C ¢ L(ri F), which by earlier condition leads to
cl (LF) =cl L(ri F). By (i),

ri (LF)=ri (cd (LF))=7ri (cd L(ri F)) =i (L(ri F)),

thereby yielding ri (LF) C L(ri F').

Conversely, suppose that £ € L(ri F), which implies that there exists
Z € ri F such that £ = L(Z). Consider any § € LF and corresponding § € F
such that § = L(g). By the Prolongation Principle, Proposition 2.14 (iii),
there exists v > 1 such that

(1-7)9+17 €F,
which under the linear transformation leads to
(1—%)y+~x € LF.

Because §y € LF was arbitrary, again applying the Prolongation Principle
yields z € ri (LF), that is, L(ri F) C ri (LF), thereby establishing the
desired equality.

(v) For arbitrary but fixed a € R, define a linear transformation L, : R" — R™
given by L,(x) = ax. Therefore, for a set F, L,F = oF. For every a € R,
applying (iv) to L, F leads to

ari F=La(ri F)=ri (LyF) =ri (oF)

and hence the result.

(vi) Define a linear transformation L : R™ x R™ — R"™ given by
L(z1,x2) = x1 + xo which implies L(Fy, F3) = Fy + F>. Now applying (iv)
to L yields

7 (F1 +F2):’I"Z Fi+ri s and ¢l Fi +cl Fy Ccl (F1+F2)

To establish the equality in the closure part, assume that F} is bounded.
Suppose that 2 € cl(F; + Fy), which implies that there exist {zF} C F,
i =1,2, such that =¥ + 25 — 2. Because F} is bounded, {x}} is a bounded se-
quence, which leads to the boundedness of {z5}. By the Bolzano-Weierstrass
Theorem, Proposition 1.3, the sequence {(z¥, %)} has a subsequence converg-
ing to (z1, z2) such that x14+x9 = x. Asz; € cl Fyfori =1,2, 2 € cl Fy+cl Fy,
hence establishing the result ¢l Fy + ¢l Fy» = ¢l (F1 + F»). O
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Note that for the equality part in Proposition 2.15 (iii), the nonemptiness
of ri Fy Nri Fy is required, otherwise the equality need not hold. We present
an example from Bertsekas [12] to illustrate this fact. Consider the sets

Fir={x€eR:2>0} and F={zxecR:z<0}.

Therefore, ri (Fy N Fy) = {0} # 0 = ri Fy Nri Fy. For the closure part,
consider

Fi={x€eR:2>0} and Fr={zecR:z<0}.

Thus, ¢l (F1NF)=0#{0} =cl FiNcl Fs.
Also the boundedness assumption in (vi) for the closure equality is neces-
sary. For instance, consider the sets

Fi = {(z1,20) €R? i xqa0 > 1, 21 >0, x5 > 0},
F, = {(1'1,1'2) GRQ T T :0}

Here, both F} and F5 are closed unbounded sets, whereas the sum
Fy+ Fy = {(331,.1‘2) S R2 . xr1 > 0}

is not closed. Thus ¢l Fy +cl Fy = F; + Fy ;Cé c (Fy + Fa).

As a consequence of Proposition 2.15, we have the following result from
Rockafellar [97].

Corollary 2.16 (i) Consider two convex sets Fy and Fy in R™. Then
cl Fy =cl Fy if and only if ri Fy = ri Fy. Equivalently,

ri Iy C Fy C el Fi.

(ii) Consider a convex set F C R™. Then any open set that meets cl F also
meets 11 F'.

(iii) Consider a convex set F' C R™ and an affine set H C R™ containing a
point from ri F. Then

ri (FNH)=rFNH and d(FNH)=c FNH.
Proof. (i) Suppose that ¢l Fy = ¢l F;. Invoking Proposition 2.15 (ii),
ri Fy = ri(cd Fy) =ri(cd Fy) =ri Fs. (2.8)
Now assume that i Fy = ri Fs, which by Proposition 2.15 (i) implies that
c Fy =cl(ri F1) =cl(ri F3) =cl Fs. (2.9)
Combining the relations (2.8) and (2.9) leads to

ri Fy =7ri Fy CFy Ccl Fy =cl Fy,
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thereby establishing the desired result.

(ii) Denote the open set by O. Suppose that O meets ¢l F, that is, there exists
x € R" such that z € ONecl F. By Proposition 2.15 (i), ¢l F = cl(ri F'), which
implies

zeONnd(ri F).

Because z € cl(ri F'), there exists {xx} C ri F such that x; — x. Therefore,
for k sufficiently large, one can choose & > 0 such that z; € x + €B. Also, as
O is an open set and x € O, there exists € > 0 such that x + B C O. Define
¢ = min{&, £}. Thus for sufficiently large k,

rr €x+eB C O,

which along with the fact that z; € r¢ F implies that O also meets ri F,
hence proving the result.

(iii) Observe that for an affine set H, ri H = H = ¢l H. Therefore, by the
given hypothesis,

ri FNH=ri FNri H#.
Thus, by Proposition 2.15 (iii),
ri(lFNH)=ri FNH and c(FNH)=c FNH,

thereby completing the proof. a

Before moving on to the various classes of convex sets, we would like to
mention the concept of core of a set like the notions of closure and interior of
a set from Borwein and Lewis [17].

Definition 2.17 The core of a set F' C R™, denoted by core F, is defined as

core F = {x € F : for every d € R" there exists A > 0
such that x + \d € F}.

It is obvious that int F' C core F. For a convex set F' C R", int F = core F.

2.2.1 Convex Cones

Since we are interested in the study of convex optimization theory, a class
of sets that plays an active role in this direction is the epigraphical set as
discussed briefly in Chapter 1. From the definition it is obvious that epigraph-
ical sets are unbounded. Thus it seems worthwhile to understand the class of
unbounded convex sets for which one needs the idea of recession cones. But
before that, we require the concept of cones.
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Definition 2.18 A set K C R” is said to be a cone if for every z € K,
Az € K for every A > 0. Therefore, for any set F' C R™, the cone generated
by F'is denoted by cone F' and is defined as

coneF:U)\F:{zeR":z:)\x, x € F, A >0}
A>0

Note that for a nonconvex set F', cone F may or may not be convex. For
example, consider F' = {(1,1),(2,2)}. Here,

cone F={zeR?: 2= \(1,1), A >0},

which is convex. Now consider F' = {(—1,1),(1,1)}. Observe that the cone
generated by F' comprises of two rays, that is,

cone F={z€R?: 2= \—1,1) or z = A(1,1), A >0}.

But we are interested in the convex scenarios, thereby moving on to the notion
of the convex cone.

Definition 2.19 The set K C R" is said to be convezr cone if it is convex
as well as a cone. Therefore, for any set F' C R", the convex cone generated
by F'is denoted by cone co F' and is expressed as a set containing all conic
combinations of the elements of the set F', that is,

m
conecoF:{xE]R”:sz/\ixi, ;€ F, N\ >0,
i=1

The convex cone generated by the set I is the smallest convex cone containing

F'. Also, for a collection of convex sets F; C R", i = 1,2,...,m, the convex
cone generated by F;, i = 1,2,...,m can be easily shown to be expressed as
m m
cone co U F; = U Z)\ZE
i=1 XERT i=1

Some of the important convex cones that play a pivotal role in convex
optimization are the polar cone, tangent cone, and the normal cone. We shall
discuss them later in the chapter. Before going back to the discussion of un-
bounded sets, we characterize the class of convex cones in the result below.

Theorem 2.20 A cone K C R" is convex if and only if K + K C K.

Proof. Suppose that the cone K is convex. Consider z,y € K. Because K is
convex, for A =1/2,

1
A =XNaz+dy=(z+y) € K.
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Also, as K is a cone, x +y € 2K C K which implies that K + K C K.
Conversely, suppose that K + K C K. Consider z,y € K. Because K is a
cone, for A € [0,1],

(1-XNzeK and M€K,
which along with the assumption K + K C K leads to
1-XNz+ A yeK, VIe[0,1].

As z,y € K were arbitrary, the cone K is convex, thus proving the result. [J

Now coming back to unbounded convex sets, a set can be thought to be un-
bounded if for any point in the set there exists a direction moving along which
one still remains within the set. Such directions are known as the directions
of recession and are independent of the point chosen.

Definition 2.21 For a convex set F' C R", d € R" is said to be the direction
of recession of F' if © + A\d € F for every x € F and for every A > 0. The
collection of all the directions of recession of a set F' C R™ form a cone known
as the recession cone of ' and is denoted by 07 F. Equivalently,

0"F={deR": F+dCF}. (2.10)

It is easy to observe that for any d € 07 F, d belongs to the set on the
right-hand side of the relation (2.10) by choosing in particular A = 1. Now
suppose that d € R™ belongs to the set on the right-hand side of the relation
(2.10). Therefore, for any x € F, x +d € F. Invoking the condition iteratively,
x+kd € F for k € N. Because F is convex, for any \ € [0, 1],

(1=Nz+ANz+kd) =+ deF, VkeN.

Denoting A = Ak > 0, the above condition reduces to z + Ad € F for every
A > 0. As this relation holds for any x € F, d € 0T F, thereby establishing the
relation (2.10).

Below we present some properties of the recession cone with proofs from
Bertsekas [12].

Proposition 2.22 Consider a closed convex set F' C R™. Then the following
holds:

(i) 0T F is a closed conver cone.

(i1) d € OV F if and only if there exists x € F such that x+ Ad € F for every
A>0.

(11i) The set F is bounded if and only if 0FF = {0}.
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Proof. (i) Suppose that d € 0% F, which implies that for every x € F and
A >0, x+ Ad € F. Consider a > 0. Denote A = A/a > 0. Then,

z+ Mad) =z + M\ € F,

which implies ad € 0T F for o > 0. For o = 0, it is trivial. Thus, 0T F is a
cone.
Suppose that di,ds € 0T F, which implies for every x € F and X > 0,

T+ Ad; € F, 1 =1,2.
By the convexity of F, for any A € [0, 1],
(1= A) (@ + Ady) + M@+ M) = 2+ A((1 — N)dy + Ady) € F,
which yields that (1—A)d; + Ads € 07 F, thus implying the convexity of 01 F.
Finally, to establish the closedness of 01 F', suppose that d € ¢l 01 F', which

implies that there exists {dx} C 0T F. Therefore, for every z € F and every
A >0, x+ My, € F. Because F is closed,

r+AXeF, YxeF, VA>0,

which implies that d € 0T F, thereby implying that 07 F is closed.

(i) If d € 0T F, then from the definition of recession cone itself, the condition
is satisfied. Conversely, suppose that d € R™ is such that there exists z € F
satisfying

r+AdeF, VA>0.

Without loss of generality, assume that d # 0. Consider arbitrary & € F.
Because 0T F is a cone, it suffices to prove that  + d € F. Define

=z +kd, k€N,

which by the condition implies that {z;} C F. If & = x}, for some k € N, then
again by the condition

F+d=z+(k+1)deF

and thus we are done. So assume that & # xj, for every k. Define

dy = —2"2 |d||, ¥k €N,
lze — 2|
Therefore, for A = L'h >0,
ze — 2|

i4dp = (1—Ni+ \zy,
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which implies that & + dj lies on the line starting at £ and passing through
. Now consider

dk . Tk -
[l |z — Z||
B T — T Tr—x
lze — 2| [l — 2|
e =) -2 T —T
lox — 2| [log — =] flzn — 2|
~zk ==l 4 T—1I
2 — [ [1d]| [z — 2|

By the construction of {z}, we know that it is an unbounded sequence.
Therefore,

loe—oll _ k] v-5 __ a-3
— = — — 1 and — = p -
lex =2 o = + kd| lex =2l llz =2 + kd]|

0,

which along with the preceding condition leads to dp — d. The vector
Z+dy € (Z,xy) for every k € N such that ||z — Z|| > ||d||, which by the
convexity of F implies that £ 4+ di € F. Therefore, £ + dy, — & + d, which
by the closedness of F' leads to £ +d € F. As & € F was arbitrarily chosen,
F +d C F, thereby implying that d € 0T F.

(iii) Suppose that F' is bounded. Consider 0 # d € 0T F, which implies that
for every z € F,

z+ M EF, Y\>0.

Therefore, as the limit A — oo, ||z + Ad|| — oo, thereby contradicting the
boundedness of F'. Hence, 0T F = {0}.

Conversely, suppose that F' is unbounded. Consider z € F and an un-
bounded sequence {x} C F'. Define
T — X

dy = =T
zr — ||

Observe that {d}} is a bounded sequence and thus by the Bolzano—Weierstrass
Theorem, Proposition 1.3, has a convergent subsequence. Without loss of gen-
erality, assume that d — d and as ||dg|| = 1, ||d|| = 1. For any fixed A > 0,
x4+ My, € (x,z) for every k € N such that ||z, — x| > A. By the convexity
of F, x + Ady € F. Because = + Ady, — x + Ad, which by the closedness of F'
implies that

z+MEF, Y\>0.

Applying (ii) yields that 0 # d € 0T F, thereby establishing the result. a



44 Tools for Convex Optimization

Observe that if the set F' is not closed, then the recession cone of F' need not
be closed. Also the equivalence in (ii) of the above proposition need not hold.
To verify this claim, we present an example from Rockafellar [97]. Consider
the set

F={(z,y) eR*:2>0, y>0}U{(0,0)},

which is not closed. Here the recession cone 01 F = F and hence is not closed.
Also (1,0) ¢ 07 F but (1,1)+A(1,0) € F for every A > 0, thereby contradicting
the equivalence in (ii).

2.2.2 Hyperplane and Separation Theorems

An unbounded convex set that plays a pivotal role in the development of
convex optimization is the hyperplane. A hyperplane divides the space into
two half spaces. This property helps in the study of separation theorems, thus
moving us a step ahead in the study of convex analysis.

Definition 2.23 A hyperplane H C R"™ is defined as
H={xeR":{(a,z) =0},

where ¢ € R™ with a # 0 and b € R. If Z € H, then the hyperplane can be
equivalently expressed as

H={zxecR":(a,z) =(a,7)} =Z+ {z € R" : (a,2) = 0}.
Therefore, H is an affine set parallel to {x € R™ : (a,z) = 0}.

Definition 2.24 The hyperplane H divides the space into two half spaces,
either closed or open. The closed half spaces associated with H are

He={zeR":(a,z) <b} and H>={zxeR": (a,z)> b},
while the open half spaces associated with H are
H.={xeR": {(a,z) <b} and Hs ={zxeR":(a,z)> b}

As already mentioned, the notion of separation is based on the fact that
the hyperplane in R™ divides it into two parts. Before discussing the sepa-
ration theorems, we first present types of separation that we will be using
in our subsequent study of developing the optimality conditions for convex
optimization problems.

Definition 2.25 Consider two convex sets F; and F in R™. A hyperplane
H C R" is said to separate Fy and Fy if

<a,x1> <b< <a,:z:2>, YV, €Fy, Vay € Fs.
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The separation is said to be strict if
(a,21) < b < {a,x2), Va1 € F1, V x5 € F>.
The separation is proper if

sup (a,z1) < inf (a,x2) and inf (a,z1) < sup (a,z3).
z1EF T2 €F> T1€F 2o EFS

In particular, if F; = {Z} and F» = F such that & € ¢l F, a hyperplane that
separates {Z} and F is called a supporting hyperplane to F at Z, that is,

(a,z) < {(a,x), Vo € F.

The next obvious question is when will the separating hyperplane or the
supporting hyperplane exist. In this respect we prove some existence results
below. The proof is from Bertsekas [12].

Theorem 2.26 (i) (Supporting Hyperplane Theorem) Consider a nonempty
convex set F C R™ and T ¢ ri F. Then there exist a € R™ with a # 0 and
b € R such that

(a,z) <b<{a,x), V2 €F.

(i) (Separation Theorem) Consider two nonempty convex sets Fy and Fy in
R™ such that either Iy N Fy = O or Fy Nri Fy = 0. Then there exists a
hyperplane in R™ separating them.

(i) (Strict Separation Theorem) Consider two nonempty convez sets Fy and
Fy in R™ such that FyNEFy = (. Furthermore, if F1—Fy is closed or F is closed
while Fs is compact, then there exists a hyperplane in R™ strictly separating
them. In particular, consider a nonempty closed conver set F C R™ and T ¢ F.
Then there exist a € R™ with a # 0 and b € R such that

(a,z) <b<{(a,z), VzeF

(iv) (Proper Separation Theorem) Consider a nonempty convex set F C R”
and T € R™. There exists a hyperplane separating F' and T properly if and

only if
T ¢rikF.

Further, consider two nonempty conver sets Fy and Fs in R™. Then
ri FyNri Fo =0 if and only if there exists a hyperplane in R™ separating
the sets properly.

Proof. (i) Consider the closure of F, ¢l F, which by Proposition 2.14 (iv) is
also convex. Because T ¢ ri F', there exists a sequence {xy } such that zy, ¢ cl F’
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and xj — . Denote the projection of zj on ¢l F' by Zy. By Proposition 2.52
(see Section 2.3), for every k € N,

(xp — T,z —Tg) <0, V€l F,
which implies for every k € N,

<J_Jk 7Ik,$> > <:Z'k 7£Z?k,3_5>
= (Tp — Tk, T — 21) + (Tp — Tp, Tp)
> (T —xp,xk), V€l F.

Dividing the above inequality throughout by ||Zx — zk|| and denoting
T — Tk

p = 7——77>»
I — ]
(ak, zr) < (ag,x), Ve ecd F, VkeN

As |lag]] = 1 for every k, {ar} is a bounded sequence. By the Bolzano—
Weierstrass Theorem, Proposition 1.3, {a;} has a convergent subsequence.
Without loss of generality, assume that ay — a, where a # 0 with [ja| = 1.
Taking the limit as k — +oo in the above inequality yields

(a,Z) <{a,x), Vax €clF.
Because F' C cl F, the above inequality holds in particular for x € F, that is,
(a,Z) <b<{a,z), Va€F,

where b = inf, ¢ r{a,z), thereby yielding the desired result. If Z € ¢l F, then
the hyperplane so obtained supports F' at Z.

(ii) Define the set
F=F—-F={zeR":x=xy —x9, z; € F}, i=1,2}.

Suppose that either Fy N Fy, = ) or F; Nri F, = (). Under both scenarios,
0 ¢ ri F. By the Supporting Hyperplane Theorem, that is (i), there exist
a € R™ with a # 0 such that

(a,z) >0, VaeF,
which implies
<a’7$1> Z <a,a:2>, v T € Fla v T2 € F27

hence proving the requisite result.

(iii) We shall prove the result under the assumption that F» — Fy is closed as by
Proposition 2.15, the closedness of F; along with the compactness of F5 imply
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that 'y — Fy is closed. As FyNFy, =0, 0 & Fy, — Fy. Suppose that a € F, — F}
is the projection of origin on Fy — F}. Therefore, there exist z; € F;, i = 1,2,
T1 + T2

such that a = Zo — T1. Define = . Then the projection of Z on ¢l Fy

is &1 while that on ¢l F5 is Ts. By Proposition 2.52,
<.’f*£fi,l'i 7i’i> S 0, Vl’i S FZ‘, 1= 172,
which implies

2
(a,21) < {a,T) — @ <{a,x), ¥V x1 € Fy,

o <{a,z3), ¥ E:
5 = ,T2), ¥ 1y € Fh.

(a,Z) < {a,T) +
Denoting b = (a, ), the above inequality leads to
(a,1) < b < {a,x9), Va;, € F;, i=1,2,

thus obtaining the strict separation result.

Now consider a closed convex set F' C R™ with z ¢ F. Taking F; = F and
Fy = {z} in the strict separation result, there exist a € R™ with a # 0 and
b € R™ such that

(a,Z) < b < {a,z), Vx€PF
Defining b = inf,cr(a, ), the above inequality yields
{(a,7) < b<{a,z), Vo cF,

as desired.

(iv) Suppose that there exists a hyperplane that separates F' and Z properly;
that is, there exists a € R™ with a # 0 such that

(a,Z) < inf (a,z) and (a,T) < sup(a,z).
zEF zEF
We claim that & ¢ ri F. Suppose on the contrary that € ri F'. Therefore by
the conditions of proper separation, (a,.) attains its minimum at Z over F.
By the assumption that Z € ri F implies that (a,x) = {(a,Z) for every xz € F,
thereby violating the strict inequality. Hence the supposition was wrong and
zé¢riF.
Conversely, suppose that z ¢ ri F. Consider the following two cases.

(a) Z & aff F:Because aff F is a closed convex subset of R™, by the Strict
Separation Theorem, that is (iii), there exists a € R™ with a # 0 such
that

(a,z) < (a,z), Va €aff F.



48

Tools for Convex Optimization
As F C aff F, the above inequality holds for every = € F' and hence

(a,Z) < inf (a,z) and (a,Z) < sup(a,z),
rxeF xeF

thereby establishing the proper separation between F' and .

Z € aff F: Consider a subspace C parallel to aff F and define the
orthogonal complement of C as

L={2*eR": (z*,2) =0, Vo O}

Define F' = F+C" and thus, by Proposition 2.15 (vi), ri F' = ri F+C+.
We claim that Z ¢ ri F. On the contrary, assume that Z € ri F, which
implies that there exists x € ri F such that z—x € C+. Asz,z € aff F,
Z—x € C. Therefore, ||z —x||?> = 0, thereby yielding z = x € ri F, which
is a contradiction. Therefore, Z ¢ ri F. By the Supporting Hyperplane
Theorem, that is (i), there exists ¢ € R™ with a # 0 such that

(a,z) < {(a,Z), VZ €F,

which implies that

(a,Z) < la,z+y), Ve e F,VyeCt

Suppose that {a,7) # 0 for some § € C*. Without loss of generality,
let {a,y) > 0. Consider & = x + «af. Therefore, as the limit « — —oo,
{a,&) — —oo, thereby contradicting the above inequality. Thus,

(a,y) =0, Vyeot.

Now by Proposition 2.14, 71 F' is nonempty and thus (a,z) is not con-
stant over F'. Thus, by the above condition on C*,

(a,Z) < supla,I)

ek
= sup(a,a) + sup (a,y) = supla,a),
zeF yeC+L z€F

thereby establishing the proper separation between F' and Z.

Thus, the equivalence between the proper separation of ' and Z and the fact
that Z ¢ ri F' is proved.

Consider the nonempty convex sets Fi, Fo C R". Define F = Fy, — F7,
which by Proposition 2.15 (v) and (vi) implies that ri F' = ri Fy — ri Fs.
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Therefore, i Fy Nri Fy» = () if and only if 0 ¢ i F. By the proper separation
result, 0 ¢ i F is equivalent to the existence of a € R™ with a # 0 such that

0< ian<a,x> and 0 < sup(a,x).
fAS

zeF
By Proposition 1.7,
Ifté};(&,zl) < mzirelfé(a,zg) and xlnelgl (a,z1) < Iitelp;2<a,x2>,
thereby completing the proof. O

A consequence of the Separation Theorem is the following characterization
of a closed convex set.

Theorem 2.27 A closed conver set F' C R™ is the intersection of closed half
spaces containing it. Consequently for any F' C R"™, cl co F is the intersection
of all the closed half spaces containing F'.

Proof. Without loss of generality, we assume that F' # R", otherwise the
result is trivial. For any z ¢ F, define F; = {Z} and Fy = F. Therefore by
Theorem 2.26 (iii), there exist (a,b) € R™ x R with a # 0 such that

(a,7) <b<{a,x), VaeF,

which implies that a closed half space associated with the supporting hyper-
plane contains F' and not Z. Thus the intersection of the closed half spaces
containing F' has no points that are not in F.

For any F C R”, taking F' = ¢l co F and applying the result for closed
convex set F' yields that cl co F is the intersection of all the closed half spaces
containing F. 0

Another application of the separation theorem is the famous Helly’s The-
orem. We state the result from Rockafellar [97] without proof.

Proposition 2.28 (Helly’s Theorem) Consider a collection of nonempty
closed convez sets F;, i € I in R™, where I is an arbitrary index set. Assume
that the sets F; have mo common direction of recession. If every subcollection
consisting of n+ 1 or fewer sets has nonempty intersection, then (\,o; F; s
nonempty.

icl

The supporting hyperplanes through the boundary points of a set charac-
terizes the convexity of the set that we present in the result below. The proof
is from Schneider [103].

Proposition 2.29 Consider a closed set F' C R™ such that int F' is nonempty
and through each boundary point of F' there is a supporting hyperplane. Then
F' is convez.
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Proof. Suppose that F is not convex, which implies that there exist x,y € F
such that z € [z,y] but z ¢ F. Because int F is nonempty, there exists some
a € int F such that z,y and a are affinely independent. Also as F' is closed,
[a, z) meets the boundary of F', say at b € F'. By the given hypothesis, there
is a supporting hyperplane H to F' through b with a ¢ H. Therefore, H meets
aff {x,y,a} in a line and hence z,y and a must lie on the same side of the
line, which is a contradiction. Hence, F' is a convex set.

2.2.3 Polar Cones

From the previous discussions, we know that closed half spaces are closed
convex sets and by Proposition 2.3 that arbitrary intersection of half spaces
give rise to another closed convex set. One such class is of the polar cones.

Definition 2.30 Consider a set F' C R™. The cone defined as
Fe={z"eR": (z*,2) <0, Vx€F}

is called the polar cone of F. Observe that the elements of the polar cone
make an obtuse angle with every element of the set. The cone F°° = (F°)° is
called the bipolar cone of the set F.

Thus, the polar of the set F' is a closed convex cone irrespective of whether
F' is closed convex or not. We present some properties of polar and bipolar
cones.

Proposition 2.31 (i) Consider two sets Fy,Fy C R™ such that Fy C Fs.
Then Fy C FY.

(i) Consider a nonempty set F' C R™. Then
F° =(cl F)° = (co F)° = (cone co F)°.
(iii) Consider a nonempty set F' C R™. Then
F°° = cl cone co F.

If F is a convex cone, F°° = cl F and in addition if F is closed, F°° = F.
(iv) Consider two cones K; € R™ i =1,2. Then
(K1 x K3)° =K7 x K3.
(v) Consider two cones K1, Ko C R". Then
(K1+ K2)° =Ky NKj.
(vi) Consider two closed convex cones K1, Ky C R™. Then
(K1 N K3)° =c(K7 + K3).

The closure is superfluous under the condition K1 Nint Ky # (.
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Proof. (i) Suppose that z* € Fy, which implies that
(", 2) <0, VzeF,.
Because F} C F5, the above inequality leads to
(x*,z) <0, Ve F,

thereby showing that Fy C FT.

(i) As F C c F, by (i) (cI F)° C F°. Conversely, suppose that 2* € F°.
Consider z € ¢l F', which implies that there exists {z;} C F such that z; — .
Because z* € F°, by Definition 2.30,

<‘T*7 1’k> < 07
which implies that

(x*,z) <0.
Because x € ¢l F was arbitrary, the above inequality holds for every x € cl F
and hence z* € (¢l F)°, thus yielding F° = (¢l F)°.

As F C co F, by (i) (co F)° C F°. Conversely, suppose that z* € F°,
which implies
(x*,2) <0, VaePF.
For any A € [0,1],
(", (1 =XNz+Ay) <0, Va,y € F,
which implies that
(x*,2) <0, Yz €coF.

Therefore, z* € (co F)°, as desired.
Also, because F' C cone F, again by (i) (cone F)° C F°. Conversely,
suppose that z* € F°. For any A > 0,

(2", \x) <0, Vzx€F,
which implies that
(x*,2) <0, ¥V z € cone F.

Therefore, z* € (cone F)°, thereby yielding the desired result.

(iii) We shall first establish the case when F' is a closed convex cone. Suppose
that x € F. By Definition 2.30 of F°,

(*,2) <0, Va* € F°,
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which implies that © € F°°. Therefore, F' C F°°.

Conversely, suppose that £ € F°°. We claim that x € F. On the contrary,
assume that z ¢ F. Because F is closed, by Theorem 2.26 (iii), there exist
a € R" with a # 0 and b € R such that

(a,Z) < b<{a,z), VaxeF

As F is a cone, 0 € F, which along with the above inequality implies that
b <0 and (a,%) < 0. We claim that a € —F°. If not, then there exists € F’
such that (a,Z) < 0. Choosing A > 0 such that (a, :\i} < b. Again, as F' is a
cone, i € F, thereby contradicting the fact that

b<{a,z), VxePF

Therefore, a € —F°. Because (a,Z) < 0 for Z € F°°, it contradicts a € —F°.
Thus we arrive at a contradiction and hence F°° C F', thereby leading to the
requisite result.

Now from (ii), it is obvious that

F° = (cl cone co F)°.
Therefore,
F°° = (cl cone co F)°°,
which by the fact that ¢l cone co F is a closed convex cone yields that
F°° =c¢l cone co F,

as desired. If F' is a convex cone, from the above condition it is obvious that
F°° =¢l F.

(iv) Suppose that d = (d1,dz2) € (K1 x K2)°, which implies that
(d,x) <0, Vae K xKs.
Therefore, for © = (z1,22) € K7 X Ko,
(d1,21) + (do,22) <0, V21 € K1, V 29 € K.

Because K7 and K> are cones, 0 € K;, i = 1,2. In particular, for x5 = 0, the
above inequality reduces to

<d1,x1> < 0, V€ Kl,

which implies that di € K7. Similarly it can be shown that dy € K3. Thus,
d € K7 x K3, thereby leading to (K7 x K3)° C K7 x K5.
Conversely, suppose that d; € K7, ¢ = 1,2, which implies

<dZ,SCZ> S 0, V:cl € Ki, 1= 1,2
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Therefore,
((d1,d2), (71,22)) <0, V (z1,72) € K1 X Ky,

which yields (dq,ds) € (K1 x K3)°, that is, Ky x K C (K; x K3)°, thereby
proving the result.

(v) Suppose that «* € (K7 + K3)°, which implies that for z; € K;,i = 1,2,
(", 21 +29) <0, Va, € Ky, Vag € K.

Because Ky and K5 are cones, 0 € K;, i = 1,2, which reduces the above
inequality to

<ZL'*7I’Z'> S 0, Vl’i S Ki, 1= 1,2

Therefore, z* € K7 N K3, thereby leading to (K7 + K2)° C K7 N K5.
Conversely, suppose that z* € K7 N K3, which implies that

<I*7l‘i> <0,Vzr;eK;, i=1,2.
Thus, for x = 1 + 22 € K7 + Ko, the above inequality leads to
(x*,2) <0, Ve K+ Ko,

which implies that z* € (K; + K3)°, thus yielding the desired result.
(vi) Replacing K; by K?, i = 1,2, in (iv) along with (iii) leads to

(K7 4+ K3)° = K1 N K.
Again by (iii), the above condition becomes
c (K7 + K3) = (K1 N K3)°,

thereby yielding the requisite result. |

Similar to the polar cone, we have the notion of a positive polar cone.

Definition 2.32 Consider a set F' C R™. The positive polar cone to the set
F is defined as

Fr={z*cR": (z*,2) >0, Vz € F}.
Observe that FT = (—F)° = —F°.
The notion of polarity will play a major role in the study of tangent and

normal cones that are polar to each other. These cones are important in the
development of convex optimization.
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2.2.4 Tangent and Normal Cones

In the analysis of a constrained optimization problem, we try to look at the
local behavior of the function in the neighboring feasible points. To move
from one point to another feasible point, we need a direction that leads to the
notion of feasible directions.

Definition 2.33 Let /' C R® and T € F. A vector d € R" is said to be a
feasible direction of F at T if there exists & > 0 such that

T+adeF, Vacel0,a)

It is easy to observe that the set of all feasible directions forms a cone. For
a convex set F', the set of feasible directions at Z is of the form a(x — Z) where
a € [0,1] and « € F. However, in case F is nonconvex, the set of feasible
directions may reduce to singleton {0}. For example, consider the nonconvex
set F' = {(—1,1),(1,1)}. The only feasible direction possible is {0}. This
motivates us to introduce the concept of tangent cones that would provide
local information of the set F' at a point even when feasible direction is just
zero. The notion of tangent cones may be considered a generalization of the
tangent concept in a smooth scenario to that in a nonsmooth case.

Definition 2.34 Consider a set F C R™ and Z € F. A vector d € R" is said
to be a tangent to F at Z if there exist {dr} C R™ with d, — d and {t;,} C Ry
with ¢t — 0 such that

T+trdy € F, VEkeN.

Observe that if d is a tangent, then so is Ad for A > 0. Thus, the collection
of all tangents form a cone known as the tangent cone denoted by Tr(Z) and
given by
Tr(Z) = {d € R" : there exist d, — d, t; | 0 such that
T+ trdy € F, ijEN}.

In the above definition, denote zp = T + txdy € F. Taking the limit as
k — 400, ty — 0, and di — d, which implies that t;d; — 0, thereby leading
to xx — Z. Also from construction,

T — T

123

:dk—)d

Thus, the tangent cone can be equivalently expressed as
Tr(Z) = {d € R" : there exist {zx} C F, z; — T, t; | 0 such that
T — T
ty

— d}.

Figure 2.4 is a representation of the tangent cone to a convex set F. Next
we present some properties of the tangent cone. The proofs are from Hiriart-
Urruty and Lemaréchal [63].
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FIGURE 2.4: Tangent cone.

Theorem 2.35 Consider a set FF C R™ and Tz € F. Then the following hold:
(i) Tr(Z) is closed.

(i) If F is convex, Tr(Z) is the closure of the cone generated by F — {Z},
that 1is,

Tr(Z) = cl cone(F —T)

and hence convex.

Proof. (i) Suppose that {di} C Tr(Z) such that dj, — d. Because dy, € Tr(Z),
there exist {z}} C F with «}, — Z and {t},} C R} with ¢, — 0 such that

Ty —
r
Ly,

—dy, VkeN.

For a fixed k, one can always find 7 such that

T F 1
T gll< s V>
th

|| %7 sl
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Taking the limit as K — +o00, one can generate a sequence {zx} C F with
xp — Z and {tx} C Ry with ¢ — 0 such that
T — T
Tk

— d.

Thus, d € Tr(Z), thereby establishing that Tr(Z) is closed.

(ii) Suppose that d € Tr(Z), which implies that there exist {zx} C F with
2k — T and {tp} C Ry with ¢ — 0 such that
T — T
2

—d.

Observe that xp, —Z € F — z. As ty, > 0, 1/t > 0, which implies that

T — T
ty

€ cone (F — ),
thereby implying that d € ¢l cone (F — Z). Hence
Tr(Z) C cl cone (F — ). (2.11)

Conversely, consider an arbitrary but fixed element = € F. Define a se-
quence

2=+ —(x—I), ke N

| =

By the convexity of F, it is obvious that {x} C F. Taking the limit as
k — +o00, x — %, then by construction

k(xy, — ) =x — .
(zx — )
t

k
x — % € Tp(Z). Because x € F is arbitrary, F' —Z C Tp(Z). As Tp(Z) is a
cone, cone (F —Z) C Tr(Z). By (i), Tr(Z) is closed, which implies

1
Denoting ¢ = T > 0, tx — 0 such that — x — Z, which implies that

cl cone (F — %) C Tp(Z).

The above inclusion along with the reverse inclusion (2.11) yields the desired
equality.

Because F' is convex, the set F' — T is also convex. Invoking Proposi-
tion 2.14 (iv) implies that T%(Z) is a convex set. O

We now move on to another conical approximation of a convex set that
is the normal cone that plays a major role in establishing the optimality
conditions.
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FIGURE 2.5: Normal cone.

Definition 2.36 Consider a convex set F' C R™ and z € F. A vector d € R"
is normal to F at T if

(d,x—7) <0, VaxekF.

Observe that if d is a normal, then so is Ad for A > 0. The collection of all
normals forms the cone called normal cone and is denoted by Np(Z).

For a convex set, the relation between the tangent cone and the normal
cone is given by the proposition below.

Proposition 2.37 Consider a convex set F' C R™. Then Tr(Z) and Np(Z)
are polar to each other, that is,

Np(Z) = (Tr(2))°  and  Tp(z) = (Np(T))°.
Proof. Suppose that d € Np(Z), which implies that

(d,z—7) <0, VaxekF.
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Observe that for x € F, x — % € F — Z, which implies that d € (F — Z)°. By
Proposition 2.31 (ii) along with the convexity of F' and hence of F — Z, and
Theorem 2.35 (ii),

d € (cl cone (F —x))° = (Tr(Z))°,

thereby implying that N (Z) € (Tr(Z))°.
Conversely, suppose that d € (Tr(z))°. As F —Z C Tr(Z), by Proposi-
tion 2.31 (i), (Tr(Z))° C (F — Z)°, which implies that

(dy,x — %) <0, Vz€F,

that is, d € Np(Z). Therefore, Np(Z) = (Tr(Z))° as desired.
For a convex set F, Tr(Z) is a closed convex cone. Therefore, by Proposi-
tion 2.31 (iii),

(Nr(2))* = (Tr(2))*° = Tr(2),

thereby yielding the requisite result. O

Figure 2.5 is a representation of the normal cone to a convex set F'. Observe
that the normal cone is polar to the tangent cone in Figure 2.4. Now we present
some simple examples for tangent cones and normal cones.

Example 2.38 (i) For a convex set F' C R™, it can be easily observed that
Tr(r) = R™ for every « € int F and by polarity, Np(z) = {0} for every
z €int F.

(ii) For a closed convex cone K C R™, by Theorem 2.35 (ii) it is obvious that
Tk (0) = K while by Proposition 2.37, Ng(0) = K°. Also, for 0 # z € K,
from the definition of normal cone,

Nig(x)={deR":de K°, (d,x) =0}.
(iii) Consider the closed convex set F' C R™ given by
F={xeR":{a;,z) <b;, i=1,2,...,m}

and define the active index set I(x) = {i € {1,2,...,m} : {a;,z) = b;}. The
set F'is called a polyhedral set, which we will discuss in the next section. Then

Tr(zx) = {deR":({a;,d) <0, Viel(x)},
Nr( cone co {a; 11 € I(x)}.

8
~—
|

Before moving on to discuss the polyhedral sets, we present some results
on the tangent and normal cones.
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Proposition 2.39 (i) Consider two closed convex sets F; C R™, i =1,2. Let
T € FyNFEy. Then

T(i‘;Fl N FQ) C T(i‘;Fl) mT(i‘;Fg),
N(z; F1 N Fy) D N(Z; F1) + N(T; F).

If in addition, ri Fy Nri Fy # 0, the above inclusions hold as equality.

(i) Consider two closed convex sets F; C R™, i =1,2. Let z; € F;, i = 1,2.
Then

1 15 1) x T(Z2; Fa),
N((fl,fg);Fl X FQ) = N(fl7F1) X N(EQ,FQ)

(#ii) Consider two closed convex sets F; CR™, i =1,2. Let Z; € F;, i = 1,2.
Then

T(Ifl + J_TQ;Fl + FQ) =cl (T(J_Tl,Fl) + T(J'_JQ;FQ)),
N(Z1 + 223 F1 + F2) = N(Z1; F1) N N (2o F2).

Proof. (i) We first establish the result for the normal cone and then use it
to derive the result for the tangent cone. Suppose that d; € Np,(Z), i = 1,2,
which implies that

<d¢,$i—§3> <0,Vuz; € F;, i=1,2.
For any x € Fy N F5, the above inequality is still valid for ¢ = 1, 2. Therefore,
<d1+d27.’1?—§3> <0, VzeFNF,

which implies that dy + dy € Np,nr,(Z). Because d; € Np,(Z), i = 1,2, were
arbitrarily chosen, Np, (Z) + Np,(Z) C Np,nr, (Z).
By Propositions 2.31 (i), (v), and 2.37,

TF1ﬂF2 ('f) c (NFI (j) + NFz (i'))o = TFI (j) n TFz (j)a

as desired. We shall prove the equality part as an application of the subdiffer-
ential sum rule, Theorem 2.91.

(ii) Suppose that d = (dy,d2) € Np, x r, (Z1,T2), which implies
((dy,d2), (1, 22) — (Z1,T2)) <0, V (z1,22) € F} X Fy,
that is,
(d1,21 — T1) + {do, w9 — o) <0, Va; € F}, V 29 € F.
The above inequality holds in particular for zo = Zo, thereby reducing it to

(di,x1 — 1) <0, V, € F,
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which by Definition 2.36 implies that di € Ng, (Z1). Similarly, it can be
shown that d2 € Ng,(Z2). Because (dy,ds) € Np xr,(T1,ZT2) was arbitrary,
Nryxp, (T1,%2) C Np, (21) X Np, (22).

Conversely, consider d; € Np, (Z1) and d2 € Np,(Z2), which implies that
(d1,d2) € Np, (Z1) X Np,(Z2). Therefore,

<d¢,$¢—ifi> <0, YV x; eF;,i1=1,2,
which leads to
((d1,d2), (71, 22) — (Z1,72)) <0, V (z1,22) € F1 X [y,

thereby yielding that (di,d2) € Np, xp,(Z1,Z2). As d; € Np,(Z;), i = 1,2,
were arbitrary, Ng xp, (T1,Z2) DO N, (Z1) X Ng,(Z2), thereby leading to the
desired result. The result on the tangent cone can be obtained by applying
Propositions 2.31 (iv) and 2.37.

(iii) Suppose that d € N, 1 g, (Z1 + Z2), which leads to
(dyxy — Z1) + (dyxo — ZT2) <0, Va1 € Fy, Va9 € F.
In particular, for zo = Zo, the above inequality reduces to
(d,zy —Z1) <0, V a1 € F,

that is, d € Np, (Z1). Similarly, d € Np,(z). Because d € Np, +F, (1 + T2) was
arbitrary, Np + 5, (Z1 + T2) C Np, (1) N Ng, (Z2).
Conversely, consider d € Np, (1) N Np,(Z2). Therefore,

<d,.’£i —i’i> <0, Va,€e Fi, 1=1,2,
which implies that
<d, (xl +£L’2) — (.’fl +52)> <0,Vax €F, Vay € Fs.

This leads to d € Np, 15, (Z1 + T2). As d € N, (Z1) N Ng,(Z2) was arbitrary,
Nr, (Z1) N Np,(Z2) C Np,+5,(Z1 + T2), thus establishing the desired result.
The result on tangent cone can be obtained by applying Propositions 2.31 (vi)
and 2.37. ]

2.2.5 Polyhedral Sets

As discussed in the beginning, finite intersection of closed half spaces generate
a class of convex sets known as the polyhedral sets. Here, we discuss briefly
this class of sets.

Definition 2.40 A set P C R™ is said to be a polyhedral set if it is nonempty
and is expressed as

P={zeR":{(a;,z) <b;, i=1,2,...,m},

where a; € R" and b; € R for ¢ = 1,2,...,m. Obviously, P is a convex set.
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Polyhedral sets play an important role in the study of linear programming
problems. A polyhedral set can also be considered a finite intersection of
closed half spaces and hyperplane. Any hyperplane (a,x) = b can be further
segregated into two half spaces, (a,z) < b and (—a,z) < —b, and thus can be
expressed as the form in the definition. If in the above definition of polyhedral
sets, b; =0, i =1,2,...,m, we get the notion of polyhedral cones.

Definition 2.41 A polyhedral set P is a polyhedral cone if and only if it can
be expressed as the intersection of finite collection of closed half spaces whose
supporting hyperplane pass through the origin. Equivalently, the polyhedral
cone P is given by

P={xeR":{a;,z) <0, i=1,2,...,m},
where a; € R™ for i =1,2,...,m.

Next we state some operations on the polyhedral sets and cones. For proofs,
the readers are advised to refer to Rockafellar [97].

Proposition 2.42 (i) Consider polyhedral set (cone) P C R™ and a linear
transformation A : R™ — R™. Then A(C) as well as A=*(C) are polyhedral
sets (cones).

(i) Consider polyhedral sets (cones) F; C R™, i = 1,2,...,m. Then the
Cartesian product Fy x Fy x ... x Fp, is a polyhedral set (cone).

1i) Consider polyhedral sets (cones) F; € R™, i = 1,2,...,m. Then the
poly

intersection ﬂ F; and the sum ZFZ are also polyhedral sets (cones).
i=1 i=1

With the notion of polyhedral sets, another concept that comes into the
picture is that of a finitely generated set.

Definition 2.43 A set F' C R™ is a finitely generated set if and only if there
exist x; € R™, ¢ =1,2,...,m, such that for a fixed integer j,0 < j <m, F is
given by

J m
FZ{Z‘ER”I.Z‘:Z)\i.Z‘i—F Z Aixi, Ny >0, i=1,2,...,m,

i=1 i=j+1
J
doai=1}
i=1
where {z1,xa,...,2,} are the generators of the set. For a finitely generated
cone, it is the same set with j = 0 and then {x1,zo, ..., z,,} are the generators

of the cone.
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Below we mention some characterizations and properties of polyhedral sets
and finitely generated cones. The results are stated without proofs. For more
details on polyhedral sets, one can refer to Bertsekas [12], Rockafellar [97],
and Wets [111].

Proposition 2.44 (i) A set (cone) is polyhedral if and only if it is finitely
generated.

(i) The polar of a polyhedral convex set is polyhedral.
(iii) Let x1,xa, ..., T,y € R™. Then the finitely generated cone

F = cone co{x1,xa,...,Tm}
18 closed and its polar cone is a polyhedral cone given by
Fe={zeR": (2;,z) <0, i=1,2,...,m}.

With all these background on convex sets, we move on to the study of
convex functions.

2.3 Convex Functions

We devote this section to the study of convex functions and their properties.
We also look into some special class of convex functions, namely the sublinear
functions. We begin by formally defining the convex functions. But before
that, let us recall some notions.

Definition 2.45 Consider a function ¢ : R® — R. The domain of the func-
tion ¢ is defined as

dom ¢ ={x € R": ¢p(x) < +00}.
The epigraph of the function ¢ is given by
epi ¢ = {(z,a) e R" x R: ¢(x) < a}.

Observe that the notion of epigraph holds for domain points only. The function
is proper if ¢(x) > —oo for every x € R™ and dom ¢ is nonempty. A function
is said to be improper if there exists & € R™ such that ¢(&) = —oc.

Definition 2.46 A function ¢ : R® — R is said to be convez if for any
z,y € R" and X € [0, 1] we have

(1 =Nz +Ay) < (1= AN)o(z) + Ad(y)-



2.8 Convex Functions 63

FIGURE 2.6: Graph and epigraph of convex function.

If ¢ is a convex function, then the function v : R™ — R defined as ¥ = —1) is
said to be a concave function.

Definition 2.47 A function ¢ : R® — R is said to be strictly convez if for
distinct z,y € R™ and A € (0,1) we have

P((1 =Nz + Ay) < (1= N)d(x) + Ad(y).

The proposition given below is an equivalent characterization of a convex
set in terms of its epigraph mentioned in Chapter 1.

Proposition 2.48 Consider a proper function ¢ : R® — R. ¢ is convez if
and only if epi ¢ is a convex set on R™ x R.

Proof. Suppose ¢ is convex. Consider (z;, a;) € epi ¢, i = 1,2, which implies
that ¢(x;) < a;, ¢ = 1,2. This along with the convexity of ¢ yields that for
every A € [0, 1],

A((1 =Nz + Aza) < (1= A)d(x1) + Ad(x2) < (1 — N)ag + Aas.

Thus, ((1 — A)x1 + Aze, (1 — N)ag + Aaz) € epi f. Because (z;, o), i = 1,2,
were arbitrary, thereby leading to the convexity of epi ¢ on R™ x R.

Conversely, suppose that epi ¢ is convex. Consider x1,x2 € dom ¢. It is
obvious that (z;, ¢(z;)) € epi ¢, i = 1,2. By the convexity of epi ¢, for every
A€ 0,1],

(1 =) (@1, 0(x1)) + A@2, d(22)) € epi ¢,
which implies that
P((1 = Nz + Azz) < (1= A)d(21) + Ad(22), ¥V A € [0,1],

thereby implying the convexity of ¢, and thus establishing the result. O
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Figure 2.6 represents the graph and epigraph of a convex function. Observe
that the epigraph is a convex set. Another alternate characterization of the
convex function is in terms of the strict epigraph set. So next we state the
notion of strict epigraph and present the equivalent characterization.

Definition 2.49 The strict epigraph of the function ¢ is given by
epis d = {(z,a) €R™ xR : ¢(x) < a}.

Proposition 2.50 Consider a proper function ¢ : R® — R. ¢ is convez if
and only if epis ¢ is a conver set on R™ x R.

Proof. The necessary part, that is, the convexity of ¢ implies that epi s ¢ is
convex, can be worked along the lines of proof of Proposition 2.48.

Conversely, suppose that epis ¢ is convex. Consider z1,22 € dom ¢ and
a; € R, i = 1,2 such that ¢(z;) < «y, i = 1,2. Therefore, (x;, ;) € epis P,
i = 1,2. By the convexity of epiy ¢, for every A € [0,1],

(1 =) (21, 1) + Maz2, az) € epis ¢,
which implies that
qb((l — /\)331 + )\.IQ) < (1 — /\)041 + dag, VA€ [0, 1]

As the above inequality holds for every a; > ¢(x;), i = 1,2, taking the limit
as a; — ¢(x;), i = 1,2, the above condition becomes

O((1 = AN)z1 + Aza) < (1= N)d(21) + Ag(z2), VA€ [0, 1].

Because x; and x4 were arbitrarily chosen, the above inequality leads to the
convexity of ¢ and hence the result. O

The definitions presented above are for extended-valued functions. These
definitions can also be given for a function to be convex over a convex set
F CR” as ¢ is convex when dom ¢ is restricted to F'. However, in this book,
we will be considering real-valued functions unless otherwise specified.

Next we state Jensen’s inequality for the proper convex functions. The
proof can be worked out using the induction and the readers are advised to
do so.

Theorem 2.51 (Jensen’s Inequality) Consider a proper convexr function

¢:R" = R. Let x; € dom ¢ and \; > 0 fori=1,2,...,m with Y ;- \; = 1.
Then ¢ is convex if and only if

¢(Z i) < Z Aip(z:)

for every such collection of x; and X\;, 1 =1,2,...,m.
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Consider a set F' C R™. The indicator function, 6 : R* — R, to the set F'
is defined as

5F(x)={0 x € F,

)
400, otherwise.

It can be easily shown that §r is Isc and convex if and only if F' is closed and
convex, respectively. Also, for sets Fy, Fy C R™,

Ornr, (%) = 0r, (z) + 0, (2).

The indicator function plays an important role in the study of optimality
conditions by converting a constrained problem into an unconstrained one.
Consider a constrained programming problem

min f(x) subject to x € C,

where f : R"™ — R and C' C R™. Then the associated unconstrained problem
is

min fo(z) subject to 1z €R",

where fo : R® — R is a function given by fo(z) = f(z) + dc (), that is,

fo(x)Z{ flx), zel,

400, otherwise.

We will look into this aspect more when we study the derivations of optimality
condition for the convex programming problem (C'P) presented in Chapter 1
in the subsequent chapters.

For a set ' C R™, the distance function, dp : R® — R, to F from a point
Z is defined as

dp(z) = inf [|lz — .

For a convex set F', the distance function dr is a convex function. If the
infimum is attained, say at & € F, that is,

A
inf o — & = 7 - 3,

then Z is said to be a projection of Z to F and denoted by projp(Z). Below
we present an important result on projection.

Proposition 2.52 Consider a closed convex set F C R™ and T € R™. Then
Z € projp(Z) if and only if

(Z—%,2—3) <0, VaxeF. (2.12)
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Proof. Suppose that the inequality (2.12) holds for & € F and Z € R™. For
any x € F', consider

|l — || lz = 2|* + |2 — 2||* - 2(z - 7,2 — &)

|z —z||®> - 2(z — &, — ), Vo € F.

v

Because (2.12) is assumed to hold, the above condition leads to
|z —z|* > ||z - z||*, Ve e F
thereby implying that & € projp ().
Conversely, suppose that & € projp(Z). Consider any z € F and for
€ [0,1], define
Zo=(1—a)Z+ ax € F.
Therefore,
12 = 2all® = (1 - a)(@ — ) + a(@ — )|
=1 -a)}z —7|* +?||z — z||* + 22(1 — )(Z — &, T — ).

Observe that as a function of a, ||z —z4]|* has a point of minimizer over [0, 1]
at a = 0. Thus,

Vol{lz - xaHQ} la=0> 0,
which implies
2(—lz—%|*+ (z—z,2— 7)) > 0.

The above inequality leads to

—(Z-Z3,T-8)+{(T—2,2—-3)=T—%,T—x)>0,VzeF,
thereby yielding (2.12) and hence completing the proof. |

Another class of functions that is also convex in nature are the sublinear
functions and support functions. These classes of functions will be discussed
in the next subsection. But before that we present some operations on the
convex functions that again belong to the class of convex functions itself.

Proposition 2.53 (i) Consider proper conver functions ¢; : R® — R and
a; >0, i=1,2,....,m. Then ¢ =Y ", a;¢; is also a convex function.

(ii) Consider a proper convex function ¢ : R" — R and a nondecreasing
proper convex function ¢ : R — R. Then the composition function defined as
(Yo d)(x) = (p(x)) is a convex function provided P (+00) = 4o00.

(iii) Consider a family of proper convex functions ¢; : R* — R, i € I, where
I is an arbitrary index set. Then ¢ = sup;c; ¢; s a convex function.

(iv) Consider a convex set F C R"™. Then ¢(z) = inf{a € R : (z,a) € F}
18 conver.
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Proof. (i) By Definition 2.46 of convexity, for any z,y € R™ and any A € [0, 1],

¢z(( )x + /\y) ( - A)d)z(x) + /\Qsz(y)v i=1,2,...,m

Asa; >0, 1 =1,2,...,m, multiplying the above inequality by «; and adding
them leads to

Zam 1= Nz +Xy) < Zam )+ A cidi(y)
i=1 i=1

thereby yielding the convexity of >/ | a;¢;.
(ii) By the convexity of ¢, for every x,y € R™ and for every A € [0, 1],

(1 =AMz +dy) < (1= A)o(x) + Ad(y)-

Because 1 is nondecreasing convex function, for every x,y € R™,

P(O((1 =Nz +Xy)) < (1= Nd(x) + Ab(y))
< (A =)Y(o(x) + A((y)), ¥V A€ 0,1].
Thus, (¢ o ¢) is a convex function.

(iii) Observe that epi ¢ = (), epi ¢;, which on applying Proposition 2.3 (i)
leads to the convexity of epi ¢. Now invoking Proposition 2.48 yields the
convexity of ¢.

(iv) Consider any arbitrary € > 0. Then for any (z;,a;) € F, i = 1,2,
a; < @(z;) +e, 1 =1,2.
By the convexity of F, for any A € [0,1],
A((1 =Nz + Aza) < (1= XN)ag + Aoz < (1 = N)op(x1) + Ap(z2) + €.

Because the above condition holds for every € > 0, taking the limit as € — 0,
the above condition reduces to

O((1 = Ny + Aaz) < (1= (1) + Ad(a2), ¥ A € [0, 1],

thereby leading to the convexity of ¢. (Il

The proof of (iv) is from Hiriart-Urruty and Lemaréchal [63]. These prop-
erties play an important role in convex analysis. From the earlier discussions
we have that a constrained problem can be equivalently expressed as an uncon-
strained problem using the indicator function. Under the convexity assump-
tions as in the convex programming problem (C'P) and using (i) of the above
proposition, one has that fo(x) = (f + d¢)(x) is a convex function, thereby
reducing (C'P) to an unconstrained convex programming problem that then
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leads to the KKT optimality conditions under some assumptions, as we shall
see in Chapter 3.

The property (ii) of Proposition 2.53 leads to the formulation of conjugate
functions. We will discuss this class of functions later in this chapter as it will
also play a pivotal in the study of convex optimization theory.

Next we define infimal convolution or simply inf-convolution on convex
functions. The motivation for this operation comes from the sum of epigraph
and the infimum operation as in (iv) of the above proposition. Consider two
proper convex functions ¢; : R® — R, i = 1,2. Then by Proposition 2.3 (ii),
the set F' = epi ¢1 +epi ¢ is a convex set in R™ x R. Explicitly, F' is expressed
as

F={(z1 4+ 22,01 +a3) € R" X R: (z;,;) Eepi ¢;, i =1,2}.
Then by (iv) of Proposition 2.53, the function
o(z) =inf{a; + ag: (1 + 22,01 + a2) € F, 1 + x5 =z}

is a convex function. This function ¢ can be reduced to the form known as
the inf-convolution of ¢; and ¢, as defined below.

Definition 2.54 Consider proper convex functions ¢; : R® — R,
i=1,2,...,m. Then the infimal convolution or inf-convolution of ¢1 and ¢
is denoted by ¢1 O ¢ : R™ — R and defined as

(1 O #2)(T) inf{o1(z1) + ¢2(x2) 1 2; € R"i = 1,2, 21 + 22 = T}

= inf{¢1(z) + ¢2(T — ) : x € R"}.

A simple consequence for the inf-convolution is the distance function. Con-
sider a convex set F' C R™. Then the distance function ¢(x) = dr(z) can be
expressed as

d(r) = (¢1 O ¢2) (),
where ¢1(z) = ||z and ¢o(z) = dp ().

As it turns out, the inf-convolution of convex functions is again convex.
To verify this claim, we will need the following result on strict epigraph sum.
The proof appears in Moreau [89] but here we present its proof and that of
the proposition to follow from Attouch, Buttazzo, and Michaille [3].

Proposition 2.55 Consider two proper convex functions ¢; : R* — R,
i=1,2. Then
€pis(¢1 U ¢2) = episp1 + episps. (2'13)
Consequently,
cl epi (¢1 O ¢pa) =l (epi ¢1 + epi Pa). (2.14)
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Proof. Consider (z,a) € epis (¢1 O ¢2), which implies

(61 O ¢2) () < a.

The above inequality holds if and only if there exist x1,2zo € R™ with
T1 + o = x such that

$1(w1) + d2(22) < .

This is equivalent to the existence of xi,zo € R"™ and a1, € R with
21+ a2 =2 and ag + @z = « such that ¢;(z;) < «;, i = 1,2, thereby es-
tablishing (2.13).

By Definition 2.49 of strict epigraph, it is obvious that for any function ¢,

epis @ Cept ¢ and cl epis ¢ = epi @,

which along with the strict epigraph condition implies that

epi (¢1 O ¢2) = cl epis (¢1 U ¢2)
=cl (epis 1 + epis ¢p2) C cl (epi d1 + epi ¢2). (2.15)

Now suppose that (x;,q;) € epi ¢;, i = 1,2, which along with the definition
of inf-convolution implies that

(1 O ) (w1 + w2) < P1(w1) + P2(2) < 1 + e

Therefore, (1 + z2,01 + a2) € epi (¢1 O ¢2). Because (x;, ;) € epi ¢,
i = 1,2, were arbitrary,

epi ¢1 + epi ¢2 C epi (¢1 O ¢2).

Taking closure on both sides of the above relation along with the condition
(2.15) yields the condition (2.14), as desired. O

Using this proposition, we now move on to show that the inf-convolution
of proper convex functions is also convex.

Proposition 2.56 Consider two proper convex functions ¢1,¢ds : R" — R.
Then ¢1 O ¢2 is also convew.

Proof. From Proposition 2.55,
epis(¢1 O ¢2) = epis 1+ epis 2.

As ¢1 and ¢5 are convex functions, by Proposition 2.50, epis ¢1 and epis ¢ are
convex sets. This along with the above condition implies that epis (¢1 O ¢2),
is convex which again by the characterization of convex functions, Proposi-
tion 2.50, leads to the convexity of ¢1 [ ¢o. O
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An application of inf-convolution can be seen in the following property of
indicator function. For convex sets F} and F5 in R™, the indicator function of
the sum of the sets is

5F1+F2 = 5F1 O 5F2~

The importance of inf-convolution will be discussed in the study of conjugate
functions later in this chapter. For more on inf-convolution, the readers may
refer to Stromberg [107].

As we discussed that the inf-convolution is motivated by taking
F = epi ¢ + epi ¢o, similarly the notion of convex hull of a function is moti-
vated by taking F' = co epi ¢. Below we define this concept.

Definition 2.57 The convexr hull of a nonconvex function ¢ is denoted as
co ¢ and is obtained from Proposition 2.53 (iv) with F' = co epi ¢. Therefore,
by Theorem 2.7, (z,«) € F if and only if there exist (z;, ;) € epi ¢, \; >0,
i=1,2,...,m with Y_7" | \; = 1 such that

(J?,Oé) - Al(ajlaal)‘|')\2(3727042)"'---_|')\771(33’rn70‘m)
= ()\1371 + Xoxo+ ...+ A, A1ag + Aoag + ...+ /\mam).
Because ¢(x;) < «;, i =1,2,...,m, Proposition 2.53 (iv) leads to
co ¢(z) = inf{A1¢(z1) + Aadp(x2) + ... + An@(zy,) € R :
AMT1+ Aoxo + ..+ Ay, = T,
A= 0,i=1,2,...,m, » \=1}
It is the greatest convex function majorized by ¢. If ¢ is convex, co ¢ = ¢. The
convex hull of an arbitrary collection of functions {¢; : i € I} is denoted by

co |J;er ¢i and is the convex hull of the pointwise infimum of the collection,
that is,

co U ¢; = co 115 ;.

iel

It is a function obtained from Proposition 2.53 (iv) by taking

F=co U epi ¢;.
il
It is the greatest convex function majorized by every ¢;, i =1,2,...,m.

The closed convex hull of a function ¢ is denoted by ¢l co ¢ and defined as
dl co g(a') = sup{(£,2') — a : (€,7) —a < 6(x), ¥ & € R"}.
Similar to closure of a function, ¢l co ¢ satisfies the condition

ept cl co ¢ = cl co epi ¢.
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For more details on the convex hull and the closed convex hull of a function,
readers are advised to refer to Hiriart-Urruty and Lemaréchal [62, 63].

Now before moving on with the properties of convex functions, we briefly
discuss an important class of convex functions, namely sublinear and support
functions, which as we will see later in the chapter are important in the study
of convex analysis.

2.3.1 Sublinear and Support Functions

Definition 2.58 A proper function p : R® — R is said to be a sublinear
function if and only if p is subadditive and positively homogeneous, that is,

p(x1 + x2) < p(x1) + p(x2), ¥V 21,22 € R™ (subadditive property)
p(Az) = Ap(z), Vz e R®", VA >0 (positively homogeneous property)

From the positive homogeneity property, p(0) = Ap(0) for every A > 0, which
is satisfied for p(0) = 0 as well as p(0) = +o00. Most sublinear functions satisfy
p(0) = 0. As p is proper, dom p is nonempty. So if p(z) < +oo, then by the
positive homogeneity property, p(tz) < 400, which implies that dom p is a
cone. Observe that as p is positively homogeneous, for =,y € R™ and any
A€ (0,1),

p(1=XNz) = (1 =Xp(z) and  pAy) = Ap(y).

By the subadditive property of p,

p(1=XNz+Ay) < p((1—Nz)+p(Ay)
= (I=XNp(z)+p(y), YA€ (0,1).

The inequality holds as equality for A = 0 and A = 1. Because x,y € R" were
arbitrary, p is convex. Therefore, a sublinear function is a particular class of
convex functions and hence dom p is convex. Next we present a proposition
that gives the geometric characterization of sublinear functions. For the proof,
we will also need the equivalent form of positive homogeneity from Hiriart-
Urruty and Lemaréchal [63] according to which

p(Az) < Ap(z), Yz € R™, V> 0.

Note that if p is positively homogeneous, then the above condition holds triv-
ially. Conversely, if the above inequality holds, then for any A > 0,

p(x) = p(A~'Ax) < %p(Am), V2 eR™,

which along with the preceding inequality yields that p is positively homoge-
neous.

Theorem 2.59 Consider a proper function p : R* — R. p is a sublinear
function if and only if its epigraph, epi p, is a conver cone in R™ x R.
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Proof. Suppose that p is sublinear. From the above discussion, p is a convex
function as well and thus epi p is convex. Consider (z,a) € epi p, which
implies that p(z) < «. By the positively homogeneous property

p(Az) = Ap(z) < A, A >0,

which implies that A(z,a) = (Az,Aa) € epi p for every A > 0. Also,
(0,0) € epi p. Thus, epi p is a cone.

Conversely, suppose that epi p is a convex cone. By Theorem 2.20, for any
(zi,04) Eepip, i =1,2,

(1 + 29,01 + 2) € epi p.
In particular for a; = p(z;), ¢ = 1,2, the above condition leads to

p(r1 + x2) < p(x1) + p(a2).

Because z1,z2 € R™ are arbitrarily chosen, the above inequality implies that
p is subadditive. Also, as epi p is a cone, any (z,a) € epi p implies that
Az, ) € epi p for every A > 0. In particular, for a = p(z),

p(Az) < Ap(x), ¥ A >0,

which is an equivalent definition for positive homogeneity, as discussed before.
Hence, p is a sublinear function. O

Sublinear functions are particular class of convex functions. For a convex
cone K C R"™, the indicator function dx and the distance function dg are
also sublinear functions. An important class of sublinear functions is that of
support functions. We will discuss the support functions in brief.

Definition 2.60 Consider a set F C R™. The support function, or : R® — R,
to F at T € R" is defined as
op () = sup (7, 2).
TEF
From Proposition 1.7 (ii) and (iii), it is obvious that a support function

is sublinear. As it is the supremum of linear functions that are continuous,
support functions are Isc. For a closed convex cone K C R",

UK(x):{ 0, (z,2)<0,VzekK,

400, otherwise,
which is nothing but the indicator function of the polar cone K°. Equivalently,
UK:6K0 and (SKZO'KO.

Next we present some properties of the support functions, the proofs of
which are from Burke and Deng [22], Hiriart-Urruty and Lemaréchal [63], and
Rockafellar [97].
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Proposition 2.61 (i) Consider two convex sets Fy and Fy in R™. Then
hCcF = opx)<op(z), VzeR™

(i) For a set F C R", one has

OF =0 F =0coF = OclcoF-
(iii) Consider a convex set F C R"™. Then T € ¢l F if and only if

(z*,7) < op(z™), V2" eR™
(iv) For convex sets Fy, Fo CR™, ¢l Fy C cl Fy if and only if

op (%) <op(z¥), V z* € R".
(v) Let Fy, F C R™ be convex sets and K C R™ be a closed convex cone. Then

op, () <op(z), Ve eK <= op(r)<opmire(x), VeeR"
— F) Cd(Fy+ K°).

(vi) The support function of a set F C R™ is finite everywhere if and only if
F is bounded.

Proof. (i) By Proposition 1.7 (i), it is obvious that for Fy C Fb,

sup <$,l‘1> < sup <117,3'J2>, Ve an
r1E€F T2EF

thereby leading to the desired result.

(ii) As (z,.) is linear and hence continuous over R", then on taking supremum
over F,

op(z) =0 r(z), Vo eR™
Because F' C co F, by (i),
op(zr) < 0co p(x), Vo eR™

Also, for any z’ € co F, by Carathéodory Theorem, Theorem 2.8, there ex-
ist ) € F, \; > 0,4 =1,2,...,n+ 1, satisfying E?jll A; = 1 such that
@ = Y\, Therefore,

n+1 n+1

(@, 2) =Y Nilw,2}) <Y Niop(z) = op(2).
=1 i=1

Because x’ € co F was arbitrary, the above inequality holds for every z’ € co F
and hence

Oco F(.T) < O’F(x), Ve Rn,
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thus yielding the equality as desired. These relations also imply that
OF = O0cl co F-
(iii) Invoking Theorem 2.27, the desired result holds.
(iv) By (i) and (ii), ¢l Fy C ¢l F» implies that
op, (z¥) <op,(z%), Vz© e R".

Conversely, suppose that the above inequality holds, which implies for
every x € cl Iy,

(x*,2) <o (), V' e R™

Therefore, by (iii), « € ¢l F». Because z € ¢l Fy was arbitrary, ¢/ Fy C cl Fy,
thereby completing the proof.

(v) Counsider z € K. As F, C F» + K°, by (i) along with Proposition 1.7 and
the definition of polar cone leads to

05, (7) S Opy o (¥) = 0,y () + 0o (2) < 0py (),
that is, o, () = op1ko(z) for z € K. Now if x € K, there exists z € K°
such that (z,z) > 0. Consider y € Fy. Therefore, as the limit A — +oo,
(y + Az,z) — 400 which implies o, go(z) = +00. Thus, establishing the
first equivalence. The second equivalence can be obtained by (ii) and (iv).

(vi) Suppose that F' is bounded, which implies that there exists M > 0 such
that

2’| < M, ¥V 2’ € F.
Therefore, by the Cauchy—Schwarz Inequality, Proposition 1.1,
(z,2") < [lz|||2’]] < ||=|M, ¥ 2’ € F,

which implies that op(x) < ||z||M for every x € R™. Thus, o is finite every-
where.

Conversely, suppose that o is finite everywhere. In the next section, we
will present a result establishing the local Lipschitz property and hence con-
tinuity of the convex function, Theorem 2.72. This leads to the local bound-
edness. Therefore there exists M such that

(,2")y <op(x) <M,V (z,2') € B x F.

:L,/

If 2’ # 0, taking x = T’ the above inequality leads to 2’| < M for every
x

2’ € F, thereby establishing the boundedness of F' and hence proving the

result. ]

As mentioned earlier, the support function is Isc and sublinear. Similarly,
a closed sublinear function can be viewed as a support function. We end
this subsection by presenting this important result to assert the preceding
statement. The proof is again due to Hiriart-Urruty and Lemaréchal [63].
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Theorem 2.62 For a proper lsc sublinear function o : R — R, there exists a
linear function minorizing o. In fact, o is the supremum of the linear function
minorizing it; that is, o is the support function of the closed convex set given

by
F,={zeR": (z,d) <o(d), VdeR"}.

Proof. Because sublinear functions are convex, o is a proper Isc convex func-
tion. As we will discuss in one of the later sections, every proper lsc convex
function can be represented as a pointwise supremum of affine functions ma-
jorized by it, Theorem 2.100 and there exists (z, @) € R™ x R such that

(z,d) —a <o(d), VdeR"

As 0(0) = 0, the preceding inequality leads to a > 0. By the positive homo-
geneity of o,

(%@—%So@)VdGRﬂVA>O

Taking the limit as A — +o0,
(z,d) <o(d), VdeR",

that is, o is minorized by linear functions.

As mentioned in the beginning, convex functions are supremum of affine
functions, which for sublinear functions can be restricted to linear functions.
Therefore, by Theorem 2.100,

o(d) = sup (z, d)
zeF,

and hence o is the support function of Fj. O

After discussing these classes of convex functions, we move on to discuss
the nature of convex functions.

2.3.2 Continuity Property

We have already discussed the operations that preserve convexity of the func-
tions. Now we shall study the continuity, Lipschitzian and differentiability
properties of the function. But before doing so, let us recall proper functions.

A function ¢ : R® — R is proper if ¢(x) > —oo for every z € R™ and
dom ¢ is nonempty, that is, epi ¢ is nonempty and contains no vertical lines.
A function that is not proper is called an improper function. We know that
for a convex function, the epigraph is a convex set. If ¢ is an improper convex
function such that there exists Z € ri dom ¢ such that ¢(Z) = —oo, then the
convexity of epi ¢ is broken unless ¢(z) = —oo for every = € ri dom ¢. Such
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ept ¢ epi @2

FIGURE 2.7: Epigraphs of improper functions ¢; and ¢,.

functions can however have finite values at the boundary points. For example,
consider ¢; : R — R given by

—o0, |z| <1,
o1(z) = 0, |z|=1,
+oo, |z|>1.

Here, ¢ is an improper convex function with finite values at boundary points
of the domain x = —1 and « = 1. Also it is obvious that ¢ cannot have a finite
value on ri dom ¢ and —oo at a boundary point. For better understanding,
suppose that © € ri odm ¢ such that ¢(x) > —oo and let y be a boundary
point of dom ¢ with ¢(y) = —oo. By the convexity of ¢,

(1 =Nz +Ay) < (1= N)d(@) + Ad(y), VA€ (0,1),
which implies that for (1 — XAz + Ay € ri dom ¢,
B((1— Nz + Ay) = —oo.

This contradicts the convexity of the epigraph. This aspect can be easily
visualized by modifying the previous example as follows. Define an improper
function ¢ : R — R as

—00, =1,
po(x) = 0, -1<z<1,
+oo, |z| > 1.

Obviously ¢5 cannot be convex as epi ¢5 is not convex as in Figure 2.7. These
discussions can be stated as the following result from Rockafellar [97].
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Proposition 2.63 Consider an improper convex function ¢ : R™ — R. Then
d(x) = —oo for every x € ri dom ¢. Thus ¢ is necessarily infinite except
perhaps at the boundary point of dom ¢. Moreover, an lsc improper convex
function can have no finite values.

As discussed in Chapter 1, the continuity of a function plays an important
role in the study of its bounds and hence in optimization problems. Before
discussing the continuity property of convex functions we shall present some
results on interior of the epigraph of a convex function and closure of a convex
function.

Proposition 2.64 Consider a convex function ¢ : R™ — R such that
ri dom ¢ is nonempty. Then 1i epi ¢ is also nonempty and given by

riepi ¢ = {(z,a) ER" X R:x € ri dom ¢, ¢(x) < a}.
Equivalently, (z,&) € ri epi ¢ if and only if & > limsup,_,; ¢(z).

Proof. To obtain the result for ri epi ¢, it is sufficient to derive it for int epi ¢,
that is,

int epi ¢ = {(z,a) € R x R: z € int dom ¢, ¢(z) < a}.
By Definition 2.12, for (Z,@) € int epi ¢, there exists € > 0 such that
(Z, @) +eB C epi ¢,

which implies that Z € int dom ¢ along with ¢(Z) < @. As (Z,a) € int epi ¢
is arbitrary,

int epi ¢ C {(z,a) € R" xR :x € int dom ¢, ¢(z) < a}.

Now suppose that & € int dom ¢ and ¢(Z) < @ Consider
X1,Ta, ..., Ty € dom ¢ such that T € int F where F = co {z1,22,...,Tm}-
Define

v = Lg}?_u_{cm{cb(xi)}

By the convexity of F, for any z € F there exist A; > 0, 1 = 1,2,...,m,

m

satisfying » " ; A; = 1 such that

m
i=1

Because ¢ is convex,

Bw) <D Nid(ri) <D Ny =1
=1 i=1
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Therefore, the open set
{(z,a) eR"xR:z €int F, v < a} Cepi ¢

In particular, for any o > v, (Z,«) € int epi ¢. Thus, (Z,&) can be con-
sidered as lying on the interior of line segment passing through the points
(Z,a) € int epi ¢, which by the line segment principle, Proposition 2.14,
(Z,@) € int epi ¢. Because (Z, &) is arbitrary,

it epi ¢ D {(xz,a) e R" xR : x € int dom ¢, ¢(x) < a},

thereby leading to the requisite result.

Now we move on to prove the equivalent part for i epi ¢. Suppose that
(Z,a) € ri epi ¢. Therefore, by the earlier characterization one can always
find an € > 0 such that

Tz E€ridom ¢ and sup ¢(z) < a.
zEB(T)

Taking the limit as € — 0 along with Definition 1.5 of limit supremum,

limsup ¢(x) < a.

T—T
Conversely, suppose that for (Z,a) the strict inequality condition holds

which implies

lim sup ¢(z) < a.
€10 zeB. (z)

Therefore, there exists € > 0 such that

sup () < @,
z€B. (T)

which yields ¢(z) < & with & € ri dom ¢, thereby proving the equivalent
result. Note that this equivalence can be established for int epi ¢ as well. [

Note that the above result can also be obtained for the relative interior of
the epigraph as it is nothing but the interior relative to the affine hull of the
epigraph. As a consequence of the above characterization of ri F', we have the
following result from Rockafellar [97].

Corollary 2.65 Consider &« € R and ¢ : R* — R to be a proper convex
function such that for some x € dom ¢, ¢(x) < a. Then actually p(x) < «
for some x € i dom ¢.

Proof. Define a hyperplane H as

H={(x,n) e R" xR : p < a}.
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Because for some z € R", ¢(x) < «, in particular for u = ¢(z), we have that
H meets epi ¢. Invoking Corollary 2.16 (ii), H also meets ri epi ¢, which by
Proposition 2.64 implies that there exists © € ri dom ¢ such that ¢(z) < a,
thereby yielding the desired result. O

Recall that in the previous chapter the closure of a function ¢ : R® — R
was defined as

c ¢(z) = liminf ¢(x), VT € R™,

r—x

which is a bit complicated to compute. In case of a convex function, it is much
easier to compute and is presented in the next proposition. The proof is from
Rockafellar [97].

Proposition 2.66 Consider a proper convex function ¢ : R™ — R. Then cl ¢
agrees with ¢ in ri dom ¢ and for & € ri dom ¢,

c ¢(z) = /P_}ml (L= XN)T+ Az), VzeR™

Proof. From Definition 1.11 of closure of a function, ¢l ¢ is Isc and ¢l ¢ < ¢.
Therefore, by the lower semicontinuity of ¢l ¢,

ligrlj?f(cl A1 =XN)T + X z) =dl ¢(x) < lig\n i{lf d((1 = N)& + Az).

To prove the result, we will establish the following inequality

cl ¢(z) > limsup ¢((1 — N\)& + Az).
A—1

Consider « € R such that ¢l ¢(x) < o, which implies that
(z,a) € epicl ¢ =cl epi ¢.

Consider any (Z, &) € ri epi ¢. Applying the Line Segment Principle, Propo-
sition 2.14,

(1=X)(Z,8&) + Az, a) €riepi ¢, ¥ A €]0,1).
By Proposition 2.64,

A((1=XNZ+ M) < (1—=XNa+ I, VA€[0,1).
Taking the limit superior as A — 1, the above inequality leads to

limsup ¢((1 — A)z + Az) < limsup(l — A\)& + Aa = a.
A—1 A—1

In particular, taking o = ¢l ¢(x) in the above inequality yields the desired
result.
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In the relation

€l g(x) = lim 6((1— \)i + M),

in particular, taking * = & € ri dom ¢ leads to ¢l ¢(Z) = ¢(&). Because
T € ri dom ¢ is arbitrary, ¢l ¢ = ¢ on ri dom ¢, that is, cl ¢ agrees with ¢ in
ri dom @. O

Next we present some results from Rockafellar [97] on closure and relative
interior.

Proposition 2.67 Consider a proper convex function ¢ : R — R and let
a € R such that o > inf,crn ¢(x). Then the level sets

{r eR": ¢(x) <a} and {xeR":¢(z) <a}
have the same closure and relative interior, namely
{reR":cl ¢p(z) <a} and {xeR":zecridom ¢, ¢(z)<al,
respectively.

Proof. Define a hyperplane H = {(z,a) € R® x R : z € R"} in R,
Applying Corollary 2.65 and Proposition 2.64, H intersects ri epi ¢, which
implies that

ri HNriepi ¢ = HNriepi ¢ # 0.
Now consider
HnNepi ¢ ={(z,0) e R" xR : ¢(z) < a}.
Invoking Corollary 2.16 (iii),

cd(HnNepi ¢p)=cl HNecl epi ¢ = HNepicl ¢, (2.16)
ri(H Nepi ¢) =ri HNri epi ¢ = HNri epi ¢. (2.17)

The projection of these sets in R™ are, respectively,

cd{reR":¢(z) <a}={zeR":d ¢(z) < a},
ri {x eR": ¢(z) < a}={z e R":z €ridom ¢, ¢(x) < a}.

The latter relation implies that
ri{r eR":p(x) <alC{reR":¢(x) <a} C{zxeR":¢(zx) <a}l.

Therefore, by Corollary 2.16 (ii), {x € R™ : ¢(z) < a} has the same closure
and relative interior as {x € R™ : ¢(z) < a}. O
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Proposition 2.68 Consider proper convex functions ¢; : R"™ — R,
1=1,2,....m. Ifevery ¢;, i = 1,2,...,m, is lsc and 1+ po+...+ Py Z +00,
then ¢1 + ¢+ ...+ ¢m s a proper lsc conver function. If ¢;, 1 =1,2,...,m,
are not all Isc but ri dom ¢1 Nri dom ¢2N...N1re dom ¢y, is nonempty, then

cl (o1 + o4 ... +dm)=cl p1+cl da+...+cl .

Proof. Define ¢ = ¢1 + ¢2 + ... + ¢, and assume

zeridom ¢=ri (m dom ;).

i=1
By Proposition 2.66, for every x € R",

m

el ¢(x) = lim ¢((1 = N)& + Az) = lim Z di((1 = N)E + \z). (2.18)

If ¢;, i =1,2,...,m, are all Isc, then the above condition becomes

c ¢p(x) = ¢1(z) + p2(x) + ... + P (), VX €R"
and thus ¢l ¢ = ¢.
Suppose that ¢;, i = 1,2,...,m, are not all Isc. If
ﬂ ri dom ¢; # 0,
i=1
by Proposition 2.15 (iii),
ﬂ ri dom ¢; =11 ﬂ dom ¢; = ri dom ¢.
i=1 i=1
Therefore,
T Eeridom ¢;, i=1,2,...,m.
Again by Proposition 2.66,

c ¢i(x) = )1\1_>ml (1 =Nz + M), i=1,2,...,m.

Therefore, the condition (2.18) becomes
cd d(x)=cl ¢1(x) +cl gpa(x) + ...+ el dm(x), V2 R,

thereby completing the proof. O

Using the above propositions, one can prove the continuity property of the
convex functions.
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Theorem 2.69 A proper convex function ¢ : R® — R is continuous on
ri dom ¢.

Proof. By Proposition 2.66, cl ¢ agrees with ¢ in 2 dom ¢, which implies
that ¢ is Isc on ri dom ¢. Now suppose that z € rt dom ¢. For any a such
that (Z,«) € ri epi ¢, by Proposition 2.64,

limsup ¢(z) < a.

r—x

Taking the limit as a — ¢(Z), the preceding condition becomes

limsup ¢(z) < ¢(7),

r—x

thereby implying the upper semicontinuity of ¢ at . Because & € ri dom ¢
is arbitrary, ¢ is usc on ri dom ¢. Thus ¢ is continuous on ri dom ¢, thereby
yielding the desired result. O

Before moving on to discuss the derivative property of a convex function,
we shall discuss its Lipschitzian property. For that we first define Lipschitz
and locally Lipschitz functions.

Definition 2.70 A function ¢ : R™ — R is said to be Lipschitz if there exists
L > 0 such that

9(x) = oY)l < L flz —yll, V 2,y € R™

The positive number L is called the Lipschitz constant of ¢, or ¢ is said to be
Lipschitz with constant L.

Definition 2.71 Consider a function ¢ : R™ — R and z € R”. Then ¢ is said
to be locally Lipschitz if there exist Lz > 0 and a neighborhood N (Z) of Z
such that

9(x) = ¢(y)l < Lz |z —yll, V 2,y € N(2).

It is a well known that a Lipschitz function is continuous but the converse
need not hold. From Theorem 2.69, we know that a convex function function
is continuous in the relative interior of its domain. In the results to follow, we
show that local boundedness of a convex function implies that the function is
continuous as well as is locally Lipschitz. The result is from Attouch, Buttazzo,
and Michaille [3].

Theorem 2.72 Consider a proper conver function ¢ : R™ — R and
z € dom ¢. For some € > 0 such that

sup ¢(z) = M < +o0.
z€B.(T)

Then ¢ is continuous at T. Moreover, ¢ is Lipschitz continuous on every ball
B, (Z) with & < e and

[¢(z) — o(y)| <

=z —yll, ¥ 2,y € Bua).



2.8 Convex Functions 83

Proof. Without loss of generality, by translation (that is, by considering the
function ¢(x + ) — ¢(&)), the problem reduces to the case when Z = 0 and
¢(0) = 0. Therefore, the local boundedness in the neighborhood of Z = 0
reduces to

sup ¢(x) = M < +oo.
z€B.(0)

Consider an arbitrary § € (0,1] and = € Bs-(0). Now expressing
1
x=(1-0)0+ 5(533),

1
where 5° € B.(0). The convexity of ¢ along with the local boundedness

condition leads to
1
6(w) < (1 - 6)6(0) + 09(5v) < M.
Rewriting

1 L9 5 (—1)
B R B A s

1
where 57 € B.(0). Again, the convexity of ¢ yields

) —1 1 SM
1+6¢( )+ 1494’

which along with the previous condition on ¢(z) implies that
—0M < ¢(x) < 5M.
Because x € B;s.(0) is arbitrary,
|¢(x)| < OM, ¥V x € Bse(0),

thereby establishing the continuity of ¢ at 0.
In the above discussion, in particular for § = 1,

|p(z +Z) — ¢(T)] < M, Ve B0).
Consider arbitrary z,y € B./(Z) with « # y. Denoting § =& —&’ > 0,

6 [z —yll
z=2x+——(r—y) and A= _——""—.
|z —yll o+ [z —yl
Observe that
)
lz=zl = (y=2)++—7(@ -yl
lz =yl
_ 1)
< y=2+ ———llz—yll
[z —yll
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which implies z € B.(z). Also
[z —yllz = (6 + ||z — yl})x — dy,
which implies that
x=(1-Ny+ Xz, Ve (0,1).
By the convexity of @,
¢(x) < (1= N)P(y) + Ap(z) = d(y) + A(6(2) — &(y)),
which leads to
o(x) — o(y) < Mo(2) — o(y) < Alp(2) — o(y)l-
Observe that
1¢(2) = ¢(y)| < |6(2) — ()| + |9(y) — &(2)| < 2M,

as z € B.(z) and y € B./(Z) C B.(Z). Therefore,

- M
o) — o) < sV onr < By,

ot —yl
Interchanging the roles of x and y yields

6(2) — 6(w)| < e — i,

thereby establishing the result. |

In the above result, we showed that if a proper convex function is locally
bounded at a point, then it is locally Lipschitz at that point. As a matter of
fact, it is more than that which is presented in the result below, the proof of
which is along the lines of Hiriart-Urruty and Lemaréchal [63].

Theorem 2.73 Consider a proper convex function ¢ : R" — R. Then ¢ is
locally Lipschitz on ri dom ¢.

Proof. Similar to the proof of Proposition 2.14 (i), consider n+1 lin-

early independent vectors xy, 2, ..., Tp4+1 € dom ¢ such that
Z€rico{xy,xa,...,Tpy1} Cdom ¢. Now consider € > 0 such that
B.(Z) C co {z1,x2,...,Tnt1}. For any arbitrary « € B.(Z), there exist \; > 0,

i=1,2,...,n+ 1, satisfying Z?ill A; = 1 such that

n+1

T = E )\le
i=1
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By the convexity of ¢,

n+1
@) <D Nig(wi) < max @) = M < +o0.

i=1

Because = € B.(Z) is arbitrary, the above condition holds for every x € B.(Z).
Therefore, by Theorem 2.72, for &’ < ¢,

2M
c—¢

[¢(z) — o(y)| <

||1‘ - y||, v T,y € BE/(i‘%

thus proving that ¢ is locally Lipschitz at & € ri dom ¢. Because T € ri dom ¢
is arbitrary, ¢ is locally Lipschitz on i dom ¢. O

2.3.3 Differentiability Property

After discussing the continuity and the Lipschitzian property of a convex
function, we will now make a move toward studying its differentiability na-
ture. In general, a convex function need not be differentiable on the whole of
R™. For instance, consider the convex function ¢(z) = |z|. It is differentiable
everywhere except x = 0, which is the point of minimizer if we minimize this
function over the whole of R. Another example of nonsmooth convex function
that appears naturally is the max-function. Consider ¢(z) = max{x, 2%}. As
we know from Proposition 2.53, the supremum of convex functions is convex,
so ¢ is convex. Here both z and z? are differentiable over R but ¢ is not
differentiable at = 0 and z = 1. Again for the unconstrained minimization
of ¢ over R, the point of minimizer is £ = 0. So how is one supposed to
study the optimality at a point if the function is not differentiable there. This
means the notion of differentiability must be replaced by some other concept
so as to facilitate nonsmooth convex functions. For a differentiable function
we know that both left-sided as well as right-sided derivatives exist and are
equal. In case of a convex function, the right-sided derivative always exists.
So in the direction to replace differentiability, we first introduce the concept
of one-sided directional derivative or simply directional derivative.

Definition 2.74 For a proper convex function ¢ : R — R, the directional
derivative of ¢ at T € dom ¢ in the direction d € R" is defined as

. . 9(Z 4+ Ad) — ¢(z)
¢C&®=§% S ;

provided 400 and —oo are allowed as limits.

Before we move on to present the result on the existence of directional
derivatives of a convex function, we present a result from Rockafellar and
Wets [101].
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Proposition 2.75 (Slope Inequality) Consider a function ¢ : I — R where
I C R denotes an interval. Then ¢ is convex on I if and only if for arbitrary
points x < z <y in l,

6() — 60) _ 6) ~6(a) _ 0(0) ~ 9(2) 019)
z2—z y—z Y-z
Consequently, ¥(y) = %ﬁ@) is nondecreasing on I for everyy € I\{z}.

Moreover, if ¢ is differentiable over an open interval I C R, then V¢ is
nondecreasing on I.

Proof. We know that the convexity of ¢ on I is equivalent to

6(2) < (L=2) o) + (=2 ) ély), Vo <z < yin I.
(=2)e+ (=)

y—z Y

The above inequality leads to

o) - dlz) < (z:;1>¢<x>+2jj¢<y>
— (oo (HR2z00),
y—x

as desired. The other inequalities can be established similarly, thereby leading
to (2.19).

Conversely, suppose that * < z < y, which implies that there exists
A€ (0,1) such that z = (1 — A)z + Ay. Substituting z = (1 — A\)z + Ay in
(2.19) leads to

(L= Nz + X y) - o(x) _ ¢(y) - d(x)
Ay — ) T oy-—u

)

that is,
P((1 =Nz + Ay) < (1= N)d(@) + Ap(y).

Because x and y were arbitrarily chosen, the above inequality holds for any
x,y € I and any A € [0, 1] (the above inequality holds trivially for A = 0 and
A =1). Hence, ¢ is a convex function.

Suppose that y1,y2 € I such that y; # x, ¢ = 1,2, and y; < y. Consider
the following cases:

r<y1 <y, n<z<y and y <y <z

Suppose that x < y; < yo. In particular, for z = y; and y = yo in the
inequality (2.19) yields

Blyn) — 6lx) _ Blya) — H()

Yy — - Yo — T

Y(y1) = = P(y2)-
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Applying (2.19) to the remaining two cases leads to the fact that

Y(y) = o)

y) — ¢()
y—x

Suppose that ¢ is convex, which implies (2.19) holds. As ¢ is differentiable,

for x1,z9 € I with 7 < xo,

¢(x2) — P(r1) _ P(z1) — ¢(x2)

T2 — T Ty — T2

is nondecreasing.

V(1) < < Vo(xz),

thereby establishing the result. |

If ¢ : R — R is a proper convex function, dom ¢ may be considered an
interval I. Then from the nondecreasing property of ¢ in the above proposi-
tion, the right-sided derivative of ¢, ¢/ , exists at z provided both —oco and
+00 values are allowed and is defined as

() = i 28 0@

1z Tr—T

¢ 0@) = 6(@)

has a finite lower bound,

o $@) 0@ L 6(w) = 0(@)
z|Z xr—x r>T, xel xr—x
because M is nondecreasing on I. In case M does not have
a finite lower bound,
i G@ 0@ e —o@)
x|T r—x x>z, x€l r—x
and for the case when I = {Z},
o d@—e@
>z, x€l r—
as{reR:z >z, z €I} =0. Thus,
o o) o@)
¢+ (J}) m>lfr,lz€I Tr—
Theorem 2.76 Consider a proper conver function ¢ : R™ — R and

Z € dom ¢. Then for every d € R™, the directional derivative ¢'(Z,d) exists
with ¢'(Z,0) =0 and

e e 9@+ M) — B(2)
¢'(z,d) —g{) S .

Moreover, ¢'(Z,d) is a sublinear function in d for every d € R™.
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Proof. Define 1) : R — R given by
() = 67 + Ad).

As 7 € dom ¢, ¥(0) = ¢(Z) < 400, which along with the convexity of ¢
implies that ¢ is a proper convex function. Now consider ¢ : R — R defined
as

oy = YAV _ ola-+Xd) —o(s)

By Proposition 2.75, ¢ is nondecreasing when A > 0. Then by the discussion
preceding the theorem, v/, (0) exists and

Y (0) = lim (A) = inf (N,

as desired.
Suppose that d € R™ and o > 0. Then

$(T + Aad) — ¢(z)

¢ (z,ad) = )l\irrb 5
8+ 2ad) - 6(2)
A—0 Ao
Nd) — ¢(z
— o i A0 (o)

which implies that ¢'(z,.) is positively homogeneous.
Suppose that di,ds € R™ and « € [0, 1], by the convexity of ¢,

(@ + M1 - a)di + ady)) = ¢(Z) < (1 — ) (¢(Z + Ad1) — ¢(7))
+a(o(T + Ada) — ¢(T))-

Dividing both sides by A > 0 and taking the limit as A — 0, the above
inequality reduces to

&' (Z, (1 —a)dy + ads)) < (1 — )¢/ (Z,d1) + ap(Z,d2), ¥V a € [0,1].

In particular for & = 1/2 and applying the positive homogeneity property, the
above condition yields

¢'(z, (d1 + do)) < ¢/(Z, d1) + $(Z, da).

Because dy,ds € R™ were arbitrary, the above inequality implies that ¢'(Z,.)
is subadditive, which along with positive homogeneity implies that ¢'(z,.) is
sublinear. ]
For a differentiable convex function ¢ : R® — R, the following relation
holds between the directional derivative and the gradient of the function ¢

¢'(z,d) = (Vé(2),d), ¥V d € R".
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But in absence of differentiability, can one have such a relation for the direc-
tional derivative? The answer is yes. The notion that replaces the gradient in
the above condition is the subgradient.

Definition 2.77 Consider a proper convex function ¢ : R® — R and
T € dom ¢. Then £ € R" is said to be the subgradient of the function ¢
at z if

6(z) - 6(@) > (6,2 — ), ¥z € R",

The collection of all such vectors constitute the subdifferential of ¢ at & and
is denoted by 9¢(Z). For Z ¢ dom ¢, 0p(Z) is empty.

For a differentiable function, its gradient at any point acts as a tangent to
the graph of the function at that point. In a similar way, from the definition
above it can be seen that the affine function ¢(Z) + (£, — Z) is a supporting
hyperplane to the epigraph of ¢ at (Z, ¢(Z)) with the slope &. In fact, at the
point of nondifferentiability, there can be an infinite number of such supporting
hyperplanes and the collection of the slopes of each of these hyperplanes forms
the subdifferential.

Recall the indicator function to the convex set F C R™. Obviously
dr : R" — R is a proper convex function. Now from the above definition, the
subdifferential of 0 at z € F' is given by

8517‘({?) = {§ER”:5F(35)—5F(§C)2(57:10—9?), VCL‘ER”}
= {€eR":0>(,z—7), Vx e F},
which is nothing but the normal cone to the set F at Z. Therefore, for a convex
set Fﬂ7 85F = NF.
Consider the norm function ¢(x) = ||z||, z € R™. Observe that ¢ is a
convex function. At = 0, ¢ is not differentiable and 9¢(z) = B.
Like the relation between the directional derivative and gradient, we are

interested in deriving a relationship between the directional derivative and the
subdifferential, which we establish in the next result.

Theorem 2.78 Consider a proper convex function ¢ : R®™ — R and
T € dom ¢. Then

0¢(z) = {{ €R™ : ¢/(,d) > (§,d), VdeR"}.
Proof. Suppose that £ € 9¢(z), which by Definition 2.77 implies that
¢(z) — ¢(2) = ({,x —7), Vo eR™
In particular, for x = & + Ad with A > 0, the above condition reduces to

P(T + A\d) — ¢(T)
A

> (¢,d), VdeR",
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Taking the limit as A — 0 leads to
¢ (z,d) > (£,d), VdeR",

as desired.
Conversely, suppose that £ € R™ satisfies

&' (z,d) > (¢,d), VdeR"
By the alternate definition of ¢'(Z,d) from Theorem 2.76 leads to

P(Z + Ad) — ¢(z)
A
In particular, for A € [0,1] and d = « — Z, which along with the convexity of
¢ leads to

> (¢,d), VdeR™

p(x) — p(z) > (‘5(5”“(9“";@) —o@) . (&,x—1), Yz eR™,

which implies that £ € 0¢(z), thereby establishing the result. a

The result below from Rockafellar [97] shows that actually the directional
derivative is the support function of the subdifferential set.

Theorem 2.79 Consider a proper convex function ¢ : R™ — R and
T € dom ¢. Then

cl ¢,(f7d) = Ssup <£a d> = 08¢(i)(d)7 VdeR"
£€0¢(T)

However, if T € ri dom ¢,
¢'(z,d) = 0ag(z)(d), ¥V d €R"
and if T € int dom ¢, ¢'(Z,d) is finite for every d € R™.

Proof. Because ¢'(Z, .) is sublinear, combining Theorems 2.62 and 2.78 leads
to

cl ¢/(§3, d) = 09¢(z) (d)

If Z € ri dom ¢, the domain of ¢'(Z,.) is an affine set that is actually a
subspace parallel to the affine hull of dom ¢. By sublinearity, ¢'(zZ,0) = 0, it is
not identically —oo on the affine set. Therefore, by Proposition 2.63, ¢l ¢'(Z, .)
and hence ¢'(z,.) is a proper function. By Proposition 2.66, cl ¢'(Z,.) agrees
with ¢/(Z, .) on the affine set and hence is closed, thereby leading to the desired
condition. For € int dom ¢, the domain of ¢'(Z, .) is R” and hence it is finite
everywhere. (|

As mentioned earlier for a differentiable convex function, for every d € R"™,
@' (Z,d) = (Vp(Z),d). So the question is: for a differentiable convex function,
how are the gradient and the subdifferential related? We discuss this aspect
in the result below.
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Proposition 2.80 Consider a convex function ¢ : R™ — R differentiable at
Z with gradient Vo(&). Then the unique subgradient of ¢ at T is the gradient,

that is, 0p(Z) = {Vp(Z)}.
Proof. For a differentiable convex function ¢,
¢ (z,d) = (Vé(Z),d), VdeR"
By Theorem 2.79, for every & € 0¢(Z),
(Vo(z) —&,d) >0, VdeR"
Because the above condition holds for every d € R", it reduces to
(Vo(z) —&,d) =0, VdeR",

which leads to V¢(Z) = £. As & € 0¢(Z) is arbitrary, the subdifferential is a
singleton with 0¢(z) = {Vé(Z)}. O

From the above theorem, we have the following result, which gives the
equivalent characterization of a differentiable convex function.

Theorem 2.81 Consider a differentiable function ¢ : R™ — R. Then ¢ is
convez if and only if

¢(y) = d(z) = (Vo(z),y —z), ¥ 2,y € R".

Observe that in Theorem 2.79 we defined the relation between the direc-
tional derivative and the support function of the subdifferential for point Z in
the relative interior of the domain. The reason for this is the fact that at the
boundary of the domain, the subdifferential may be an empty set. For a clear
view into this aspect, we consider the following example from Bertsekas [12].
Let ¢ : R — R be a proper convex function given by

¢(x)_{ —Vz, 0<z <1,

o +00, otherwise.

The subdifferential of ¢ is

-1
. o0<z<l,
o) = T )
- [-1/2,400), a=1,
0, r<0orax>1.

Note that the subdifferential is empty at the boundary point z = 0. Also at
the other boundary point x = 1, it is unbounded. But the subdifferential may
also turn out to be unbounded at a point in the relative interior of the domain.
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For example, consider the following proper convex function ¢ : R — R defined
as

0, x=0,
() = { +00, otherwise.
Observe that at z = 0, d¢(x) = R, which is unbounded even though 0 is in
the relative interior of the domain. Based on these illustrations, we have the
following result from Rockafellar [97] and Attouch, Buttazzo, and Michaille [3].

Proposition 2.82 Consider a proper convex function ¢ : R® — R and
z € dom ¢. Then 0¢(Z) is closed and convex. For T € ri dom ¢, the sub-
differential O¢(T) is nonempty. Furthermore, if T € int dom ¢, OPH(T) is non-
empty and compact. Moreover, if ¢ is continuous at T € dom ¢, then 0¢(T)
18 compact.

Proof. Suppose that {&x} C 04(Z) such that & — & By Definition 2.77 of
subdifferential,

¢(x) — o) > (&k,x —T), Vo e R™
Taking the limit as k — +o0, the above inequality leads to
o(x) — ¢(z) > (£, —7), Vo € R",

which implies that & € 9¢(Z), thereby yielding the closedness of O¢p(ZT).
Consider &1, & € 0¢(Z), which implies that for i = 1,2,

o(z) — ¢(T) > (&, 2 — ), Vo € R".
Therefore, for any A € [0, 1],
d(x) — d(Z) > (1 — N)& + Ao,z — T), Vo e R”,

which implies (1 — A\)&; + A& € 0¢(ZT). Because &1, &2 were arbitrary, 0¢(Z) is
convex.

From the proof of Theorem 2.79, for & € ri dom ¢, ¢'(Z,.) is the support
function of d¢(Z), which is proper. Hence, 0¢(Z) is nonempty.

Again by Theorem 2.79, for T € int dom ¢, ¢'(Z,.) is finite everywhere.
Because it is a support of ¢(Z), by Proposition 2.61, d¢(Z) is bounded and
hence compact.

Now suppose that ¢ is continuous at = € dom ¢. We have already seen that
0¢ is always closed and convex. Therefore to establish that 9¢(Z) is compact,
we only need to show that it is bounded. By the continuity of ¢ at Z, it is
bounded in the neighborhood of Z. Thus, there exist € > 0 and M > 0 such
that

(z+ed) <M, VdeB.
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Consider £ € 0¢(Z), which implies that
& x—z) < ¢(z) — o(z), V2 eR™

In particular, for any d € B, the above inequality along with the boundedness
of ¢ in the neighborhood of Z leads to

(§,ed) < O(T +ed) — o(z) < M+ |p(2)],
which implies that

(€&,d)y < =(M +|p(Z)]), ¥ deB.

M | =

Therefore,

léll < 2 + @),

Because £ € 0¢(Z) was arbitrary, O¢(Z) is bounded and hence compact. O

If we consider a real-valued convex function ¢ : R™ — R, then int dom ¢ =
R™ and therefore, the above result reduces to the following.

Proposition 2.83 Consider a convex function ¢ : R® — R. Then the subdif-
ferential 0¢(z) is nonempty, convez, and compact for every x € R™.

With the discussion on subdifferentials, we present some properties of the
subdifferential as = varies by treating it as a multifunction or set-valued map-
ping x — O¢(x) starting with some of the fundamental continuity results of
the subdifferential mapping.

Theorem 2.84 (Closed Graph Theorem) Consider a proper lsc convex func-
tion ¢ : R — R. If for sequences {z}, {&x} C R™ such that &, € 0¢(zy) with
x, — T and & — &, then € € O¢(Z). This means gph ¢ is a closed subset of
R™ x R™.

Proof. Because &, € 9é(xy) with (z, &) — (Z,€), then from Definition 2.77
of subdifferential,

o(x) — d(ag) > &k, — ), Vo € R™

Taking the limit infimum as & — 400, which along with the lower semiconti-
nuity of ¢ reduces the above condition to

(b(l') —QS(i') 2 <g7x _j>7 Vae Rn?

thereby implying that £ € d¢(Z) and thus establishing that gph 9¢ is closed,
as desired. g
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From the above theorem one may note that the normal cone to a convex
set F' C R™ is also graph closed as it is nothing but the subdifferential of the
convex indicator function ép, that is, Np = 0 p.

In general we know that the arbitrary union of closed sets need not be
closed. But in the proposition below from Bertsekas [12] and Rockafellar [97]
we have that the union of the subdifferential over a compact set is compact.

Proposition 2.85 Consider a convex function ¢ : R™ — R and a compact
set '€ R". Then the set 0¢(F') = U, cp Op(x) is nonempty and compact.

Proof. Because F' is a nonempty subset of dom ¢ = R", by Proposition 2.82,
0¢(F') is nonempty.

We claim that 9¢(F) is closed. Consider a sequence {{x} C 9¢(F) such
that & — & As & € 0¢(F) for k € N, there exist z; € F such that
& € 0¢(xy), k € N. By the compactness of F, {z)} is a bounded sequence
that by the Bolzano—Weierstrass Theorem, Proposition 1.3, has a convergent
subsequence. Without loss of generality, suppose that z; — Z, which by the
closedness of F' implies that £ € F. Invoking the Closed Graph Theorem,
Theorem 2.84, £ € d¢(F) C Op(F). Thus, d¢(F) is closed.

Now to establish the compactness of d¢(F'), we will establish the bounded-
ness of 9¢(F). On the contrary, suppose that there exist a bounded sequence
{z1,} C F and an unbounded sequence {{;} C R”™ such that &, € 0¢(zy).

Define n;, = which is a bounded sequence. Because {z;} and {n;} are

&k
el ,
bounded sequences, by the Bolzano—Weierstrass Theorem, have a convergent
subsequence. As & € dp(xy), by Definition 2.77 of subdifferential,

Ak + k) — d(wk) > (€ i) = [1Ek]]-

By Theorem 2.69, ¢ is continuous on R™, which along with the convergence
of {xx} and {nx} yields that ¢(xp + ni) — é(xx) is bounded. Therefore, by
the above inequality, {&;} is a bounded sequence, thereby contradicting our
assumption. Thus, d¢(F’) is a bounded set and hence compact. |

Theorem 2.86 Consider a proper convex function ¢ : R™ — R. Then 0¢ is
usc on int dom ¢. Moreover, if ¢ : R™ — R is a differentiable convex function,
then it is continuously differentiable.

Proof. By Proposition 2.82, 0¢(Z) is nonempty and compact if and only if
T € int dom ¢. By Theorem 2.84, ¢ is graph closed. Therefore, from the
discussion on set-valued mappings in Chapter 1, d¢ is usc on int dom ¢.

As for a single-valued map, the notion of upper semicontinuity coincides
with that of continuity and by Proposition 2.80, for a differentiable convex
function 0¢ = {V¢}, ¢ is continuously differentiable. O

Below we state another important characteristic of the subdifferential with-
out proof. For more details on the treatment of d¢ as a multifunction, one
may refer to Rockafellar [97].
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Theorem 2.87 Consider a closed proper convex function ¢ : R* — R. Then
the subdifferential O¢ is a mazximal monotone where by monotonicity we mean
that for any x1,x2 € R,

(61— &, w1 —x0) >0, V & € (), i = 1,2,

and mazximal monotone map in the sense that its graph is not properly con-
tained in the graph of any other monotone map.

Similar to the standard Mean Value Theorem, Theorem 1.18, we present
the Mean Value Theorem for convex functions in terms of the subdifferential.

Theorem 2.88 Consider a convex function ¢ : R™ — R. Then for z,y € R",
there exists z € (x,y) such that

o(y) — ¢(x) € (06(2),y — x),
where (0¢(2),y — x) = {(&,y — x) : £ € 0(2)}.
Proof. Consider the function ¢ : [0,1] — R defined by
Y(A) = oz + Ay — 7)) — d(z) + A(d(z) — ¢(y)).

Because ¢ is real-valued and by Theorem 2.69 it is continuous on R"™, hence v
is a real-valued continuous function on [0,1]. Observe that (0) = 0 = ¥(1).
Also, by the convexity of ¢,

P(A) < (1 =)o) + Ad(y) — d(x) + A(d(x) — ¢(y)) =0, ¥V A € [0,1].

Thus, ¢ attains its maximum at A = 0 and A = 1 and hence there exists
A € (0,1) at which ¢ attains its minimum over [0, 1]. Therefore,

' (\d) >0, VdeR.
Denote z = 2 + A(y — 2) € (z,y). Therefore,
5 YA+ Ad) —p(d)

_p(z+ A+ Ad)(y — 2)) — ¢z + My — @)
= lim S + d(o(x) — o(y))

= ¢/(Z7d(y*$))+d(¢(l') 7¢(y))7 VdERa
which implies that

@' (z,d(y — x)) > d(¢(y) — ¢(x)), Vd eR.

In particular, taking d = 1 in the above condition leads to

¢(y) - ¢($) < ¢/(Zay - LE),
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whereas taking d = —1 yields
—¢'(z,x —y) < d(y) — ¢(2).

Combining the preceding inequalities imply

—¢/(Z,$ - y) < ¢)(y) - ¢($) < ¢l(zvy - J)),

which by Theorem 2.79 becomes

inf (§,y—z)=— sup ({,z—y) <oy) —¢(z) < sup ({,y—x).
§€0H(2) £€hP(z) £€0h(2)

By Proposition 2.83, d¢(z) is compact, which along with the continuity of
(¢,y — x) implies that there exists & € d¢(z) such that

$(y) — ¢(x) = (€,y — ) € (9d(2),y — ),
thereby completing the proof. O

We have discussed the various continuity and differentiability behaviors
of convex functions but in most cases these properties were restricted to the
interior or relative interior of the domain of the function. As seen in the
discussion preceding Proposition 2.82; the subdifferential set may be empty
at the boundary of the domain. To overcome this flaw of the subdifferential
of a convex function, we have the notion of e-subdifferentials, which have the
nonemptiness property throughout the domain of the function. We will discuss
this notion in a later section in the chapter.

As we are interested in the convex optimization problem, we first give the
optimality condition for the unconstrained convex programming problem

min f(z) subject to xeR™, (CP,)

where f : R™ — R is a convex function.

Theorem 2.89 Consider the unconstrained convexr programming problem
(CP,). Then T € R™ is the point of minimizer of (CP,) if and only if
0€df(z).

Proof. Suppose that £ € R” is a point of minimizer of (C'P,), which implies
that

f(@)— (@) 20, Yz e R™.
By Definition 2.77 of subdifferential, 0 € 9f(z). The converse can be proved
by again employing the definition of the subdifferential. O

Now recall the constrained convex programming problem presented in
Chapter 1:

min f(z) subject to x € C, (CP)
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where f : R® — R is a convex function and C' is a convex subset of R". Recall
the important property of convex optimization discussed in Section 1.3 that
makes its study useful is that every local minimizer is also a global minimizer.
The next result provides an alternative proof to this fact.

Theorem 2.90 Consider a convex set C C R™ and let f : R® — R be a
proper convex function. Then the point of local minimum is a point of global
minimum. If in addition f is strictly convex, there exists at most one global
point of minimum.

Proof. Suppose that £ € R" is a point of local minimum of f over C'. We claim
that z is a point of global minimum. On the contrary, assume that T is not a
point of global minimum. Thus there exists & € C such that f(Z) < f(z). By
the convexity of f, for every A € (0,1),

F(A=XNZ4+22) <A =Nf(@)+ Af(2) < f(T). (2.20)

Also by the convexity of C, (1 — A\)z + Az € C. Taking A sufficiently small,
(1 — M)z 4+ AZ is in the neighborhood of Z, which by the inequality (2.20)
implies that

F((L =Nz + A7) < f(2),

which contradicts that T is a point of local minimum. Hence, T is a point of
global minimum of f over C.

Suppose that f is a strictly convex function with  and 7 as the points of
global minimum. Let f(Z) = f(4) = fimin, say. We claim that Z = §. On the
contrary, assume that T # g. By Definition 2.47 of strict convexity, for every
A€ (0,1),

F(A =7+ A7) < (1 =Nf (@) +Af (@) = fmin- (2.21)

By the convexity of C, (1 — A\)Z + Ay € (z,y) C C. Now the strict inequality
(2.21) contradicts the fact that Z and g are the points of global minimizers
of f over C, which is a contradiction. Thus, £ = ¢, thereby implying that
minimizing a strictly convex function f over a convex set C' has at most one
point of global minimum. O

As discussed earlier in this chapter, the above problem can be converted
into the unconstrained convex programming problem of the form (CP,) with
the objective function f replaced by f+ dc. From the above theorem, Z is the
point of minimizer of (CP) if and only if

0€d(f+dc)(z).

To express the above inclusion explicitly in terms of the subdifferentials of
the objective function f and the indicator function d¢, one needs the calculus
rules for the subdifferentials. Thus, following this path we shall now discuss
the subdifferential calculus rules.



98 Tools for Convex Optimization

2.4 Subdifferential Calculus

As we have already seen that subdifferentials play a pivotal role in the convex
analysis. It replaces the role of derivative in case of nondifferentiable convex
functions. So it is obvious to look into the matter as to whether or not the dif-
ferential calculus is carried over to subdifferential calculus. As we proceed in
this direction, one will see that it does satisfy results similar to standard cal-
culus but under certain assumptions. We begin our journey of subdifferential
calculus with the sum rule.

Theorem 2.91 (Mor_eaufRockafellar Sum Rule) Consider two proper convex
functions ¢; : R™ — R, ¢ = 1,2. Suppose that ri dom ¢1 Nri dom ¢o # 0.
Then

(1 + ¢2)(x) = 0¢1(x) + O2()
for every x € dom(¢py + ¢2).
Proof. We first show that
91 (T) + Dpa(Z) C A1 + b2)(Z). (2.22)
Suppose that & € 9¢;(%), i = 1,2. By the definition of a subdifferential,
6i(z) — ¢i(Z) > (G, —T), VT R, i =1,2.
Therefore,
(f1 + d2)(x) — (1 + $2)(7) > (&1 + &2, —7), Vo €R”,

which implies that (& + &2) € O(¢1 + ¢2)(Z), thereby establishing (2.22).
To obtain the result, we will now prove the reverse inclusion, that is,

I(¢1 + ¢2)(Z) C 0¢1(2) + 02(2). (2.23)
Suppose that £ € I(p1 + ¢2)(Z). Define two convex functions
Yi(z) = g1(z +2) — ¢1(2) — (€, 2) and  o(x) = do(2 + T) — ¢2(Z).

Here, 11(0) = 12(0) = 0. Observe that £ € 9(¢1 + ¢2)(Z) which by the above
constructed functions is equivalent to

(1 +2)(x) >0, Vo eR”,

that is, 0 € 9(¢1 + ¥2)(0). Thus, without loss of generality, consider Z = 0,
& =0, and ¢1(0) = ¢2(0) = 0 such that

0 € 9(¢p1 + ¢2)(0),
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which implies
(1 + ¢2)(2) = (d1 4+ ¢2)(0) =0, Vz €R™,
that is, ¢1(x) > —¢o(x) for every x € R™. Define
F={(z,0) e R" xR: ¢1(x) < a}
and F={(z,0) e R" xR:a < —¢s(z)}.
Observe that both F; and F5 are closed convex sets, where by Proposition 2.64,
ri Fy =riepi ¢ = {(z,a0) eR" xR :z € ri dom ¢1, ¢1(x) < a}.
As ¢1(x) > —¢2(x), we have
ri FENFy =10

with (0,0) € Fy NF,. Therefore, by the separation theorem, Theorem 2.26 (ii),
there exists (z*,a*) € R” x R with (z*, ™) # (0,0) such that

(", z) +a*a >0, V (z,a) € F1,

(", z) +a*a <0, V (z,a) € F.

By assumption as ¢1(0) = 0, we have (0,«) € F; for a > 0. Therefore, from
the inequality above, we have a* > 0. We claim that o* # 0. Suppose that
a® = 0. Thus the above inequalities imply

(%, x1) 20> (", 22), ¥V 21 € dom ¢1, V x2 € dom ¢s.

This implies that dom ¢, and dom ¢5 can be separated, which contradicts
the hypothesis that 7 dom ¢1 Nri dom ¢o # (). Hence, a* > 0 and can be
normalized to one and thus

(@",2) +a =0, V (z,a) € I,
(", z) +a <0, V (z,a) € Fo.

In particular, for (z, ¢1(z)) € Fy and (z, —¢a(x)) € Fs, we have —x* € 9¢1(0)
and z* € 0¢2(0), thereby leading to

0e 8¢1 (0) + (9@ (0),

thus establishing (2.23) and hence completing the proof. ]

The necessity of the condition i dom ¢1 Nri dom ¢ # O can be seen from
the following example from Phelps [93]. Consider ¢1, ¢ : R> — R defined as

o1(x) = 0F, (x), FiL=epiy? yeR,
$2(x) = 0p, (), Fr ={(y1,y2) € R? : yo = 0}.
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Here, O(¢1 + ¢2)(0) = R? whereas
991(0) = {(0,) e R?: £ <0} and  9¢2(0) = {(0,€) e R*: £ € R},

Therefore, d(p1 + ¢2)(0) # dé1(0) + dp2(0). Observe that dom ¢1 Ndom ¢o =
Fy N Fy, ={(0,0)} while ri dom ¢1 Nri dom ¢o =71i Fy Nri Fy = (.

Now as an application of the Subdifferential Sum Rule, we prove the equal-
ity in Proposition 2.39 (i) under the assumption of ri Fy Nri Fy # (.

Proof of Proposition 2.39 (i). For convex sets Fy, F5 C R", define ¢; = dp,
and ¢o = dp,. Observe that dom ¢; = F; for i = 1,2. If ri Fy Nri Fy # 0,
then ri dom ¢1 Nri dom ¢ # (. Now applying the Sum Rule, Theorem 2.91,

0(p1 + ¢2)(Z) = 001(Z) + 092(Z), ¥V T € dom ¢1 Ndom ¢a,

which along with the facts that dp, + dp, = dp,nr, and 06r = N implies
that

NplmFQ(:f') = NFl(i') +NF2(Q_L‘), VZIeFNE,

hence completing the proof. O

Now if in Theorem 2.91, ¢; : R® — R for ¢+ = 1,2 are real-valued convex
functions, then the Sum Rule can be derived using the directional derivative.
We briefly discuss that approach from Hiriart-Urruty and Lemaréchal [63].
Using Theorem 2.79, the support of 9¢1(Z) + 0¢2(T) is &1(Z,.) + d54(Z,.).
Readers are advised to verify this fact using the definition of support. Also,
the support of d(¢1 + ¢2)(Z) is (¢1 + ¢2)'(Z,.), which is same as that of
001 (Z) + 0¢2(Z). Because the support functions are same for both sets,

(1 + ¢2)(T) = 0¢1(Z) + 0p2(T).

Observe that no additional assumption was required as here i dom ¢; as well
as rt dom ¢4 is R™.

Other than the sum of convex functions being convex, from Proposi-
tion 2.53, we have that the composition of a nondecreasing convex function
with a convex function is also convex. So before presenting the Chain Rule, we
introduce the notion of increasing function defined over R™ and a result on the
subdifferential of a nondecreasing function. Recall that in Proposition 2.53,
the nondecreasing function 1) was defined over R.

Definition 2.92 A function ¢ : R® — R is called nondecreasing if for
z,y € R™ with z; > y;, i =1,2,...,n, implies that ¢(z) > ¢(y).

Theorem 2.93 Consider a nondecreasing convez function ¢ : R™ — R. Then
for every x € R™, 0p(x) C R”}.
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Proof. Because ¢ is a nondecreasing convex function,

P(T) = O(Z — €i) = ¢(T) + (€, —ei),
where e; = (0,...,0,1,0,...,0) with 1 at the i-th place and £ € 9¢(z). This
implies that

that is, & > 0. Since ¢ was arbitrary, §; > 0, ¢ = 1,2,...,n and thus
d¢(z) C RY. O

We now present the subdifferential calculus rule of the composition of
convex functions. The proof is from Hiriart-Urruty and Lemaréchal [63].

Theorem 2.94 (Chain Rule) Consider a nondecreasing convex function
¢ : R™ — R and a vector-valued function ® : R™ — R™ given by
D(x) = (d1(x), p2(x), ..., dm(x)) where ¢; : R® — R, i = 1,2,....,m be a

convex function. Then

Ao @)(z) = {Z & = (1, s i) € 00(2(2)),
i=1

& € 8@(9@), 1= 1,2,...,m}.
Proof. Define
m
F= {Z Wil : (1, 2, - oy i) € 00(®(T)), & € 0¢4(T), i =1,2,... ,m} .
i=1
We will prove the result in the following steps:
1. We shall show that F is a convex compact set as (¢ o ®).
2. We shall calculate the support function of F.

3. We shall calculate the support function of (¢ o @) and establish that it
is same as the support of F.

The result is completed by the fact that two convex sets are equal if and
only if their support functions are equal.

Step 1: Consider any £ € F. Thus there exist (u1,u2,. .., tm) € 06(P(Z))
and §; € 0¢;(Z), i =1,2,...,m, such that

E=> mis.
i=1

Therefore,

€1 < Z i 1€l

i=1
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By Proposition 2.83, d¢(®(Z)) as well d¢;(Z), i = 1,2,...,m, are bounded
sets and hence £ is bounded. Because £ € F was arbitrary, F is a bounded
set. Moreover, 9¢(®(z)) and 0¢;(Z), i = 1,2,...,m, are closed sets; thus F
is also a closed set, thereby yielding the compactness of F'.

Suppose that &1,&; € F, which implies for j = 1,2,

-Swe

i=1
where (u{,ué,...,,u{n) € 0¢(®(z) and fg € 0¢;i(z), i = 1,2,...,m, for
j =1,2. Now for any X € (0, 1), define

v =(1=XN)& + A&
From Theorem 2.93, ug >0fori=1,2,...,mand j =1,2. Define
=1 =Npul+ 2, i=1,2,...,m.

Note that p = 0 only when p = 2 =0 as A € (0,1). Therefore,

5 Z ( ,U% 51 )‘:uz é— )

iel

where I = {i € {1,2,...,m} : u; > 0}. By Proposition 2.83, 9¢(®(z)) and

00;(Z), i =1,2,...,m, are convex sets and hence
(/J“17 M2, ... 7/~‘LWL) € aqzs(q)('f))
(1—Mp!

A2
and e gzl +#£3 € ad)l(j)a i = 1a2a"'am7

i
thereby showing that F is convex.
Step 2: Denote

O'(z,d) = (¢1(z,d), $5(7,d), ..., ¢),(7, d)).
We will establish that
or(d) = ¢'(2(x), 2 (7, d)).
Consider £ € F, which implies that

§= Z ik,
i—1

where (p1, p2, ..., i) € 00(®(Z)) and &; € 0¢;(Z), ¢ = 1,2,...,m. By The-
orem 2.79,

(&,d) < ¢l(z,d), i=1,2,...,m
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By Theorem 2.93, u; > 0, i = 1,2,...,m, which along with the above in-
equality implies that

(6d) =D pildind) < 3 pidi(@,d).
As p= (p1, p2; - - -5 fim) € 00(2(T)),
}:mﬁﬁdﬁﬂw@@dwéﬁ@@%@@d»

We claim that there exists £ € F such that
(€.d) = ¢'(2(2),2'(z,d)).

By Proposition 2.83, 9¢(®(z)) is compact and therefore, there exists
la = (ﬁ17ﬂ27 cee 7,L_l"m) € 8¢((I)(j)) such that

Zﬂi¢;(‘f>d) = <ﬂ, q)/(i',d» = ¢/((I)(i')7q),(i'7d))' (2‘24)
i=1
Also, for ¢ = 1,2,...,m, 0¢;(Z) is compact, which implies there exists

& € 0¢;(T) such that
(&, d) = ¢i(T,d), i =1,2,...,m.

Therefore, the condition (2.24) becomes

il d) = ¢/(@(2), (3. )

or(d) = ¢ ((z), ' (z,d)), ¥V d € R™.

Step 3: It is obvious that the support function of d(¢o ®)(Z) is (¢ o @) (z, d).
We claim that

(¢ o (I))/(ja d) = (z)/(q)(j)a (I)/(ja d))
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For real-valued convex functions ¢;, i = 1,2,...,m, from Definition 2.74 of
directional derivative, it is obvious that

6i(Z + M) = ¢i(T) + M\ (Z,d) +o(N), i=1,2,...,m,
which implies that
O(z + M) = ®(z) + A/ (z,d) + o(N).
By Theorem 2.69, ¢ is continuous on i dom ¢ = R™ which yields
O(R(Z + Ad)) = (2(2) + AP (2, d)) + o(N),
which again by the definition of ¢’ leads to
(7 + ) = 6(B(F)) + A¢' (B(2), ¥/ (7, d)) + o(N).

Dividing throughout by A > 0 and taking the limit as A — 0 reduces the
above condition to

(¢ o CI))/((E, d) = QS/((I)(;E), <I>’(;Z, d))

Because the support functions of both the sets are same, the sets 9(¢ o ®) and
F coincide. ]

As we will discuss in this book, one of the ways to derive the optimality
conditions for (C'P) is the max-function approach, thereby hinting at the use
of subdifferential calculus for the max-function. Consider the convex functions
¢; :R"—= R, i=1,2,...,m, and define the max-function

¢(x) = max{¢ (), $2(2), .. ., m(2)}.

Observe that ¢ can be expressed as a composition of the functions

(I)(x) = (¢1($),¢2($),,¢m(1‘)) and @(y) :max{yhy%"'?yM}

given by ¢(x) = (¢o®)(z). It is now natural to apply the Chain Rule presented
above but along with that one needs to calculate dp or ¢'(x,d). So before
moving on to establish the Max-Function Rule, we will present a result to
derive ¢'(z,d). The proof is from Hiriart-Urruty [59].

Theorem 2.95 Consider differentiable convex functions @; : R® — R for
i=1,2,...,m. For x € R", define

p(x) = max{py(x), p2(2), ..., om(2)}
and denote the active index set by I(x) defined as
Iz)={ie{1,2,...,m}:p(x) = pi(x)}.
Then

¢'(Z,d) = irenﬁg){<v</>i(f),d>}.
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Proof. Without loss of generality, assume that I(Z) = {1,2,...,m} because
those ¢; where the maximum is not attained, do not affect ¢’(Z,d). By the
definition of the max-function,

V(T4 M) > pi(T+ ), Vi=1,2,...,m,
which implies that
V(T 4+ M) —p(T) > @i(T+ M) —p(T), Vi=1,2,...,m.
As ¢(x) = ¢;(2) for i € I(2),
(T + Ad) — p(T) > 0i(@ + M) — pi(Z), ¥V iel(T).
By Definition 2.74 of the directional derivative,

i+ ) — i)
10 A

gp’(a?,d)zlAi , Viel(z).
Because ¢;, i € I(Z) are differentiable functions, which along with the above
inequality yields

o' (z,d) > max (Vo;(z),d).
i€1(x)

To establish the result, we will prove the reverse inequality, that is,

©'(z,d) < max (Vy;(z),d).
1€1(Z)
We claim that there exists a neighborhood N (Z) such that I(z) C I(z) for
every x € N(Z). On the contrary, assume that there exists {xy} C R™ with
x — & such that I(zy) ¢ I(Z). Therefore, we may choose iy € I(zy) but
ir ¢ 1(Z). As {in,} C {1,2,...,m} for every k € N, by the Bolzano—Weierstrass
Theorem, Proposition 1.3, it has a convergent subsequence. Without loss of
generality, suppose that i, — 4. Because I(xy) is closed, i € I(xy), which
implies ¢;j(zr) = (k). By Theorem 2.69, the functions are continuous on
R™. Thus ¢;(Z) = ¢(Z), that is, i € I(Z). Because iy ¢ I(z) for every k € N,
which implies that i € I(Z), which is a contradiction, thereby establishing the
claim.
Now consider {A\;} C Ry such that Ay, — 0. Observe that

©i (T + Aed) = (& + A\id), YV i € I(Z + \pd).

For sufficiently large k € N, we may choose i, € I(Z). Because I(Z) is closed,
which along with the Bolzano—Weierstrass Theorem implies that 5 has a con-
vergent subsequence. Without loss of generality, assume that {i;} converges
to i € I(z). We may choose iy, = i. Therefore,

lim @+ Ard) = 9(7) < max (Vg (Z),d).
k—o0 Ak i€l(x)
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By Theorem 2.76, the directional derivative of a convex function always exists
and therefore,

P(T + Ad) — ¢(T)

¢'(,d) = lim 5 < irenls(%W%(f),d),
hence completing the proof. O

We are now in a position to obtain the Subdifferential Max-Function Rule
as an application of the Chain Rule, Theorem 2.94, and the result Theo-
rem 2.95 established above.

Theorem 2.96 (Max-Function Rule) Consider convex functions ¢; : R™ —
R,i=1,2,...,m, and let ¢(x) = max{p1(x), p2(x),...,¢m(x)}. Then

06(z) =co | ,00:(2),

i€l (7)
where I(Z) denotes the active index set.

Proof. In the discussion preceding Theorem 2.95, we observed that ¢ = o ®,
where

O(z) = (61(2), 2(), ..., dm(2))  and  p(y) = max{yr, y2, ..., ym}

with y = (1,2, .., Ym) € R™. By Theorem 2.95,

¢'(y,d) = max {(e;,d)},
i€l’(y)

where e¢; = (0,...,0,1,0,...,0) € R™ with 1 at the i-th place and
I'(y) ={i € {1,2,...,m} :y; = p(y)}. It is obvious that ¢'(y,.) is a support
function of {e; € R™ : i € I'(y)} and by Proposition 2.61, it is also the support
function of co {e; € R™ : ¢ € I'(y)}. Therefore, by Theorem 2.79,
dp(y) =co {e; e R™ i e I'(y)},
that is,
Oo(y) = {(n1, pi2, - pim) ER™ 2 1y >0, i € I'(y),

pi=0, ¢ (), S =1}

i=1

Thus,

pi =0, i¢ I/((I)(i'))7 Zui =1}

i=1
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As I'(®(z)) = I(x), the above condition reduces to

a@(q)(f)) = {(/1'1’/1'27’ e 7/1'm) eER™: 1223 > 0; i€ I(i.)a

m

pi =0, i ¢ I(z), Zu =1}.

As ¢ is a nondecreasing convex function, applying Theorem 2.94 to ¢ = po ®
yields

0p(r) = {ZM& (s pas s im) € 06((T)),

fieaqﬁi(f), i=1,2,...,m}
=1 1=1

fi (S 8@52(;?), 1= ].,2,...,771}7

which implies

96(z) =co | 06i(2),

i€1(z)
thereby leading to the desired result. |

Observe that in the Max-Function Rule above, the maximum was over a
finite index set. Now if the index set is a compact set, need not be finite, then
what will the subdifferential for sup-function be? This aspect was looked into
by Valadier [109] and thus is also referred to as the Valadier Formula. Below
we present the Valadier Formula from Ruszczyniski [102].

Theorem 2.97 Consider a function

®(x) = sup ¢(z,y),
yey

where ¢ : R” x Y — R. Let & € dom ® such that

(i) ¢(.,y) is convex for everyy €Y,

(i1) ¢(x,.) is usc for every x € R,

(i5) Y C R™ is compact.

Furthermore, if ¢(.,y) is continuous at T for everyy € Y, then

0(z)=co |J 0:6(z,v),

yeY (z)

where Y () = {y € Y : ¢(z,y) = ®(Z)} and d,¢ denotes the subdifferential
with respect to x.
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Proof. Observe that (ii) and (iii) ensure thatf/(fc) is nonempty and compact.
Suppose that & € 0,¢(Z,y) for some § € Y (Z). By Definition 2.77 of the
subdifferential,

o(z,y) — ¢(x,9) = ({,z —2), Ve eR™
As § €Y (Z), ¢(T,y) = ®(Z). Therefore, the above inequality leads to

(I)(ZL') - (I)(‘,E) = 51615¢($,y) - ¢(‘ffag) > <§,.’E - i.>7 Ve Rna

thus implying that £ € 99(z). Because § € Y (z) and € € 0,¢(z,7y) were
arbitrary,

OB(z) D 0,0(Z,y), Yy e Y(z).

Because 0P () is convex, the preceding inclusion yields

08(z) Do | 0:6(z,y).
yeY (z)
To establish the converse, we will prove the reverse inclusion in the above
relation. Because 0®(Z) is closed, we first show that U, cy ;) 0:0(Z,y) is

closed. Suppose that &, € 0,¢(Z, yx), where {yx} C }A/'(:E) such that & — &.
Because Y(ic) is compact and hence closed, {yx} is a bounded sequence. By
the Bolzano—Weierstrass Theorem, Proposition 1.3, it has a convergent subse-
quence. Without loss of generality, suppose yr — ¥, which by the closedness
of Y (z) implies that § € Y (z). By the definition of subdifferential along with
the facts that {yx} C Y(&) and § € Y (Z), that is, ¢(Z,yx) = ®(Z) = 6(Z, 7)
imply that for every x € R",

oz, uk) > (T, yx) + &k, x — T)
= &,9)+ &,z —T), VEEN.

Taking the limit supremum as k — +oo, which by the upper semicontinuity
of ¢(x,.) over R™ leads to

é(z,7) Zlilznsuqu(w,yk) > ¢(9’c,§)+li’rcnsup(§k,x—:f>

= ¢(:Eag)+<gawfj>a VSCERH,

thereby yielding that ¢ € 9,¢(Z, ). Hence, Uyev(z) 020(2,y) is closed.

Now let us assume on the contrary that

0®(z) ¢ co U % 9(Z,y),

yeY (z)
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that is, there exists £ € 9®(7) such that

E¢co | 0u0(z,y).

yEY (2)

As co Uyef/(f) 0:¢(Z,y) is a closed convex set, by the Strict Separation The-
orem, Theorem 2.26 (iii), there exists d € R™ with d # 0 such that

(,d) > (€, d), ¥ € € 0,0(T,y), Yy € Y(2). (2.25)

Consider a sequence {A;} C Ry such that Ay — 0. As ® is convex, by the
definition of subdifferential,
O(Z + A\pd) — O(T)
Ak

> (£, d). (2.26)

For k € N, define the set

We claim that Y} is compact and nonempty. Consider {y,} € Y} such that
Yy — 7. Because y, € Y,

Taking the limit supremum as » — 400, which along with the upper semicon-
tinuity of ¢(z,.) for every x € R™ implies that

H(T 4 M\pd, ) — ®(Z) _ -
T > (€, d).

Thus, § € Y and hence Y} is closed for every k € N. As Y, C Y and Y
is compact, Yy is closed and bounded and thus compact. Also by the upper
semicontinuity of ¢(z,.) for every € R™, Y (Z + Apd) is nonempty. From the
inequality (2.26) and the definition of the set Yy, ?(i‘ + Ard) C Yy and hence
Y} is nonempty. For every y € Y, consider the expression

(b(g_: + /\d7 y) — (I)(f) d)(f + )‘d’ y) — (b(jv y) ¢(:f7 y) — (I)(:f)

s = \ + : . (2:27)

From the discussion preceding Theorem 2.76 on directional derivatives, the
first term on the right-hand side of the above expression is a nondecreasing
function of A, that is,

(b(j + Alda y) B ¢(j7y) < ¢(i. + >\2da y) — ¢(f,y)
)\1 o )\2

LV 0< A < Ao (2.28)
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Also, as () > ¢(Z,y) for every y € Y,
¢(:an> B (I)(j) < ¢(jay) B (I)(j)
A1 - Ao
which implies that the second term is also nondecreasing in A. Thus, combining
the conditions (2.28) and (2.29), the expression
d(x + Mid,y) — (7) < P(T + Aod, y) — (%)
A1 - A2
that is, the expression (2.27) is nondecreasing in A. From the above inequality,

it is obvious that Y7 C Y5 for every 0 < A1 < Ay, As {\;} is a decreasing
sequence,

,V0< A < s, (2.29)

s VO <AL < Ag,

Y1OY,DY3D....

As for every k € N, Y}, is compact and nonempty, there exists § € Y} for all
k € N. Therefore,

P(Z + A\id, §) — (z)

Ak
which implies that the term on the left-hand side is bounded below for
every k € N. By the continuity of ¢(.,y) at T for every y € Y,
&(T + A\id,§) — &(Z,y) which along with the lower boundedness yields that
§ € Y(Z), that is, ®(&) = ¢(&,7). Taking the limit as k — +oco in the above
inequality along with Definition 2.74 of the directional derivative implies that

¢'((2,9),d) > (€, d).

As ¢(.,9) is continuous at Z, any neighborhood of Z is contained in dom ¢(., 7).
Thus, Z € int dom ¢(., ), which by Theorem 2.79 implies that ¢'(Z, ) is the
support function of 9,¢(Z, g). Also, by Proposition 2.82, 9,¢(Z, ) is compact.
Therefore, there exists £ € 9,¢(Z,§) such that the above inequality becomes

(€, d) > (€. d),

thereby contradicting the inequality (2.25) as § € Y (&), hence completing the
proof. O

> (&,d), VEEN,

From Proposition 2.56, another operation on the convex functions that
leads to a convex function is the inf-convolution. We end this section of the
subdifferential calculus rules by presenting the subdifferential rule for the inf-
convolution for a particular case from Lucchetti [79].

Theorem 2.98 Consider proper lsc convex functions ¢; : R* — R, i = 1,2.
Let T, 21,25 € R™ be such that

ri+x2=2 and (¢10¢2)(T) = d1(x1) + d2(x2).
Then
(¢1 O ¢2)(7) = 9¢1(x1) N Opa(z2).
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Proof. Suppose that £ € d¢;(x1) N Opa(22). By Definition 2.77 of the subd-
ifferential, for ¢ = 1,2,

Gi(yi) — di(xi) > (& yi — x4), YV y; € R™.

Define y; +y2 = §. The above inequality along with the given hypothesis leads
to

d1(y1) + d2(y2) > (61 O d2)(Z) + (£, 9 — T), ¥V y1,52 € R™.

Taking the infimum over y; and ys satisfying y; +y2 = ¥ in the above inequal-
ity, which by Definition 2.54 of the inf-convolution yields

(01 O @2)(y) = (01 T d2)(7) + (£, 59 — 7).

As y € R™ was arbitrary, the above inequality holds for every g & R™.
Thus, £ € I(p1 O ¢2)(Z). Because & € 0¢1(x1) N Opa(x2) was arbitrary,

O¢1(21) N 02 (x2) C I(d1 U h2)(Z).
Conversely, suppose that & € 9(¢1 O ¢2)(Z). Therefore,

0(p1 0 ¢2)(y) > d1(x1) + da(x2) + (£, ¥ — ), VyeR"

As the above inequality holds for any § € R™, then § = x 4 z2 for some
x € R™. Substituting in the above inequality along with the definition of the
inf-convolution yields

¢1(x) + d2(x2) > P1(21) + P2(w2) + (€, (T + 22) — (71 + 72)), V@ € R",
which implies that
d1(x) > d1(x1) + &,z — x1), V€ R™

Therefore, § € J¢1(x1). Similarly, it can be shown that £ € O¢a(x2) and
hence £ € 0¢1(x1) N ¢a(x2). Because & € I(Pp1 O ¢2)(T) was arbitrary,
A1 O §2)(T) C d1 (1) N Pa(w2), thereby establishing the result. O

2.5 Conjugate Functions

All this background on convexity, convex sets as well as convex functions, the
subdifferentials and their calculus form a backbone for the study of convex
optimization theory. Optimization problems appear not only in the specialized
fields of engineering, management sciences, and finance, but also in some sim-
ple real-life problems. For instance, if the cost of manufacturing x, zs, ..., x,
quantities of n goods is given by ¢(z) and the price of selling these goods
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is &1, &9, ..., &y, respectively, then the manufacturer would like to choose the
quantities x1, xs, ..., T, in such a way that it leads to maximum profit, where
the profit function is given by the affine function {(£,x) — ¢(x)}. Theoret-
ically, this problem had been expressed using the conjugate functions of ¢
introduced by Fenchel [45], which forms a class of convex functions. As we
will see in a short while, these conjugate functions are related to not only the
subdifferential for a convex function by the Fenchel-Young inequality but also
to the e-subdifferential via its epigraph. For convex functions, the very idea of
conjugacy seems to derive from the fact that a proper Isc convex function is
a pointwise supremum of affine functions majorized by it. But before moving
on to this result, we present the following lemma from Lucchetti [79].

Lemma 2.99 Consider a proper Isc conver function ¢ : R* — R. Let
zZ € dom ¢ and v € R such that ¢(z) > ~. Then there exists (a,b) € R" x R
such that the affine function h(z) = (a,x) + b satisfies

¢(x) > h(z), Ve e R* and h(Z) > 7.

Proof. As ¢ is an Isc convex function, by Theorem 1.9 and Proposition 2.48,
ept ¢ is a closed convex set in R™ X R. From the given hypothesis, it is obvious
that (Z,v) ¢ epi ¢. By the Strict Separation Theorem, Theorem 2.26 (iii),
there exist (a,A) € R™ x R with (a, \) # (0,0) and b € R such that

(a,z) + da > b > {(a,T) + Ny, ¥V (x,a) € epi ¢. (2.30)
In particular, taking (Z, ¢(Z)) € epi ¢, the above inequality reduces to
A(@(z) —~) > 0.

As ¢(Z) > ~, the above strict inequality leads to A > 0. Again, taking
(z,¢(x)) € epi ¢ in the condition (2.30) yields

¢(x) > h(z), Ve edom ¢ and h(Z)> 7,

—a b . .
where h(z) = (T,@ + Y Observe that for x ¢ dom ¢, the first inequality
holds trivially, that is,

¢(x) = h(z), Vz €R",

thereby establishing the result. (|

Now we present the main result, the proof of which is from Lucchetti [79].

Theorem 2.100 A proper Isc convex function ¢ : R™ — R can be expressed
as a pointwise supremum of the collection of all affine functions majorized by
it, that is, for every r € R™,

¢(x) = sup{h(x) : ¢(z) > h(x), h(z) = {a,z) + b, a € R", b€ R}.
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Proof. Define the function ® : R® — R as
®(z) = sup{h(x) : ¢(x) > h(x), h(zx) = (a,z) + b, a € R", b e R}.

Because ® is a pointwise supremum of affine functions, it is an Isc convex
function. Also, as ¢(x) > h(z), ¢(x) > ®(x) for every z € R™, which implies
that epi ¢ is contained in the intersection of epigraph of the affine functions
h, epi h, which are majorized by ¢, that is, ¢(z) > h(x) for every z € R"™.
Therefore, to complete the proof, it is sufficient to prove that for (Z,~) & epi ¢,
there exists an affine function h such that h(Z) > 7. By Lemma 2.99, for
T € dom ¢ such an h exists.

Now suppose that Z ¢ dom ¢. As (Z,v) & epi ¢, working along the lines
of the proof of Lemma 2.99, there exist (a,A) € R™ x R with (a, A) # (0,0)
and b € R such that

(a,z) + Aa > b > (a,Z) + Ay, V (z,0) € epi .

If A # 0, the affine function h exists as in the lemma. If A\ = 0, the above
inequality reduces to

(a,z) > b> (a,z), V x € dom ¢.
From the above condition,
h(z) <0, Vzedom¢ and h(Z)>0,

where h(z) = (—a, z) +b. As a consequence of Lemma 2.99, it is obvious that
a proper Isc convex function has at least one affine function majorized by it.
Therefore, ¢ has an affine function, say h, majorized by it, that is ¢(z) > h(z)
for every z € R™. Now for any u > 0,

é(x) > h(zx) + ph(z), ¥ x € dom .
The above inequality holds trivially for = ¢ dom ¢. Thus,
6(x) > (b + ph) (@), ¥ @ € R,

which implies the affine function (h + wh) is majorized by ¢. As h(z) > 0, for
u sufficiently large, (h + ph)(Z) > =, thereby establishing the result. O

Denote the set of all affine functions by H. Consider the support set of ¢
denoted by supp(¢, H), which is the collection of all affine functions majorized
by ¢, that is,

supp(d,H) = {h € H: h(z) < ¢(x), VzeR"}
An affine function h € H is the affine support of ¢ if

h(z) < ¢(x), Ve € R® and h(Z)=¢(z), for some T € R™.
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Consider ¢ : R — R and Z € dom ¢ such that d¢(Z) is nonempty. Then for
any & € 0¢(Z), by Definition 2.77,

¢(x) =2 (€, 2) + (6(7) — (£, 7)), Vz € R™. (2.31)

Define an affine function i : R” — R given by
h(z) = (€ z) + (8(z) — (€, 7). (2.32)
Combining (2.31) and (2.32),
hz) < ¢(z), Vo €R® and  h(z) = ¢(2),

thereby implying that h € H is an affine support of ¢. Therefore, if d¢ is
nonempty, then there exists an affine support to it.
Now consider a set ®* C R™ defined as

" = {(§,a) eR" xR: h(z) = ({,2) —a < ¢()},
which implies for every x € R™, h(x) < ¢(z). Therefore,

a > sup {{€,x) — ¢(x)},

zER™

which implies ®* can be considered the epigraph of the function ¢*, which is
the conjugate of ¢. We formally introduce the notion of conjugate below.

Definition 2.101 Consider a function ¢ : R" — R. The conjugate of ¢,
¢* : R™ — R, is defined as

9" (&) = sup {(&,z) — ¢(x)}.

rcR”

Observe that ®* = epi ¢*, as discussed above. The biconjugate of ¢, ¢**, is
the conjugate of ¢*, that is,

¢"*(z) = sup {(§,z) — ¢"(§)}-

§ER™

Consider a set F' C R™. The conjugate of the indicator function to the set
Fis

5;(5) = Sup {<£,SC> - 5F(x)} = sup(f,x),

reR” zeF

which is actually the support function to the set F'. Therefore, 63 = o for
any set F.

Observe that the definitions of conjugate and biconjugate functions are
given for any arbitrary function. Below we present some properties of conju-
gate functions.
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Proposition 2.102 For any function ¢ : R* — R, the conjugate function
¢* is always lsc convex. In addition, if ¢ is proper convex, then ¢* is also a
proper convex function.

Proof. Consider any &1,&; € R™. Then for every A € [0, 1],

P (=N +A&) = sup {((1 = A)&1 + A&2), ) — ¢(x)}

z€R™

= sup {(1 = A)((&,2) — d(x)) + A((§2, 7) — o(2))},

reR™

which by Proposition 1.7 leads to
P (L =N& + L) < (1-4) Sélﬂgl{@h z) — ¢(z)} +
A sup {(&2, ) — d()}

zER™

= (1=X)¢ (&) + A" (&), VA€ [0,1].

Because &1 and & are arbitrary, from the above inequality ¢* is convex. Also,
as ¢* is a pointwise supremum of affine functions (x,.) — ¢(x), it is lsc.

As ¢ is a proper convex function, dom ¢ is a nonempty convex set in R"™,
which by Proposition 2.14 (i) implies that i dom ¢ is nonempty. Also, by
Proposition 2.82, for any Z € ri dom ¢, 0¢(Z) is nonempty. Suppose that
& € 0¢(Z), which by Definition 2.77 of the subdifferential implies that

(6, 7) —o(x) = (& 7) — ¢(x), Vo R,

which along with the definition of conjugate ¢* implies that
(6, ) — o(T) = ¢"(8)-

As ¢(Z) is finite, ¢* () is also finite, that is, £ € dom ¢*. Also, by the proper-
ness of ¢ and the definition of ¢*, it is obvious that ¢*(§) > —oo for every
x € R", thereby showing that ¢* is proper convex function. |

Observe that ¢* is Isc convex irrespective of the nature of ¢ but for ¢* to
be proper, we need ¢ to be a proper convex function. Simply assuming ¢ to be
proper need not imply that ¢* is proper. For instance, consider ¢(x) = —a2,
which is a nonconvex proper function. Then ¢* = 400 and hence not proper.
Next we state some conjugate rules that can be proved directly using the
definition of conjugate functions.

Proposition 2.103 Consider a function ¢, ¢ : R" — R.
(i) If 6 < ¢, then ¢* > ¢*.

(i) If $(z) = ¢(z) +c, ¢*(§) = ¢*(&) —c.

(iii) If ¢(x) = Ap(x) for X >0, ¢*(€) = Ap*(€/N).
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(iv) For every x and & in R™,
¢*(§) + o(x) =2 (£, 7).
This is known as the Fenchel-Young Inequality. Equivalently,
" (x) < ¢(x), V x € R".

The readers are urged to verify these properties simply using Defini-
tion 2.101 of conjugate and biconjugate functions.

As we discussed in Theorem 2.100 that a convex function is pointwise
supremum of affine functions, the biconjugate of the function plays an impor-
tant role in this respect. Below we present a result that relates the biconju-
gate with the support set. The proof is along the lines of Hiriart-Urruty and
Lemaréchal [63].

Theorem 2.104 Consider a proper function ¢ : R® — R. Then ¢** is the
pointwise supremum of all affine functions majorized by ¢, that is,

§c@) = s h@).
h€supp(p,H)

More precisely, ¢** = cl co ¢.

Proof. An affine function h is majorized by ¢, that is, h(z) < ¢(z) for every
x € R™. Because an affine function is expressed as h(z) = (£, x) — a for some
£ e R and a € R,

(€,2)—a<é(x), VoeR™

Therefore, by Definition 2.101 of the conjugate function, ¢*(§) < «, which
implies £ € dom ¢*. Then for any z € R",

sup  h(z) = sup {{&z) —a}
hesupp(p,H) gedom ¢*, ¢*(§)<a
= sup {({,7) —¢"()}
Eedom ¢*
= sup {({,z) — ¢"(§)} = ¢™"(2),
¢ERn

thereby yielding the desired result. From Definition 2.57 of the closed convex
function, ¢** = ¢l co ¢, as desired. O

Combining Theorems 2.100 and 2.104 we have the following result for a
proper Isc convex function.

Theorem 2.105 Consider a proper lsc convex function ¢ : R® — R. Then

o7 = 6.
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Observe that the above theorem holds when the function is Isc. What if
¢ is only proper convex but not lsc, then how is one supposed to relate the
function ¢ to its biconjugate ¢**7 The next result from Attouch, Buttazzo,
and Michaille [3] looks into this aspect.

Proposition 2.106 Consider a proper convex function ¢ : R™ — R. Assume
that ¢ admits a continuous affine minorant. Then ¢** = cl ¢. Consequently,
@ is lsc at T € R™ if and only if () = ¢**(Z).

Proof. By the Fenchel-Young inequality, Proposition 2.103 (iv),

d)(l’) > <€,LL’> - ¢*(£)7 Ve Rna
which implies that h(z) = (§,2) — ¢*(§) belongs to supp(¢, H). By Defini-

tion 2.101 of the biconjugate function,

9" (x) = sup {(§, z) — ¢"(O)},

5 R

which leads to ¢** being the upper envelope of the continuous affine minorants
of ¢. Applying Proposition 2.102 to ¢*, ¢** is a proper lsc convex function
and thus,

P <cl ¢ <.
This inequality along with Proposition 2.103 (i) leads to

As ¢** and cl ¢ are both proper Isc convex functions, by Theorem 2.105,
thereby reducing the preceding inequality to

Hence, ¢** = ¢l ¢, thereby establishing the first part of the result.
From Chapter 1, we know that closure of a function ¢ is defined as

l $(z) = liminf §(x),

which is the same as ¢(z) if ¢ is Isc at & by Definition 1.4, thereby yielding
¢(z) = cl ¢(z). Consequently, by the first part, the lower semicontinuity of ¢
at T is equivalent to ¢(Z) = ¢**(Z), thereby completing the proof. O

With all the preceding results, and discussions on the properties of the
conjugates and biconjugates, we now move on to see how the conjugates of
the function operations are defined. More precisely, if given some functions and
we perform some operation on them, like the sum operation or the supremum
operation, then how are their conjugates related to the conjugates of the
given functions? In the next result from Hiriart-Urruty and Lemaréchal [63]
and Rockafellar [97], we look into this aspect of conjugate functions.
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Theorem 2.107 (i) (Inf-Convolution Rule) Consider proper functions
¢ R =R, i=1,2,...,m, satisfying ();~; dom ¢} # 0. Then

(1 OO0 ... Odm)" =7 + ¢35+ ...+ by,

(i) (Sum Rule) Consider proper conver functions ¢; : R* — R,
i=1,2,...,m, satisfying (=, dom ¢; # 0. Then

(cdr+cdot...4com) =c (¢ 030 ... O¢%).
If 2y ri dom ¢; # 0, then

(142t .. +om) =01 0¢;0 ... Oy,

and for every £ € dom (¢p1 + ¢ + ... + dm)*, the infimum of the problem
inf{@7(&1) + 03(&) + .. + ¢ (&m) 1+ &2+ .+ & = ¢}

18 attained.

(iii) (Infimum Rule) Consider a family of proper functions ¢; : R* — R,
i € I, where I is an arbitrary index set, having a common affine minorant
and satisfying sup;c; @5 () < +o00 for some & € R™. Then

inf ¢;)* = *
(}21¢) itelgcbz

(iv) (Supremum Rule) Consider a family of proper lsc conver functions
¢ :R* =R, i € I, where I is an arbitrary index set. If sup;c; ¢ s not
indentically 400, then

(sup ¢;)* = ¢l co(inf ¢7).
iel i€l

Proof. (i) From Definition 2.101 of the conjugate function and Definition 2.54
of the inf-convolution along with Proposition 1.7,

(¢1 o... D¢m)*(§) = sup{(f,x> - inf (¢1(x1>++¢m(xm))}

rER" z14+...+Tm =2

= sup sup  {({,2) = (d1(z1) + ...+ Dm(am))}
zeR™ z1+...+Tm=T

= SUPGRH{<5,IE1>—¢1($1)+~-+
<§7xm> - ¢m(xm)}
= 1)+ ...+ o (zm),

thereby establishing the desired result.

(ii) Replacing ¢; by ¢f for i = 1,2,...,m, in (i) along with Proposition 2.106
leads to

d¢ttcldot...4+cdm= (¢ O¢s0 ... O¢%)"
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Taking the conjugate on both sides and again applying Proposition 2.106
yields the requisite condition,

(cl i +cl da+...4+cl o) =cl (670 ¢50 ... O¢F).
If ﬂ:';l ri dom ¢; is nonempty, then by Proposition 2.68,
cloi+cl oot ...+cldp=cl(p1+ b2+ ...+ dm).

Also, by the definition of conjugate functions,

(cgr+cl pot...+cdn) = (d(pr+2+...4dn))"
= (p1+da+...+Pm)"

Now to establish the result, it is enough to prove that
¢ 030 ... 06}
is Isc. By Theorem 1.9, it is equivalent to showing that the lower-level set,
Sa={6€R":(¢10 ... D} < a},

is closed for every a € R. Consider a bounded sequence {{x} C S, such that
&r — & By Definition 2.54 of the inf-convolution, there exist £, € R" with
S & =&, such that

BHED) + -+ Gl Sat 1, VEEN. (2.33)

By assumption, suppose that & € ﬂ;’ll ri dom ¢;. As ¢;, i =1,2,...,m, are
convex, by Theorem 2.69, the functions are continuous at &. Therefore, for
some e >0and M; €eR, i =1,2,...,m,

¢z($> < M;, VLL'EBS({Z'), 1=1,2,...,m. (234)
For any d € B.(0), consider
<§I§7d> = (gkwf:) - <§I}:ai' - d>
= (& 3) (& d—d)+... + (& —d) — (&, & —d),

which by the Fenchel-Young inequality, Proposition 2.103 (iv), and the
Cauchy—Schwarz inequality, Proposition 1.1, leads to

(&d) < ¢1 (&) + (@) +d5(R) + (@ —d) + ...+
G (E5") + O (T — d) + ||| |2 — d]|-

By the conditions (2.33) and (2.34), the above inequality reduces to

1 A
(6hd) < 0t o+ Mot M+ ]l |2 = ]
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which along with the boundedness of {{} implies that {{}} C R" is a
bounded sequence. Similarly, it can be shown that {£L}, i = 2,...,m, are
bounded sequences. By the Bolzano—Weierstrass Theorem, Proposition 1.3,
{f,i}, i=1,2,...,m, have a convergent subsequence. Without loss of general-
ity, assume that 5,1 — &, 1=1,2,...,m. Because & = §,i + 5,3 +... .+ &0 as
limit k& — 400,

E=6+t&+ ... +&n.

By Proposition 2.102, ¢}, ¢ = 1,2,...,m, are proper Isc convex functions,
therefore taking the limit as k — o0,

$1(&1) +95(&2) + - 4 05, (Em) < o
By the definition of inf-convolution, the above inequality leads to
(p10¢:0 ... O¢p)(€) < q,

which implies that £ € S,,. Because a € R was arbitrary, the lower-level set is
closed for every a € R and hence

¢10¢;0... 09,
is closed. Repeating the same arguments with
(100 ... 0¢,)() = and & =¢
yields that the infimum is achieved, thereby completing the proof.
(iii) By Definition 2.101, for every £ € R",

(}g ¢:)"(§) = sup{(§ )~ inf ¢i(z)}

zER™

= sup sup{({,z) — ¢i(x)}
zeR™ el

— sup sup {(&,2) — du()} = sup ¢} (¢),
i€l xeRn" el

as desired.

(iv) Replacing ¢; by ¢f for i =1,2,...,m in (iii),

sup ¢;” = (inf ¢;)".

il

As ¢;, i =1,2,...,m, are Isc, the above condition reduces to
sup i = (inf 67)".
icl i€l

Taking the conjugate on both sides leads to

i * — . f * **’
(Silgfb) (%21 b;)



2.5 Conjugate Functions 121

which by Theorem 2.104 yields
(sup ¢;)* = ¢l co (inf ¢7). O
icl i€l
Next, using the Fenchel-Young inequality, we present an equivalent char-
acterization of the subdifferential of a convex function.

Theorem 2.108 Consider a proper convex function ¢ : R® — R. Then for
any x,& € R"

£€0d(x) <= ox)+¢"(&) = (§ )
In addition, if ¢ is also lsc, then for any x and £ in R™
£€0d(x) <= o@)+¢"()=(x) < x€dPp(§).

Proof. Suppose that £ € 9¢(z), which by Definition 2.77 of the subdifferential
implies that

$(x) = ¢(x) > (€, x —7), Vo e R™
The above inequality leads to

(6, 7) — o(%) = sup {(&,2) — d(x)} = ¢7(S),

rER™
that is,
o(T) +¢"(§) < (£, @)

which along with the Fenchel-Young inequality, Proposition 2.103 (iv), re-
duces to the desired condition

P(z) +¢"(§) = (£, 7).

Conversely, suppose that above condition is satisfied, which by Defini-
tion 2.101 of the conjugate function implies

<§7i'> - (b(j) > <f,$> - (b(l‘), Ve Rn7
that is,
p(z) — ¢(T) > (£, 2 — F), YV € R™

Thus, £ € 0¢(z), thereby establishing the equivalence.
Now if ¢ is Isc as well, then by Theorem 2.105, ¢ = ¢**. Then the equivalent
condition can be expressed as £ € 9¢(z) if and only if

¢™(7) + ¢"(§) = (€, 7).
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By Definition 2.101 of the biconjugate function, the above condition is equiv-
alent to

(6, 7) —¢7(§) 2 (§,7) — ¢7(§), VE €R™,
that is,
(b*(g) - qb*(é) 2 <£—5,i‘>, v f S R™.

By the definition of subdifferential, z € 9¢*(£). The converse can be worked
out along the lines of the previous part and thus establishing the desired
relation. N

As an application of the above theorem, consider a closed convex cone
K C R". We claim that § € 00k (Z) if and only if Z € Jdk-(§). Suppose that
&€ € 00k (Z) = Nk (Z), which is equivalent to

(2 —-7)<0,VreEK.

In particular, taking » = 0 and = = 27, respectively, implies that (¢, z) = 0.
Therefore, the above inequality reduces to

(£,2) <0, Vz €K,

which by Definition 2.30 implies that £ € K°. Thus, £ € N (Z) is equivalent
to

T €K, e K°, (£,7) = 0.
For a closed convex cone K, by Proposition 2.31, K°° = K. Asz € K = K°°,
(&,7) <0, VEe K°.
Because (£, Z) = 0, the above condition is equivalent to
(€-€7) <0, VEe K,

which implies that T € Ngo(£), thereby proving our claim.

2.6 e-Subdifferential

In Subsection 2.3.3 on differentiability properties of a convex function, from
Proposition 2.82 and the examples preceding it, we noticed that d¢(x) may
turn out to be empty, even though = € dom ¢. To overcome this aspect of
subdifferentials, the concept of the e-subdifferential came into existence; it not
only overcomes the drawback of subdifferentials but is also important from
the optimization point of view. The idea can be found in the work of Brgnsted
and Rockafellar [19] but the theory of e-subdifferential calculus was given by
Hiriart-Urruty [58].



2.6 e-Subdifferential 123

Definition 2.109 Consider a proper convex function ¢ : R — R. For € > 0,
the e-subdifferential of ¢ at T € dom ¢ is given by

0:0(z) ={€eR": ¢(z) — () > (&, —T) — ¢, Vo € R"}.

For a zero function, 0 : R™ — R, defined as 0(z) = 0 for every z € R",
0-0(z) = {0} for every € > 0. Otherwise if there exists £ € 0.0(Z) with £ # 0,
by the above definition of e-subdifferential,

0 > (&z—Z)—¢

Zgl(l‘l — i‘i) —g, VzeR™
=1

Because & # 0, there exists some j € {1,2,...,n} such that £ # 0. In

€

particular, taking z; = Z; + g— and z; = T;, 1 # j, the above inequality yields
J

€ <0, which is a contradiction.

As shown in Section 2.4 that for a convex set F' C R", the subdifferential
of the indicator function coincides with the normal cone, that is, 0dp = Np.
Along similar lines, we define the e-normal set.

Definition 2.110 Consider a convex set F©' C R™. Then for ¢ > 0, the
e-subdifferential of the indicator function at Z € F is

0:0r(Z) = {£€R":6p(x)—06p(T) > (&2 —T)—¢e, V2 eR"}
{{eR: e > (&, z—1T), Va€F},

which is also called the e-normal set and denoted as N, p(Z). Note that N,
is not a cone unlike N, which is always a cone.

Recall the proper convex function ¢ : R — R given by

¢(z){ —VE, 0<z<l,

400, otherwise,

considered in Subsection 2.3.3. As already mentioned, for x = 0, the subdif-
ferential O¢(x) is empty. But for any € > 0, the e-subdifferential at = 0 is

-1
O:0(x) = | —o0, > and hence nonempty.
3

In the proposition below we present some properties of the e-subdifferential
of the convex functions.

Proposition 2.111 Consider a proper lsc convex function ¢ : R™ — R and
let € > 0 be given. Then for every T € dom ¢, the e-subdifferential 0.¢(T) is
a nonempty closed convex set and

09(x) = () 0-0().

e>0

For ey > €9, 0.,(Z) C 0, ().
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Proof. Observe that for Z € dom ¢ and ¢ > 0, ¢(Z) — e < ¢(Z), which
implies (T, ¢(Z) — €) & epi ¢. Because ¢ is a lsc convex, by Theorem 1.9 and
Proposition 2.48, epi ¢ is closed convex set in R™ x R. Therefore, applying the
Strict Separation Theorem, Theorem 2.26 (iii), there exists (£,7) € R® x R
with (&,7) # (0,0) such that

(£ 2) +7(0(x) —¢) < (& 2) +70a, ¥V (z,0) € epi ¢.
As (z,¢(x)) € epi ¢ for every x € dom ¢, the above condition leads to
(&) +7(o(x) — ) < (&) +79(x), V & € dom ¢. (2.35)
In particular, taking * = Z in the preceding inequality yields v > 0. Now
dividing (2.35) throughout by « implies that
(—%,x _F) —e < 6(z) — B(F), ¥ x € dom 6.
The above condition is also satisfied by « & dom ¢, which implies

<—%,x—a’3> —e < ¢(x) — P(T), VaeR™

§

By Definition 2.109 of the e-subdifferential, —= € 9.¢(Z). Thus, 9:¢(T) is
Y

nonempty for every T € dom ¢.
Suppose that {{x} C 9.¢(x) such that & — &. By the definition of
e-subdifferential,

o(z) — ¢(z) > (&, o —T) — e, Vo € R™
Taking the limit as kK — 400, the above inequality leads to
P(z) — ¢(z) > ({,x—T) —e, Vo R,

which implies that & € 0.¢(Z), thereby yielding the closedness of 9:¢(Z).
Consider &1, &5 € 0:¢(Z), which implies that for ¢ = 1,2,

P(z) — d(z) > (&, —T) —¢, Vo e R™.
Therefore, for any A € [0, 1],
() — ¢(Z) > (1 = N1+ A2, v —7) —¢, V2 €R",

which implies (1 — A)&; + A € 0:¢(Z). Because &1, & were arbitrary, 9:¢(T)
is convex.
Now we will prove that

r) = () 0-0(x).

e>0
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Suppose that & € 9¢(Z), which by Definition 2.77 of the subdifferential implies
that for every z € R™,

o(z) — ¢(7) (§z—1)

>
> (&r—T)—¢e, Ve>0.

Thus, by the definition of e-subdifferential, £ € 9.¢(Z) for every € > 0. Because
& € 0¢(Z) was arbitrary,

06(z) C () 0-9().
e>0
Conversely, consider £ € 0.¢(z) for every £ > 0, which implies that for
every x € R™,
p(z) —¢(z) = (§,2 —T) —¢, Ve > 0.

As the preceding inequality holds for every ¢ > 0, taking the limit as ¢ — 0
leads to

(b(ZIJ) _¢(‘%) 2 <£7£C—{f7>7 Vae Rn?

thereby yielding £ € 0¢(Z). Because £ was arbitrary, the reverse inclusion is
satisfied, that is,

06(z) O [ 9:6(2),

e>0

hence establishing the result.
The relation 0., (Z) C O, (%) for 1 > €2 can be easily worked out using
the definition of e-subdifferential. O

The proof of the nonemptiness of e-subdifferential is from Lucchetti [79].
In the example, it is easy to observe that at x = 0, [,y 0-¢(x) is empty, as is
0¢(x). Before moving any further, let us consider the absolute value function,
@(x) = |z|. The subdifferential of ¢ is given by

1, z >0,
8(25(1') = [_17 1] y &L= 0;
-1, z < 0.

Now for € > 0, the e-subdifferential of ¢ is

1—e/x,1, x>¢/2,
O:0(x) = [-1,1], —/2<x<¢g/2
[-1,-1—¢/z] x<—g/2.

The graphs of 0¢ and 0.¢ for € = 1 are shown in Figures 2.8 and 2.9. The
graph of the subdifferential is a simple step function.

Similar to the characterization of the subdifferential in terms of the
conjugate function, the following result provides a relation between the
e-subdifferential and the conjugate function.
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FIGURE 2.8: Graph of 9(].|).

1
—1/2 |

FIGURE 2.9: Graph of 9;(].|).
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Theorem 2.112 Consider a proper convezx function ¢ : R" — R. Then for
any € >0 and x € dom ¢,

§€d:9(zx) <= ox)+¢"(§) —(§m) <e
Proof. Consider any £ € 9.¢(z). By Definition 2.109 of e-subdifferential,
¢(z) — ¢(Z) 2 (§,x —T) —¢, Vo €R",
which implies that

<€,JI> - ¢($) + (b(‘f) - <£7fi> < g, Yz eR".

By Definition 2.101 of the conjugate function,

P"(6) +9(z) — (1) <¢,

as desired.
Conversely, suppose that the inequality holds, which by the definition of
conjugate function implies that

(& x) — o(x) +6(z) — (£,7) <¢e, Yz €RT,
which yields that £ € 9:¢(Z), thus establishing the equivalence. O

As mentioned earlier, the notion of e-subdifferential appears in the well-
known work of Brgnsted and Rockafellar [19] in which they estimated how
well O:¢ “approzimates” d¢p. We present the modified version of that famous
Brgnsted—Rockafellar Theorem from Thibault [108] below. The proof involves
the famous Ekeland’s Variational Principle [41, 42, 43], which we state without
proof before moving on with the result.

Theorem 2.113 (Ekeland’s Variational Principle) Consider a closed proper

function ¢ : R™ — R and for e > 0, let £ € R™ be such that

6(@) < inf o(x) +=.

Then for any A > 0, there exists x) € R™ such that

£

lox—2l <5 o) < o)

and xy 1s the unique minimizer of the unconstrained problem

inf ¢(x) + in — x| subject to x € R".

Observe that the second condition in Ekeland’s Variational Principle,
o(xy) < ¢(Z), implies that

p(zr) —¢(7) <0 <e. (2.36)
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From the condition on Z,

6@) < inf 6(z) += < Blw) +e,

which implies that
P(T) — d(zr) <e.
The above condition along with (2.36) leads to
[¢(zx) — o(T)] <e.

Now to establish the modified version of Brgnsted—Rockafellar Theorem, we
can apply

[¢(zx) —¢(Z)| <& instead of () < B(7)
in the Ekeland’s Variational Principle.

Theorem 2.114 (A modified version of the Bronsted-Rockafellar Theorem)
Consider a proper lsc convex function ¢ : R™ — R and & € dom ¢. Then for
any € > 0 and for any £ € 0-¢(T), there exist x. € R™ and & € d¢(xe) such
that

lze =7 < Ve, & — €&l < Ve and [@(ae) — (Eevze — T) — H(T)] < 2.
Proof. By Definition 2.109 of the e-subdifferential, £ € 9.¢(Z) implies
¢(z) — ¢(7) > ((,x —T) —¢, Vo R,
that is,
¢(z) — (€, 7) = ¢(z) — (§,2) +¢, Yz eR™

By applying Ekeland’s Variational Principle, Theorem 2.113, to ¢ — (£, .) with
A = /e, there exists x. € R™ such that ||z, — Z|| </,

|9(xe) — (€ 2e) — D7) + (€, 7)| < € (2.37)
and
P(z:) — (& 2e) < d(z) — (&) + Vellz — =z, Vz € R™ (2.38)
By the definition of subdifferential, the above condition (2.38) implies that
£ €0(¢+ Vel — x| (). (2.39)

As dom ||. — zc|]] = R™, by Theorem 2.69, |. — z.|| is continuous on R™.
Therefore, by Theorem 2.91 along with the fact that J(||. — z.||)(z.) = B,
(2.39) becomes

£ € dp(x:) + VeB.
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Thus, there exists & € 0¢(z.) such that ||, —&|| < v/e. From condition (2.37)
along with the Cauchy—Schwarz inequality, Proposition 1.1,
¢(ze) = (§,2e —Z) —0(T)| < e+[(§ — &2 —T)
< e+ ng _§||||x€ - j” = 2,
thereby completing the proof. O

As in the study of optimality conditions, we need the subdifferential cal-
culus rules; similarly, e-subdifferentials also play a pivotal role in this respect.
Below we present the e-subdifferential Sum Rule, Max-Function and the Scalar
Product Rules that we will need in our study of optimality conditions for the
convex programming problem (CP). The proofs of the Sum and the Max-
Function Rules are from Hiriart-Urruty and Lemaréchal [62].

Theorem 2.115 (Sum Rule) Consider two proper convex functions ¢; : R* — R,
1 =1,2 such that ri dom ¢1 Nri dom ¢o # 0. Then for e > 0,

O=(¢1 + ¢2)(T) = U (02,01(Z) + 0c,$2(T))

€120, e2 20,
€1 +ea=¢

for every T € dom ¢1 Ndom ¢s.

Proof. Suppose that €; > 0 and €5 > 0 such that 1 + e; = . Consider
& € 0.,0:(%), © = 1,2, which by Definition 2.109 of the e-subdifferential
implies that for every z € R™,

bi(x) — i(T) > (&iyx —T) — &4, i =1,2.
The above condition along with the assumption €1 + €5 = € leads to
(@1 + @2)(2) = (01 + d2) () > (&1 + &2 —7) — (1 +&2)
= (& +&,2—T)—¢, YV eR",

thereby yielding & + & € 9:(¢1 + ¢2)(Z). Because g; > 0 and &; € 0., $:(T)
for ¢ = 1,2, were arbitrary,

O:(¢1 + ¢2)(7) D U (02,01(F) + 02, 02(T))
€120, €220,
€1 +ex=¢

Conversely, suppose that § € 0.(¢1 + ¢2)(Z), which by the definition of
e-subdifferential implies that

(1 + P2)(x) — (D1 4+ P2)(T) > (€, 2 —T) — e, Vx € R™.

By Definition 2.101 of the conjugate function,
(@14 ¢2)" (&) + (d1 + ¢2)(7) — (§,7) < e. (2.40)
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By the Sum Rule of the conjugate function, Theorem 2.107 (ii), as the as-
sumption i dom ¢y Nri dom ¢ # () holds,

(@14 ¢2)"(€) = (61 O 63)(§),

and the infimum is attained, which implies there exist £ € R", ¢ = 1,2,
satisfying &1 4+ & = £ such that

(@14 ¢2)7(§) = ¢1(&1) + P5(&2)-

Therefore, the inequality (2.40) becomes

(01(&1) + 01(T) — (&1, @) + (P3(&2) + ¢P2(T) — (&2, 7)) < €.

Denote €; = ¢f (&) + ¢:(z) — (&, %), © = 1,2, which by the Fenchel-Young
inequality, Proposition 2.103 (iv), implies that e; > 0, ¢ = 1,2. Observe that
€1 + €2 < e. Again, by the definition of conjugate function,

¢i(z) — ¢i(T)

Z <§i7x_‘f>_€i
> (&, x—T)— &,
£—€] — &9

5 > g4, i = 1,2. Therefore, for i = 1,2,

where &; = ¢; +

& € Oz, 0i(T),
with &1 + &5 = €. Thus,

§ =&+ & € 0:,01(T) + 0, 02(T).

Because € € 0.(¢1 + ¢2)(Z) was arbitrary,

O:(¢1 + ¢2)(Z) C U (0, 01(Z) + 0z, ¢2(7)),

€120, 220,
€1 +ex2=¢

thereby completing the proof. O

Before proving the e-subdifferential Max-Function Rule, we state a result
from Hiriart-Urruty and Lemaréchal [62] without proof and present the Scalar
Product Rule.

Proposition 2.116 Consider proper convexr functions ¢; : R™ — R,
i=1,...,m. Let (x) = max{d1(x), p2(x), ..., dm(x)} and p = min{m,n + 1}.
For every & € dom ¢* = co |-, dom ¢, there exist & € dom ¢} and \; > 0,
i=1,2,....p, with >.?_, \; =1 such that

p p
¢ (&) =D _Ndi(&) and £= \é&.
i=1

i=1
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More precisely, (§;,\;) solve the problem
P
inf > Aigr (&)
i=1

p p
subject to £ =Y Ni&i, Y A\i=1, (P)
=1 =1
& edom @f, N\ >0,i=1,2,...,p.

For the e-subdifferential Max-Function Rule, we will need the Scalar Prod-
uct Rule that we present below.

Theorem 2.117 (Scalar Product Rule) For a proper convex function
¢:R* =R and any € > 0,

0:(Ag)(Z) = ADe/rg(Z), ¥ A > 0.
Proof. Suppose that xi € 9.(Ap)(Z), which by Definition 2.109 implies that
(A9)(z) — (A))(Z) = ({,x — ) —¢, Vo €R™

As A > 0, dividing throughout by A leads to

B~ (@) 2 (G -7) - 5, Va e R,

which implies % € 0:¢(), where & = ; that is, £ € A\0:z¢(Z). Because
¢ € 0:(\¢)(z) was arbitrary,

0:(Ag)(Z) C ADzg(Z).

_ Conversely, suppose that £ € \Jz4(z) for A > 0, which implies there exists
& € 0:0(Z) such that £ = A{. By the definition of e-subdifferential,

$(x) — ¢(z) > (£,2 —F) — & Vx €R",
which implies
(Ad) (@) — (A)(E) > (6,2 — &) —¢, Yz R,
where £ = \&. Therefore, & € 0.(\¢p)(Z). Because £ € \J=p(Z) was arbitrary,
9:(Ag)(2) D A0zg(Z),

thereby yielding the desired result. (|

Now we proceed with establishing the e-subdifferential Max-Function Rule
with the above results as the tool.
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Theorem 2.118 (Maz-Function Rule) Consider proper convex functions
i R* =R, i=1,2....,m. Let ¢(x) = max{¢i(z),p2(2),...,dm(x)} and
p =min{m,n + 1}. Then & € 0.¢(Z) if and only if there exist & € dom ¢,
g, >0, and \; >0, i=1,2,...,p, with Y.%_, \; =1 such that

§i € 0.0, 0:(Z)  for every i satisfyz'ng A >0, (2.41)
p
£=> N&  and Zsz + ¢(z Z Nigi(z) < e. (2.42)
i=1

Proof. By Proposition 2.116,

€)= Z i (&),

where p = min{m,n + 1} and (&, \;) € dom ¢ xRy, i =1,2,...,p, solves
the problem (P), that is, satisfies

P
£=> N& and D N=1
1=1 3

By the relation between the e-subdifferential and the conjugate function, The-
orem 2.112; as £ € .¢(z),

¢"(&) + o(x) — (&) <¢,

which by the conditions on (§;, A\;), i = 1,2, ..., p, along with the definition of
¢ leads to

Zw:(éi) +¢(z) — ZM&,@ <e. (2.43)

The above condition can be rewritten as

Zs,+¢ sz

where g; = A\i(¢7 (&) +di(x) — (&, x)), i = 1,2, ..., p, which by Theorem 2.112
yields that & € 0., /x,¢:(z) provided A; > 0, thereby leading to the conditions
(2.41) and (2.42) as desired.

Conversely, suppose that the conditions (2.41) and (2.42) hold. By Theo-
rem 2.112; (2.41) implies that for \; > 0,

Ai(07 (&) + dilx) — (&, 7)) <&,
which along with (2.42) lead to

P

D oNdi (&) + d(x) =Y Nil&,7) <

i=1 i=1
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that is, the inequality (2.43). Invoking Proposition 2.116 yields

&)= Z A (&),
i=1

which along with (2.43) and Theorem 2.112 implies that £ € d.¢(x), thereby
completing the proof. O

Remark 2.119 In the above result, applying the Scalar Product Rule, The-
orem 2.117, to the condition (2.41) implies that & = A& € 8., (\i;)(z) pro-
vided \; > 0. Therefore, & € d.¢(z) is such that there exist & € d.,(\ip;)(z),
i=1,2,...,p, satisfying

p
=) & and Zeiw Zm
i=1

As p = min{m,n + 1}, we consider two cases. If p = m, for some
je{1,2,...,p}, define

p
éj:sj—k(e—Zei) and & =¢g;, i#]J
i=1
and the conditions become
& € 0.,(\ig)(z) for every i satisfying Ai >0, (2.44)

§= igz and Z g+ o7 Z Xigi(T) = €. (2.45)
i=1

If p < m, define \; = 0 and &; > 0 arbitrary for i = p+ 1,p+2,...,m
such that >3;% . e; =e—3 %, ;. As already discussed, 0, (\i¢;)(x) = {0},
i=p+1,p+2,...,m and hence yield the conditions (2.44) and (2.45). Thus,
it € € 0.¢(x), then there exist & € dom ¢}, e, >0and N\; >0,i=1,2,...,m

with > A; = 1 such that the coditions (2.44) and (2.45) hold.

In particular, for a proper convex function ¢ : R®™ — R and
¢" (z) = max{0, ¢(z)},

0=(67)(7) C{3,(A)(T) : 0 <A <1, >0, e =0+ ¢7(7) — Ap(T)}.

In the results stated above, the e-subdifferential calculus rules were ex-
pressed in terms of the e-subdifferential itself. Below we state a result by

Hiriart-Urruty and Phelps [64] relating the Sum Rule of the subdifferentials
and the e-subdifferentials.

Theorem 2.120 Consider two proper lsc convex functions ¢; : R® — R,
i =1,2. Then for any T € dom ¢ Ndom ¢,

A1+ 62)(@) = [ el (0-01(7) + D-6a(2)).

e>0
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Proof. Suppose that &; € 9.¢;(Z), i = 1,2, which implies

oi(x) — ¢i(z) > (&, 2 —T) —e, Ve eR™ i=1,2.
Therefore,

(1 + P2)(x) — (1 + P2) (&) > ({1 + &2, — T) — 2e, YV € R",

that is, &1 + &2 € Oac (1 + ¢2)(T). Because &; € 0:0,(Z), i = 1,2, are arbitrary,
which along with the closedness of e-subdifferential by Proposition 2.111 yields

D2e (01 + ¢2)(%) D cl (0:01(Z) + 0=¢2(T)).
Further, applying Proposition 2.111 leads to

A¢1 + ¢2)(@) O ﬂ cl (0:01(Z) + 0:02(%)).

e>0

To establish the result, we shall prove the reverse containment in the above
condition. Suppose that § € d(¢1 + ¢2)(Z). By Theorem 2.108,

(614 ¢2)(T) + (d1 + ¢2)*(€) = (£, 7),

which along with the Fenchel-Young inequality, Proposition 2.103 (iv), implies
that

(01 + ¢2)(Z) + (1 + d2)"(§) < (€, @).

Applying the Sum Rule of conjugate functions, Theorem 2.107 (ii), to proper
Isc convex functions ¢; and ¢- leads to

(1 + ¢2)" =cl (¢7 O 3).
Define
P(&) = (o7 O $3)(§

which implies ¢l ¢ = ¢l (¢7 O ¢3) —
denoting a = —(¢1 + ¢2)(z) yields ¢(€)

{CeR"dp(§) <al=[)d{EeR": ¢(¢) <a+e/2}.

e>0

(€ 7),

Z). By the preceding conditions,
a. It is easy to observe that

§) -
{
<

Therefore, for every € > 0,

Ecc {EeR": ¢(&) <a+e/2}.
If (&) < a+¢/2, then

p() —a = gzigl{&{aﬁ’{(&) + #5(&2) — (61, %) — (62, %) + ¢1(T) + d2(T) }

b {(01(6) = (6, 7) + 01(7)) + (93(82) = (&2, 7) + 62(2))}-
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Therefore, there exist &1, &> such that £ =& + & and

(07(&1) — (&1, @) + 91(T)) + (93(§2) — (€2, @) + 2(T))} < e.

By the Fenchel-Young inequality,

which along with Definition 2.101 of the conjugate and the preceding condi-
tions imply that

i,z —T) —d(x) +¢:i(T) <e, Vz eR", i=1,2,
that is, & € Og,¢:(Z) for ¢ = 1,2. Thus,
cd {€eR": ¢(§) < a+e/2} Ccl (0:01(T) 4 0:02(7)),

which implies € € cl (0-¢1(%) + 0-¢2(Z)) for every € > 0. As € € 9(¢p1 + ¢2)(Z)

was arbitrary,

(1 + 62)(®) C ) el (9:61(Z) + D-02(2)),

e>0
thus establishing the result. (]

Now if one goes back to the optimality condition 0 € 9¢(Z) in Theo-
rem 2.89, it gives an equivalent characterization to the point of minimizer
of the unconstrained problem (C'P,). So one will like to know then what the
condition 0 € J:¢(Z) implies. As it turns out, it leads to the concept of ap-
proximate optimality conditions, which we will deal with in one of the later
chapters. For now we simply state the result on approximate optimality for
the unconstrained convex programming problem (CP,).

Theorem 2.121 Consider a proper convex function ¢ : R* — R and lete > 0
be given. Then 0 € 0-¢(Z) if and only if

6(2) < inf olx)+e.

The point T is called an e-solution of (CP,).

In the above theorem we mentioned only one of the notions of approximate
solutions, namely the e-solution. But there are other approximate solution
concepts, as we shall see later in the book, some of which are motivated by
the Ekeland’s Variational Principle, Theorem 2.113.
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2.7 Epigraphical Properties of Conjugate Functions

With the study of conjugate function and e-subdifferential, we are now in a
position to present the relation of the epigraph of conjugate functions with the
e-subdifferentials of a convex function from Jeyakumar, Lee, and Dinh [68].
This relation plays an important part in the study of sequential optimality
conditions as we shall see in the chapter devoted to its study.

Theorem 2.122 Consider a proper lsc convex function ¢ : R™ — R and let
T € dom ¢. Then

epi ¢" = | J{(& (&, 7 — 6(z) +¢) : £ € 0:0(2)}.

e>0

Proof. Denote

F=|J{€1— (1) +e): £ € 0-0(2)}-

e>0

Suppose that (£, ) € epi ¢*, which implies ¢*(£) < a. By Definition 2.101 of
the conjugate function,

& z)—¢(x) <a, VreR"
Denoting ¢ = a — (£, ) + ¢(Z), the above inequality becomes
P(z) —d(x) = (&7)—0(@) —a
= (,z—-T)—¢, V2 eR",

which by Definition 2.109 of the e-subdifferential implies that £ € 0-¢(Z).
Therefore, (¢, a) € F. Because (£, ) € epi ¢* was arbitrary, epi ¢* C F.

Conversely, suppose that (£, «) € F, which implies there exists € > 0 and
Z € dom O0¢ with

£€0.9(x) and a=(T)—&(T)+e.
As € € 0-¢(z), by the definition of e-subdifferential,
¢(x) — ¢(z) 2 (§,x —T) —¢, Vo R,
which by the definition of conjugate function leads to
¢"(§) < (6,7) — o(7) + e = o

Thus, (£, ) € epi ¢*. Because (£, ) € F was arbitrary, epi ¢* D F, thereby
establishing the result. (|

Next we discuss the epigraphical conditions for the operations of the con-
jugate functions.
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Theorem 2.123 (i) (Sum Rule) Consider proper lsc convex functions
¢ R"—=R,i=1,2,...,m. Then

epi(p1 + do + ...+ dm)" = cl (epi ¢7 +epi 5+ ...+ epi ¢F).

(ii) (Supremum Rule) Consider a family of proper lsc conver functions
¢i : R* = R, i €I, where I is an arbitrary index set. Then

epi (sup ¢;)* = ¢l co U epi ¢;.
iel

i€l
(iii) Consider proper lsc convexr functions ¢; : R* — R, i = 1,2,...,m.
Define a wvector-valued convexr function ® : R"™ — R™, defined as

O(x) = (d1(x), p2(x), ..., ¢m(x)). Then

U epi (A®)*  is a convex cone.
AER™

(iv) Consider a proper lsc convex function ¢ : R™ — R. Then for every A > 0,
epi (Ap)* = X epi ¢*.

Proof. (i) As ¢;, i = 1,2,...,m are proper lsc convex functions, the condition
of Theorem 2.107 (ii) reduces to

(b1 + P2+ ...+ dm) =cl (¢; O ¢ O...0¢5,),
which implies

epi (p1+ G2+ ...+ ¢dm) =epicl (o] D5 0...0¢7,).

By Definition 1.11 of the closure of a function, the above condition becomes

epi (pr+da+...+dm)" =clepi (91 Dy 0...Odp),
which by Proposition 2.55 leads to the desired condition.
(ii) Theorem 2.107 (iv) along with Definition 2.57 of the closed convex hull of

a function implies that

epi (sup ¢;)* = epi cl co (inf ¢7) = ¢l co U epi ¢;,
il el il

thereby establishing the result.

(iii) Suppose that (£, a) € UAGRT (A®)*, which implies that there exists

X € R} such that (§,a) € epi (N'®)*. This along with Definition 2.101 of
the conjugate function leads to

(&,) — (ND)(2) < (VD) (§) <, V€ R,
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Multiplying throughout by any ~ > 0,
(v&, ) — (YN)®)(z) < ya, ¥V x € R,

where v\’ € R’'. Again, by the definition of conjugate function, the above
condition leads to

(YA)®)* (7€) < 7ar,

which implies that

V(& @) € epi (WN)®)* C ] epi (\®)*, V> 0.
/\ERZ_‘

Hence, UAGRT epi (AP)* is a cone.

Now consider (&;, ;) € UAERT epi (A®)*, i = 1,2, which implies there
exist \; € R such that (&, a;) € epi (\;®)* for i = 1,2. Therefore, by the
definition of conjugate function, for every x € R",

<fl,.’[> — ()\Z(I))((E) S (o7 L= ].,2
For any v € [0, 1], the above condition leads to
(L=m& +7&,7) — (NO)(2) < (1 —7)ar +yaz, Y2 R,
where A" = (1 —v)A1 + A2 € RY'. Therefore,

(V@) (1 = 7)1 +7E2) < (1 —7)ar +yaz,

which implies that

(1 =)&) + (&2, az) € epi (N®)* C | epi (AD)*, Vv € [0,1].
A€RT

Because (&,«;), @ = 1,2, were arbitrary, thus UAeRzp epi (A®)* is a convex
set.

iv) Suppose that (€,a) € epi (Ag)*, which implies that (A@)*(§) < a. As
A > 0, Proposition 2.103 (iii) leads to

(8 o
o (8)<2,

which implies € epi ¢*, that is, (§,a) € X epi ¢*. Because

£ a
AT
(&, a) € epi (\p)* was arbitrary, epi (Ap)* C Aepi ¢*. The reverse inclusion
can be obtained by following the steps backwards, thereby establishing the

result. O
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From the above theorem, for two proper lsc convex functions ¢; : R* — R,
1=1,2,

epi(p1 + ¢2)* = cl (epi @7 + epi ¢3).

In general, epi ¢7 + epi ¢5 need not be closed. But under certain additional
conditions, it can be shown that epi ¢] + epi ¢35 is closed. We present below
the result from Burachik and Jeyakumar [20] and Dinh, Goberna, Lépez, and
Son [32] to establish the same.

Proposition 2.124 Consider two proper lsc convex functions ¢; : R* — R,
i = 1,2, such that dom ¢ Ndom ¢o # 0. If cone(dom ¢1 — dom ¢2) is a
closed subspace or at least one of the functions is continuous at some point in
dom ¢1 Ndom ¢2, then epi ¢7 + epi @5 is closed.

Proof. As cone(dom ¢1 — dom ¢2) is a closed subspace, by Theorem 1.1 of
Attouch and Brézis [2] or Theorem 3.6 of Strémberg [107], the exact infimal
convolution holds, that is,

(1 + ¢2)" = ¢7 O ¢3.

The above condition along with Theorem 2.123 (i) leads to

cl (epi ¢1 + epi ¢3) = epi (¢1 + ¢2)* = epi (97 O ¢3) = epi @] + epi ¢3,

thereby yielding the result that epi ¢] + epi ¢35 is closed.
Suppose that ¢; is continuous at & € dom ¢1 N dom ¢, which yields

0 € core (dom ¢1 — dom ¢2).

This implies that cone (dom ¢1 —dom ¢2) is a closed subspace and thus leads
to the desired result. O

Note that the result gives only sufficient condition for the closedness of
ept ¢ + epi ¢5. The converse need not be true. For a better understanding,
we consider the following example from Burachik and Jeyakumar [20]. Let
$1 = 00,00) and @2 = §(_oo,0- Therefore,

epi @1 = epi 0jp,00) = R xRy and  epi @5 = epi 0(_oog) = Ry X Ry,

which leads to epi ¢7 + epi 5 = R x R4, a closed convex cone. Observe that
cone(dom ¢1 — dom ¢2) = [0,00), which is not a subspace, and also neither
¢1 nor ¢ are continuous at dom ¢ N dom ¢o = {0}. Thus, the condition,
ept ¢7 + epi @5 is closed, is a relaxed condition in comparison to the other
assumptions.

Using this closedness assumption, Burachik and Jeyakumar [21] obtained
an equivalence between the exact inf-convolution and e-subdifferential Sum
Rule, which we present next.
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Theorem 2.125 Consider two proper lsc convex functions ¢; : R — R,
i = 1,2, such that dom ¢1 Ndom ¢o # 0. Then the following are equivalent:

(i) (1 + ¢2)* = ¢7 O ¢35 with exact infimal convolution,

(i) For every e > 0 and every T € dom ¢1 Ndom ¢o,

O:(¢1 + ¢2)(7) = U (0, 91(Z) + 0, $2(2)).
€120, e2 20,
€1 +ex=¢

(iii) epi ¢ + epi ¢35 is closed,
Proof. (i) = (ii): The proof follows along the lines of Theorem 2.115.

(i) = (iii): Suppose that (§,7) € ¢l (epi ¢7 + epi ¢3). By Theorem 2.123 (i),
(&,7) € epi (1 + ¢2)*. Let T € dom ¢ Ndom ¢2. By Theorem 2.122, there
exists € > 0 such that

§€0(h1+¢2)(F) and v =(£7T) —(¢1+ h2)(T) +e.
By (ii), there exist ; > 0 and &; € 0, ¢:(Z), i = 1,2, such that
§=&+& and &=¢ +eo.

Define v; = (&, Z) — ¢;(Z) +¢;, i = 1,2. Then from Theorem 2.122, for i = 1, 2,
(&, i) € epi ¢F, which implies

(&7) = (&1,m) + (&2,72) € epi @] + epi ¢3,

thereby leading to (iii).

(iii) = (i): Suppose that there exists £ € R™ such that £ € dom (¢1 + ¢2)* (€).
Otherwise (i) holds trivially. By (iii),

epi (g1 + ¢2)" = cl (epi @7 + epi ¢3) = epi ¢] + epi ¢3,

which implies (&, (¢1 + @2)*(£)) € epi ¢F + epi ¢5. Thus for i = 1,2, there
exist (&;,7:) € epi ¢F such that

E=4+& and (¢ +d2)" =71 + 72,

which implies there exists £ € R™ such that

$1(§ — &) + 93(8) < (d1 + d2)" ($)-

Therefore,

(67 O 03)(§) < ¢1(€ = &) + ¢3(&) < (é1 + ¢2)"(€)-
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By Theorem 2.107 and (iii),

(@14 ¢2)"(€) =l (¢1 T ¢3)(&) < (97 U ¢32)(),

which along with the preceding condition leads to the exact infimal convolu-
tion, thereby establishing (i). O

Though it is obvious that under the closedness of epi ¢] + epi ¢35, one
can obtain the subdifferential Sum Rule by choosing € = 0 in (ii) of the above
theorem, we present a detailed version of the result from Burachik and Jeyaku-
mar [20]. Below is an alternative approach to the Sum Rule, Theorem 2.91.

Theorem 2.126 Consider two proper lsc convex functions ¢; : R® — R,
i = 1,2, such that dom ¢y Ndom ¢o # 0. If epi dF + epi @5 is closed, then

0(p1 + ¢2)(T) = 0¢1(T) + 092(Z), ¥V T € dom ¢1 N dom ¢s.
Proof. Let £ € dom ¢1 Ndom ¢5. It is easy to observe that
(1 + ¢2)(2) D 0¢1(Z) + 02 (7).

To prove the result, we shall prove the converse inclusion. Suppose that
¢ € 9(¢1 + ¢2)(Z). By Theorem 2.108,

(61 + ¢2)"(€) + (o1 + $2)(2) = (£, 7).
Therefore, the above condition along with the given hypothesis
(& (6, T) = (¢1 + ¢2)(T)) € epi (¢1 + ¢2)" = epi ] + epi §3,
which implies that there exist (&;,7v;) € epi ¢}, i = 1,2, such that
§=&6+& and () — (f1+ ) (@) =1+ 72

Also, as (&,7:) € epi ¢f, i = 1,2, which along with the above conditions lead
to

$1(61) + 93(82) < (€, 7) — (D1 + ¢2)(T) = (61, 7) + (€2, 7) — 61(T) — $2(T).

By the Fenchel-Young inequality, Proposition 2.103 (iv),
1 (&) + D5(&) > (&1, 7) + (&2, T) — h1(T) — P2(T),

which together with the preceding inequality leads to

$1(81) + 92(82) = (€1, T) + (§2,T) — ¢1(T) — Pa(T).

Again by the Fenchel-Young inequality and the above equation,

P1(&1) + 1(Z) — (&1, 7) = (£2,T) — d2(T) — 95(&2) <0,
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which by Theorem 2.108 yields & € 0¢1(Z). Along similar lines it can be
obtained that & € 0¢2(Z). Thus,

£ =861+ & € 001(7) + 092(T),
which implies that
(P14 ¢2)(2) C 91(Z) + 0¢2(2),

thereby leading to the desired result. (|

We end this chapter with an application of Theorem 2.126 to provide an
alternative assumption to establish equality in Proposition 2.39 (i).

Corollary 2.127 Consider conver sets Fy, Fy C R™ such that Fy N Fy # ().
If epi o, + epi o, is closed, then

Np,np, (%) = Np, (Z) + Ng, (T), VT € F1 N F.
Proof. We know that for any convex set /' C R", §7 = op. Thus the condition
epi op, +epi op, s closed
is equivalent to
epi 0p, +epi 0, s closed.
As the condition for Theorem 2.126 to hold is satisfied,
A0, + 0F,)(T) = 00p, (T) + 0O, (T), T € dom 6, Ndom Op,.

Because dp, + dp, = 0r,nF,, the above equality condition along with the fact
that for any convex set F' C R™, 00 = Np, yields the desired result, that is,

Ng,nr, (%) = Np, (%) + Ng,(z), VT € F1 N Fy. O



Chapter 3

Basic Optimality Conditions Using
the Normal Cone

3.1 Introduction
Recall the convex optimization problem presented in Chapter 1
min f(z) subject to € C, (CP)

where f : R™ — R is a convex function and C' C R" is a convex set. It is nat-
ural to think that f’(x,h) and Jf(z) will play a major role in the process of
establishing the optimality conditions as these objects have been successful in
overcoming the difficulty posed by the absence of a derivative. In this chapter
we will not bother ourselves with extended-valued function but such a frame-
work can be easily adapted into the current framework. But use of extended-
valued convex functions might appear while doing some of the proofs, as one
will need to use the calculus rules for subdifferentials like the Sum Rule or the
Chain Rule. To begin our discussion more formally, we right away state the
following basic result.

Theorem 3.1 Consider the convex optimization problem (CP). Then T is a
point of minimizer of (CP) if and only if either of two conditions hold:

(i) f'(z,d) >0, VdeTc(z) or,
(i) 0 € 0f(Z) + Neo(T).
Proof. (i) As z € C and C is a convex set,
T+ANzx—-Z)eCVzxzel VAel01].
Also, as T is a point of minimizer of (C'P), then for every z € C
f@+XMzx—2) > f(z), YIe[0,1].

Therefore,

L0 A
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which implies
f(Z,z—2z)>0,Vzel.

By Theorem 2.76, the directional derivative is sublinear in the direction and
thus

f(z,d) >0, Vde cl cone(C — ).

By Theorem 2.35, T (Z) = ¢l cone(C — Z) and therefore, the above inequality
becomes

f(#,d) >0,V decTo(z).

Conversely, suppose condition (i) holds. As f : R" — R, applying Propo-
sition 2.83 and Theorem 2.79, for any d € R™ there exists £ € Jf(Z) such
that

(€.d) = f'(z,d).

For every z € C, x — & € Tc(Z). Therefore, the convexity of f along with the
above condition and condition (i) implies that for every z € C, there exists
& € 0f(Z) such that

f(l’)—f(.’f)2<f,x—f>207 VZL'GC,

thereby proving that Z is the point of minimizer of f over C.

(ii) As Z is a point of minimizer of f over C, we have that Z also solves the
problem

min (f +dc)(z)-

Hence, by the optimality conditions for the unconstrained optimization prob-
lem, Theorem 2.89,

0€d(f+dc)(Z).
Because T € dom d¢, by Proposition 2.14, ri dom §c = ri C is nonempty.
Also i dom f = R™ and hence ri dom fNri dom §c # (). Now using the Sum
Rule, Theorem 2.91,
0€0f(Z)+ doc(T),
which by the fact that dd¢c(z) = Ne(x) leads to

0€df(z)+ Ne(z).
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Conversely, suppose that condition (ii) is satisfied, which means that there
exists £ € Of(Z) such that —¢ € N¢(), that is,

&z—7)>0, Vzel.
Therefore by the convexity of f, which along with the above inequality yields
f(z) > f(z), Vz e,
thereby leading to the desired result. |
By condition (ii) of the above theorem, there exists & € f(Z) such that
(=&, z) < (=¢,7), VaeC.

As T € C, the above condition yields that the support function to the set C
at —¢ is given by

O'C(_f) = _<£7 "E>

Thus, condition (ii) is equivalent to the above condition.
Again, by condition (ii) of Theorem 3.1, there exists £ € Jf(z) such that
—& € N¢(Z), which can be equivalently expressed as

(Z—af)—Z,2—2)<0,Vzel, ¥Va>0.
Therefore, by Proposition 2.52, condition (ii) is equivalent to
Z =projo(z — af), Va>0.
We state the above discussion as the following result.

Theorem 3.2 Consider the convex optimization problem (CP). Then T is a
point of minimizer of (CP) if and only if there exists £ € Of(T) such that

either oc(—=€)=—(§,Z) or T =projc(—af), Va>0.

3.2 Slater Constraint Qualification

Now consider the case where C' is represented only through convex inequality
constraints. Observe that the equality affine constraints of the form

hi(z) =0, j=1,2,...,1,

where h; : R" = R, j =1,2,...,1, are affine functions can also be expressed
in the convex inequality form as

h.](ir) SO? j:172,...,l7
—hj(z) <0, j=1,2,...,1
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Thus, we define
C={zeR":¢(x)<0,i=1,2,...,m}, (3.1)

where g; : R® - R, ¢ = 1,2,...,m, are convex functions. In practice, this
is most often the case. In order to write an explicit optimality condition we
need to compute N (Z) and express it in terms of the constraint functions
gi, © = 1,2,...,m. So how do we do that? In this respect, we present the
following result.

Proposition 3.3 Consider the set C as in (3.1). Assume that the active index
set at T, that is,

I(z)={ie{l,2,...,m}:g/(%) =0}

is nonempty. Let the Slater constraint qualification hold, that is, there exists
Z € R™ such that g;(%) <0, fori=1,2,...,m. Then

Ne(@) =14 Y MN&eER™: & €dgi(x), \i >0, i€ 1(z)
i€l(z)
In order to prove the above proposition, we need to do a bit of work, which

we will do step by step. Denote the set on the right-hand side of the equality
by

S@) =4 > N&GER":&€dgi(), \i 20, i€ I(T) ;. (3.2)
i€l (z)
One might get curious as to what are these \;, i = 1,2,...,m, in the expres-

sion of the elements of S (Z). These are the Lagrange multipliers, vital stuff in
optimization and that we need to discuss more in detail. In order to establish
Proposition 3.3, that is, No(Z) = S(z), we will prove that S(Z) is a closed
convex cone for which we need the following lemma whose proof is as given in
van Tiel [110].

Proposition 3.4 Consider a nonempty compact set A C R™ with 0 € A. Let
K be the cone generated by A, that is,

K =coneA={dacR": A >0, a € A}
Then K is a closed set.

Proof. Consider a sequence {z;} C K such that x; — &. To prove the result,
we need to show that Z € K. As z, € K, there exist \y; > 0 and a; € A
such that x; = Apay for every k. Because A is compact, {a”} is a bounded
sequence. By the Bolzano—Weierstrass Theorem, Proposition 1.3, {ax} has a
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convergent subsequence. Thus, without loss of generality, let a — a and as
A is closed, a € A. Because 0 € A, it is simple to observe that there exists
a > 0 such that ||a|| > « for every a € A. Hence,

[ Al
[l

As Agar, — Z, | M\gak| is bounded, thereby implying that {\;} is a bounded
sequence, that by the Bolzano—Weierstrass Theorem, Proposition 1.3, has a
convergent subsequence. Without loss of generality, assume that Ay, — A. This
shows that

1
Akl = < — [l Awaxl-
(0%

T = ApaQp — Xa as k— +oo.
By the assumption x; — & and as the limit is unique, Ai = 7. Hence 7 € K,
thereby establishing the result. O
We will now show that the set S(Z) is a closed convex cone. This fact will

play a major role in the proof of Proposition 3.3.

Lemma 3.5 Assume that 1(Z) is nonempty and the Slater constraint quali-
fication holds. Then the set S(Z) given by (3.2) is a closed convez cone.

Proof. Observe that §(:f) is a cone. To prove the convexity of S( ), let
v1,v9(# 0) € §(). Then V) = D ier@ M T¢J where X > 0 and & € dg,(z),
1€ I(z) for j =1,2. As §(i) is a cone, to show that it is convex, by Theo-
rem 2.20 we just have to show that vy + vy € S(). Consider

> (N + )

i€l (z)

) (/\114—/\?){)\1_”\251 A1+A2£2}

i€l (z)

V1 + Vo

Because 0g;(Z) is a convex set,

AL A2
/\1+>\2£ +)\1+)\2§ € 09:(2).

Hence, vy + vy € S(Z).
Finally, we have to show that S(Z) is closed. Consider the function

g(w) = max{gi(x), g2(x),...,gm(®)}.

Moreover, as I(Z) is nonempty, g(Z) = 0 with J(Z) = I(Z), where

J()={ie{1,2,...,m} : gi(2) = g(2)}.
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Further, from the Max-Function Rule, Theorem 2.96,
99(Z) = co U 0g;(z) | . (3.3)

We claim that S(z) = cone(dg(z)), that is,
S(Z) ={Ae€R": A>0, £ € dg()}. (3.4)

But before showing that S (Z) is given as above and applying Proposition 3.4
to conclude that §(i‘) is closed, we first need to show that 0 & dg(Z).

As the Slater constraint qualification holds, there exists & such that
gi(%) <0 for every i = 1,2,...,m. Hence g(£) < 0. By the convexity of
9,

(62— 1) < g(2) —g(z), V £ € 0g().
Because J(Z) = I(Z) is nonempty, for every & € 9g(Z),
&2 —17) <0.

As & # &, it is clear that 0 ¢ Jg(Z). Otherwise, if 0 € dg(Z), the above inequal-
ity will be violated. Hence, observe that 0 & dg;(Z) for every i € J(Z) = I(Z).
Because S(Z) is a cone, 0 € S(Z). For A =0,

0e{XeR": A>0, £€dg(T)}.
Consider v € §(z) with v # 0. We will show that

veE{AER:A>0, £ €dg(T)}.
As v € S(z), there exist A; > 0 and & € dg;(z), i € I(Z) such that
V=3 icr(z) Ni&i- Because v # 0 and 0 ¢ 0g;(2) for all i € I(2), it is clear that

all the A;, ¢ € I(Z) cannot be simultaneously zero and hence 3, ;) Ai > 0.

Let o =3,z Ai and thus 3°, ;) Ai/a = 1. Therefore,

1 Ai _
P Z Eﬁz‘ €co U 99:(z) |
i€I1(x) 1€1(x)
which by (3.3) implies that v € a dg(Z). Hence,
S(z) C{AER : A >0, £ € dg()}.

Conversely, consider v € {A{ € R" : A > 0, £ € 9¢(z)} with v # 0.



3.2 Slater Constraint Qualification 149

Therefore, v = A for some A > 0, € € dg(Z). The condition (3.3) yields that
there exist p; > 0 and & € 9g;(Z) for i € I(Z) such that

£= Z pi&i
i€I(Z)
with >°,c ) i = 1. Therefore,
v= )0 b= Y X
icI(z) icI(z)

where X, = Au; > 0 for ¢ € I(z). Hence, v € S(Z). Because v was arbitrary,
(3.4) holds, which along with the fact that 0 ¢ dg(z) and Proposition 3.4
yields that S(z) is closed. O

Remark 3.6 It may be noted here that S (Z) is proved to be closed under
the Slater constraint qualification, which is equivalent to

0¢co U 0g;(Z)
1€I(z)

This observation was made by Wolkowicz [112]. In the absence of such condi-
tions, S(Z) need not be closed.

Now we turn to establish Proposition 3.3 according to which, if the Slater
constraint qualification holds, then

Ne(z) = 8(z).

Proof of Proposition 3.3. First we will prove that S(z) C N¢(z). Consider
any v € S(Z). Thus, there exist A; > 0 and &; € 9¢;(Z) for ¢ € I(Z) such that
v = Ziel(j A:&;. Hence, for any x € C,

(v,x —T) Z Ai(&i, @
i€1(x)
By the convexity of g;, i € I(Z),
(&, x—T) < gi(z)—g:(T) <0,V elC.

Thus (v,z — Z) < 0 for every x € C, thereby showing that v € Na(Z).

Conversely, suppose that v € No(Z). We have to show that v € S(Z). On
the contrary, assume that v & S(z). As S(Z) is a closed convex cone, by the
strict separation theorem, Theorem 2.26 (iii), there exists w € R™ with w # 0
such that

(w,€) <0< (w,v), V&€ 5(z).
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As S(z) = cone co (Uiel(f) 891-(:1?))7 for each i € I(Z), (w,&;) < 0 for every
& € 0g;(Z), which along with Theorem 2.79 yields
gi(Z,w) <0, Viel(z). (3.5)
Define
K={ueR":g(z,u) <0, Viel(z)}.

Our first step is to show that K is nonempty. By the Slater constraint qual-
ification, there exists & such that ¢;(Z) < 0 for every i = 1,2,...,m, and
corresponding to that &, set u = & — Z. By the convexity of each g; and
Theorem 2.79,

g;(i‘7@ - i’) < gi(i') - gi(‘f% Vie I(.’Z‘),
which implies
gi(z,2 —7) <0, Viel(r).

Hence, & — ¥ € K, thereby showing that K is nonempty. Observe that for any
u € K, there exists A > 0 sufficiently small such that g;(Z + Au) < 0 for all
i=1,2,...,m, which implies Z + Au € C. Therefore,

u € %(C —Z) C cone(C — ) C cl cone(C — ).

By Theorem 2.35, v € Te(Z). Because Te(Z) is closed, ¢l K C Te(Z). Also,
as K is nonempty, it is simple to show that

d K={ueR":gl(z,u) <0, Viel(z)}.

By (3.5), w € ¢l K and hence, w € Tc(Z). As v € Ne(Z), (v, w) <0, thereby
contradicting the fact that (v,w) > 0 and thus establishing the result. ]

Recall condition (ii) from Theorem 3.1, that is,
0€9f(z) + Nc(z).

By combining it with Proposition 3.3, we can conclude that under the Slater
constraint qualification, Z is a point of minimizer of the convex programming
problem (C'P) with C given by (3.1) if and only if there exists A € R’ such
that

0€df(@)+ Y Ndgi(x).

icl(z)

Setting \; = 0 for i & I(), the above expression can be rewritten as

0e 8f(3?) + Z 5\1891(@) and j\igi(if) =0,7=1,2,...,m.

i=1
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The above two expressions form the celebrated Karush—-Kuhn—Tucker (KKT)
optimality conditions for the convex programming problem (CP) with C' given
by (3.1). The vector A € R is called a Lagrange multiplier or a Karush—Kuhn-
Tucker (KKT) multiplier. The second condition is known as the complemen-
tary slackness condition.

Now suppose that the KKT optimality conditions are satisfied. Then there
exist & € 0f(Z) and &; € D¢;(Z), i =1,2,...,m, such that

0=2¢& + Z i (3.6)

i=1

Therefore, by the convexity of f and g;, i =1,2,...,m, for every x € R",

f(x)ff(:f) Z <£0”J;7f>,
gi(x) —gi(Z) > (&,x—T), i=1,2,...,m.

The above inequalities along with (3.6) yields that for every z € R™,

m m

flx)—f(z) JFZ)\i(gi(x) —gi(2)) = (§o,z — T) +Z>\i<§i,$*f> =0. (3.7)

i=1 =1

The above inequality holds, in particular, for z € C C R™. Invoking the
complementary slackness condition along with the feasibility of z € C|, the
condition (3.7) reduces to

flx) > f(z), VaeC.

Thus, Z is a point of minimizer of (CP).
This discussion can be summed up in the form of the following theorem.

Theorem 3.7 Consider the convex programming problem (CP) with C given
by (3.1). Assume that the Slater constraint qualification holds. Then T is a
point of minimizer of (CP) if and only if there exist \; >0, i =1,2,...,m,
such that

0€0f()+ Y Ndgi(z) and Xigi(z) =0, i=1,2,....m.
=1

It is obvious that the computation of the normal cone in Proposition 3.3
plays a major role in the derivation of the KKT optimality conditions. What
is shown by the computation of the normal cone in Proposition 3.3 is that the
Lagrange multipliers are not just auxiliary multipliers that help us convert a
constrained problem into a unconstrained one but are related to the geometry
of the feasible set.
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Remark 3.8 In Proposition 3.3, we have seen how to compute the normal
cone when the convex inequality constraints need not be smooth. Now if g;,
i=1,2,...,m, are differentiable and the Slater constraint qualification holds,
then from Proposition 3.3

Ne(@) ={veR": Y \Vg(®), \i >0, Vie (@)} (3.8)
iel(z)
This can be actually computed easily. Note that v € No(Z) if Z is a point of
minimizer of the problem

min — (v,x) subject to g;(z) <0, i=1,2,...,m.

As the Slater condition holds, by Theorem 3.7 there exist \; > 0,
i=1,2,...,m, such that

—v + Z >\1Vgl(sf) =0.
i=1
By the complementary slackness condition, A\; = 0, i ¢ I(Z); thus the above
relation becomes

—v + Z szgz(f) =0.
icl(z)

Hence, any v € N¢o(Z) belongs to the set on the right-hand side. One can
simply check that any element on the right-hand side is also an element in the
normal cone. From (3.8), it is simple to see that N¢(Z) is a finitely generated
cone with {Vg;(z) : i € I(Z)} being the set of generators. Thus, N¢(Z) is
polyhedral when the g;, ¢« = 1,2,...,m, are differentiable and the Slater
constraint qualification holds.

Is the normal cone also polyhedral if the Slater constraint qualification
holds but the constraint functions g;, ¢ = 1,2,...,m, are not be differen-
tiable? What is seen from Proposition 3.3 is that in the case nondifferentiable
constraints, No(Z) can be represented as

Ne(@) = { > N&GER": X\ >0, & € gi(7), i € I(7)}
i€l (z)
= U D M&er x>0, icl(@),
§i€0g:(z) i€l(z)
that is, the union of a family of polyhedral cones.

We will now show by an example that even though N¢(Z) is a union of a
family of polyhedral cones, it itself need not be polyhedral. Consider the set
C C R? given as

C={reR®:/z}+12} < 23, 23 <O}
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FIGURE 3.1: N¢(Z) is not polyhedral.

It is clear that C' is described by the constraints

\/ 22+ 23+ w3

<
r3 <

Each of these are convex functions. It is simple to see that the Slater condition
holds. Just take the point & = (0,0, —1). It is also simple to see that the first
constraint is not differentiable at & = (0,0,0). However, from the geometry,
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Figure 3.1, it is simple to observe that

Ne(Z) = {v € R3: /v} +v3 < wg, v3 >0}

It is easy to observe that this cone, which is also known as the second-order
cone, is not polyhedral as it has an infinite number of generators and hence is
not finitely generated.

3.3 Abadie Constraint Qualification

From the previous section it is obvious that to derive the KKT conditions an
important feature is that the Slater constraint qualification is satisfied. But
what happens if the Slater constraint qualification is not satisfied? Is there
any other route to derive the KKT conditions? In this direction, we introduce
what is known as the Abadie constraint qualification. Consider the problem
(CP) with C given by (3.1), that is

C={xeR":g(x)<0,i=1,2,...,m}

where ¢;, i = 1,2,...,m, are convex functions. Then the Abadie constraint
qualification is said to hold at z € C' if

To(z) ={veR": ¢g\(z,v) <0, Viel(z)}

As C'is convex, (Tc (7)) = No(Z) and the expression (ii) in Theorem 3.1 can
be written as

0 € 0f (@) + (Te())".
If the Abadie constraint qualification holds, we can compute the No(Z) as
Ne(@) = (S(2))°,
where (S(2))° denotes the polar cone of the cone
S(z)={veR":g(z,v) <0, Viel(z)}
It can be easily verified that S(Z) is a closed convex cone. Also observe that
To(z) c {veR": gj(z,v) <0, VieI(z)}

is always satisfied. So one may simply consider the reverse inclusion as the

Abadie constraint qualification. We will now compute (S(Z))”. But before
we do that, let us convince ourselves through an example that the Abadie
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constraint qualification can hold even if the Slater constraint qualification
fails. Consider

C={zxeR:|z| <0, z <0}.

Here, g1(x) = |z|, g2(z) = x and of course C' = {0}. Let us set & = 0. This
shows that T¢(Z) = {0}. Further, because both constraints are active at ,

S(@) = {veR:g(z,0) <0, g5(7,0) <0}
= {veR:gi(z,v) <0, (Vga(),v) <0}
= {veR: |y <0, v<0}
= {0}

Hence Te(Z) = S(Z), showing that the Abadie constraint qualification holds
while it is clear that the Slater constraint qualification does not hold.
Now we present the following result.

Proposition 3.9 (5(z))° = d S(z).

Proof. From the relation (3.2),

S@) =9 > A& \i>0, &€ dgi(@), i € ()

i€l (z)

is a convex cone from Lemma 3.5. Recall from the proof of Lemma 3.5 that
S(Z) was shown to be closed under the Slater constraint qualification. In the
absence of the Slater constraint qualification, 5 (Z) need not be closed. First
we show that ¢l 5(z) C (S(z))°. Consider any v € S(z), which implies there
exist A; > 0 and &; € Jg;(z) for i € I(Z) such that v =}, ;) Ai&;. Consider
any element w € S(z), that is, ¢;(Z,w) < 0 for ¢ € I(Z). Hence for every
1 € 1(Z), by Theorem 2.79, (§;,w) < 0 for every &; € 9¢g;(Z), which implies

i€I(z)

that is, (v,w) < 0. Because w € S(Z) was arbitrarily chosen, S(z) C (S(z))°,
which by closedness of (S(z))° leads to ¢l §(z) C (5(z))°.

To complete the proof, we will establish the reverse inclusion, that is,
(S(z))° C el S(z). On the contrary, assume that (S(z))° ¢ ¢l S(z), which
implies there exists w € (S(z))° and w ¢ ¢l S(z). As cl §(a‘c) is a closed convex

cone, by the strict separation theorem, Theorem 2.26 (iii), there exists v € R"
with v # 0 such that

sup  (v,§) < (v, w).
tecl 8(z)
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Because 0 € cl 5(z), (v,w) > 0. We claim that v € (cI §(z))°, that is,
(v,€) <0 for every & € ¢l S(z). If v & (cl S(z))°, then there exists £ € cl S(z)
such that (v,€) > 0. For every A > 0, A(v,&) = (v, A£) > 0. Because cl 5(z)
is a cone, A € cl §(5c) for A > 0, which means that as A becomes sufficiently
large, the inequality

(v, AE) < (v, w)

will be violated. Thus, v € (cl S(Z))°. Further, observe that for i € I(z),
& € S(z), where & € 9g;(Z). Therefore, (v,&;) < 0 for every & € dg:(Z),
i € I(Z), which implies that g.(Z,v) < 0 for every ¢ € I(Z). This shows that
v € S(z) and therefore, (v,w) < 0 because w € (S(z))°. This leads to a
contradiction, thereby establishing the result. O

The result below presents the KKT optimality conditions under the Abadie
constraint qualification.

Theorem 3.10 Consider the convex programming problem (CP) with C
given by (3.1). Let T be a point of minimizer of (CP) and assume that the
Abadie constraint qualification holds at T. Then

0€df(z)+c 5(x). (3.9)

Conversely, if (3.9) holds for some T € R™, then T is a point of minimizer of
(CP). Moreover, the standard KKT optimality conditions hold at T if either

-~

S(z) is closed or the functions g;, i € 1(Z), are smooth functions.

Proof. If the Abadie constraint qualification holds at Z, then using Proposi-
tion 3.9, the relation (3.9) holds.

Conversely, suppose that (3.9) holds at Z. By the convexity of g;, ¢ € I(Z),
for every &; € 0g;(T),

&,z —T) < gi(x) —g:(Z) <0, Vx e C.

For every v € S(Z), there exist A; > 0 and & € 9g;(z) for i € I(z) such that
v = Ziel(i,) Ai&;. Therefore, by the above inequality,

(v,x —Z) = Z (MN&i,x—T) <0, Ve,
i€l(x)

which implies v € N¢ (). Thus S(Z) € Ne(Z), which along with the fact that
Ne(Z) is closed implies that ¢l S(Z) C N¢(Z). Therefore, (3.9) yields

0 € 8f(Z) + N (z)

and hence, by Theorem 3.1 (ii), Z is a point of minimizer of the convex pro-
gramming problem (CP).
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If g;, i € I(Z), are smooth,

S@) =3 Y ANVg(@) eR: N >0, i € I(7)
i€I(x)

Thus, S (Z) is a finitely generated cone and hence is closed. Therefore, it is
clear that when either S(z) is closed or g;, i € I(Z) are smooth functions,
then under the Abadie constraint qualification, the standard KKT conditions
are satisfied. |

3.4 Convex Problems with Abstract Constraints

After studying the convex programming problem involving only inequality
constraints, in this section we turn our attention to a slightly modified version
of (C'P), which we denote as (CP1) given as

min f(x)
subject to g;(x) <0,i=1,2,...,m, (CP1)
z e X,

where we have the additional abstract constraint x € X with X as a closed
convex subset of R™. The question is how to write down the KKT conditions
for the problem (C'P1).

Theorem 3.11 Let us consider the problem (CP1). Assume the Slater-type
constraint qualification, that is, there exists & € ri X such that g;(Z) < 0 for
i=1,2,...,m. Then the KKT optimality conditions are necessary as well as
sufficient at a point of minimizer T of (CP1) and are given as

0€df(z +ngz )+ Nx(z) and Ngi(z)=0, i=1,2...,m.

Proof. The problem (CP1) can be written as
min f(x) subjectto xzeCNX,

where C is given by (3.1). Thus if Z is a point of minimizer of (CP1), then Z
solves the unconstrained problem

mm(f—f—écmx)( ),

rE€R

that is, T solves

min (f +dc + dx)(2)-
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By the optimality condition for unconstrained problem, Theorem 2.89,
0€9(f+0dc+dx)(@).

The fact that ri dom f = R™ along with the Slater-type constraint qualifica-
tion and Propositions 2.15 and 2.67 imply that & € ri dom f Nri C N ri X. In-
voking the Sum Rule, Theorem 2.91, along with the facts that 96¢(Z) = N (Z)
and 90x(Z) = Nx(Z), the above relation leads to

0e 8f(f) + Nc(i') + Nx(f)

The Slater-type constraint qualification implies the Slater constraint qualifi-
cation which along with Proposition 3.3 yields

Ne(@) ={ ) Xdgi(z): X >0, i € I(z)}.
iel(z)

By choosing A\; = 0, ¢ ¢ I(Z), the desired KKT optimality conditions are
obtained.

Conversely, by the optimality condition, there exist & € Jf(Z) and
& € 0g;(z),i=1,2...,m, such that

—&o — Z Aiki € Nx (),
i=1

that is,
Cox—2)+ Y (N —3) >0, Vo eX.
i=1
The convexity of f and g;, ¢ = 1,2,...,m, along with the above condition
leads to

f(z) = f(Z) "‘Z)\igi(x) — Z/\igi(i‘) >0,VzecX.

In particular, for any x € C, the above inequality reduces to

flx) > f(z), VaeX,

thereby establishing that Z is a point of minimizer of (CP1). (]
Next consider the problem
min f(z)
subject to z € C' = {z € R": Az = b}, (CP2)

where A is a m X n matrix and b € R™. It is clear that C is a polyhedron.
Further, a point Z € C is a point of minimizer of f over C if and only if

0€df(z)+ Ne(z).



3.5 Maz-Function Approach 159
If v € No(Z), then Z solves the following smooth problem

min  — (v, x)
subject to  Ax =b.

As the constraints are affine, the KKT optimality conditions for this problem
automatically hold, that is, there exists A € R™ such that

—v+ ATN=0,
that is, v = AT X. Therefore,
Nc(i‘):{UE]R":v:AT/\, AER™}.
Hence, the optimality condition is that there exists A € R™ such that
—ATXx e of(z).

Using the convexity of f, the above relation implies that Z is a point of mini-
mizer of (C'P2). This discussion can be stated as the following theorem.

Theorem 3.12 Consider the problem (CP2). Then T is a point of minimizer
of (CP2) if and only if there exists X\ € R™ such that

—ATX € 0f(2).

3.5 Max-Function Approach

Until now the convex programming problems were tackled without modifying
the constraint sets. But every convex programming problem can be expressed
as nonsmooth convex programming with a lesser number of constraints. Con-
sider the problem (C'P) where C is given by (3.1), that is, convex inequality
constraints. Assume that the objective function f and the constraints func-

tions ¢;, ¢ = 1,2,...,m, are convex and smooth. Then (C'P) can be equiva-
lently posed as a problem with only one constraint, which is given as
min f(z) subject to g(x) <0, (CP.y)

where g : R™ — R™ is defined as

g(x) = max{gi(z), g2(x), - - -, gm (2)}-

Hence ¢ is intrinsically nonsmooth. We would like to invite the reader to
deduce the optimality condition of the problem (CP) using (CP.). It is clear
that one needs to use the Max-Function Rule, Theorem 2.96, for evaluating
the subdifferential of the max-function. Thus, at a very fundamental level,
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every convex programming problem (smooth or nonsmooth) is a nonsmooth
convex programming problem.

The Max-Function Rule is also in some sense very fundamental to convex
programming problems as can be seen in the result below. In the following
result, we derive the KKT optimality conditions for the convex programming
problem (C'P) with C given by (3.1) using the max-function approach.

Theorem 3.13 Consider the convex programming problem (CP) with C
given by (3.1). Assume that the Slater constraint qualification holds. Then T is
a point of minimizer of (CP) if and only if there exist \; >0, i =1,2,...,m,
such that

0€0f(@)+ Y Ndgi(z) and  Xigi(z) =0, i=1,2,...,m.
Proof. As Z is a point of minimizer of (C'P), it also solves the unconstrained
problem
min F(z) subject to x€R",

where F'(x) = max{f(z) — f(Z),91(x),g2(x),..., gm(x)}. Then by the uncon-
strained optimality condition, Theorem 2.89,

0 € OF (Z).
Applying the Max-Function Rule, Theorem 2.96,

0€co{df(z)U( U d9:(7))},

1€I(z)
where I(Z) is the active index set at Z. Therefore, there exists A; > 0,
i € {0} UI(z) satisfying 3, c royur(z) Ai = 1 such that
0€X0f(Z)+ Y Xidgi(z). (3.10)
i€1(z)

We claim that A\g # 0. On the contrary, assume that Ay = 0. Thus, the above
inclusion reduces to

)
that is, there exists & € 9g;(Z) such that

0= > N (3.11)

icl(z)
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By the convexity of ¢;, ¢ € I(Z),
9i(x) = gi(x) — 9i(%) = (&, — &), Vo eR", i € I(z),
which along with (3.11) implies that
> Xigi(z) 20, Vz € R™
icl(z)

As the Slater constraint qualification holds, there exists & € R™ such that
gi(%) <0, i=1,2,...,m. Thus,

i€I(Z)

which is a contradiction of the preceding inequality. Therefore, Ay # 0 and
hence dividing (3.10) throughout by ¢ yields

0€df(@)+ Y Xidgi(x),

i€1(x)

5 Ao _ % . _ .

where \; = Sk € I(z). Taking \; = 0, i € I(Z), the above condition
0

becomes

0€0f(z)+ Y Ndgi(2),
=1

that is, the KKT optimality condition. It is easy to observe that

Xigi(T)=0,i=1,2,...,m,

thus yielding the desired conditions. The sufficiency part can be worked out
using the convexity of the functions, as done in the previous KKT optimality
theorems. ]

3.6 Cone-Constrained Convex Programming

A convex optimization problem can be posed in a more general format. Con-
sider a nonempty closed convex cone S C R™. Then consider the problem

min f(z) subject to G(z)€ =S5, (cer)

where f : R® — R is a convex function and G : R® — R™ is a S-convex
function; that is, for any z,y € R™ and A € [0, 1],

(1=XNG(z)+ M \G(y) —G((1 =Nz + Ay) € S.
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In particular, if S = R, then the above problem reduces to (C'P) with C
given by (3.1). If § = R%. x {0},,,—s, then (CCP) reduces to a convex problem
with both inequality and equality constraints. If S is not these two cones, then
(CCP) is called a cone-constrained problem. We will now derive optimality
conditions for a slightly more general problem that has an added abstract
constraint. Consider the problem

min f(z) subject to G(z)€ =S, z € X, (ccri)

where X C R” is a nonempty closed convex set. There are many ways to
approach this problem. Here we demonstrate one approach. Define

C={xeR":G(x) e -S}.

As S and X are nonempty convex sets, by Proposition 2.14, ri .S and ri X are
both nonempty. Assume that the Slater-type constraint qualification holds,
that is, there exist & € ri X such that G(&) € —ri S. The most natural
approach is to observe that if Z solves (CCP1), then & is also a point of
minimizer of the unconstrained problem

min (f 4+ dcnx)(z) subject to xz € R"™.
This is equivalent to the problem
min (f + d¢ + 0x)(x).

As dom f = R"™, which along with the Slater-type constraint qualification im-
plies that & € ri dom f N ri C' N ri X. Invoking the Sum Rule, Theorem 2.91,

0€0f(z)+ doc(T) + 00x ().
and thus,
0e 8f(50) + Nc<.’f) + Nx(i‘>

So our main concern now is to explicitly compute N (Z). How does one do
that? We have already observed that it is not so straightforward to compute
the normal cone when the inequality constraints are not smooth. Let us now
mention that in this case also we do not consider G to be differentiable. Thus
we shall now introduce the notion of a subdifferential of a cone convex function.
As G is a S-convex function, we call an m X n matrix A to be a subgradient
of G at x € R™

Gly) —G(z) —Aly—=x) e S, Vy e R"™.
Then the subdifferential of the cone convex function G at x is given as
OG(x) ={AeR™" :Gly) —Gx)—Aly—z) € S, Vy e R"}.

The important question is whether the set G (x) is nonempty.
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It was shown, for example, in Luc, Tan, and Tinh [78] that if G is an
S-convex function, then G is continuous on R”™. Further, G is also a locally
Lipschitz function on R"™; that is, for any xy € R”, there exists a neighborhood
N (zg) of o such that there exists L,, > 0 satisfying

1G(y) = G(@)|| < Laylly — 2, ¥ 2,y € N(xo).

Observe that L,, depends on the chosen zp and is also called the Lipschitz
constant at xg. Also, note that a locally Lipschitz vector function need not
be differentiable everywhere. For a locally Lipschitz function G, the Clarke
Jacobian of G at x is given as follows,

0cG(z) = co {A eR™": A= lim JG(zy) where z, — x, x) € D},

k—oo

where D is the set of points on R™ at which G is differentiable and JG(y) de-
notes the Jacobian of G at y. In fact, there is a famous theorem of Rademacher
that says that R™\D is a set of Lebesgue measure zero. The set dcG(x) # 0
for all z € R™ and is convex and compact. For more details on the Clarke
Jacobian, see for example Clarke [27] or Demyanov and Rubinov [30]. The
property that will be important to us is the Clarke Jacobian as a set-valued
map is locally bounded and graph closed.

It was shown for example in Luc, Tan, and Tinh [78] that 0cG(z) C 0G(x),
thereby proving that if G is an S-convex function, then 0G(z) # @ for every
x € R™. Before we proceed to develop the optimality conditions for (CCP1),
let us look at a locally Lipschitz function ¢ : R™ — R.

Recall that a function ¢ : R™ — R is locally Lipschitz at xq if there exists
a neighborhood N (z¢) of zp and L,, > 0 such that

6(y) — ()| < Lo ly — zll, ¥V 2,y € N ().

Naturally a locally Lipschitz scalar-valued function is not differentiable every-
where and the Rademacher Theorem tells us that the set of points where ¢ is
not differentiable forms a set of measure zero. Therefore, at any x € R™, the
Clarke generalized gradient or Clarke subdifferential is given as

0°¢(x) =co{{ R : ¢ = klirr;o Vé(xy) where 2, — z, x;, € D},

where D denotes the set of points at which ¢ is differentiable. One can observe
that if m = 1, the Clarke Jacobian reduces to the Clarke subdifferential.
The Clarke subdifferential is nonempty, convex, and compact. If Z is a local
minimum of ¢ over R™, then 0 € 9°¢(Z). It is important to note that this
condition is necessary but not sufficient. Now we state a calculus rule that
will be useful in our computation of the normal cone. The Sum Rule is from
Clarke [27].
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Consider two locally Lipschitz functions ¢1,¢2 : R™ — R. Then
9°(¢1 + ¢2)(x) € 0°¢1(x) + 0°¢2(x).

If one of the functions is continuously differentiable, then equality
holds.

The Chain Rule that we state is from Demyanov and Rubinov [30] (see also
Dutta [36]).

Consider the function ¢ o ® where ® : R — R™ and ¢ : R™ — R
are locally Lipschitz functions. Assume that ¢ is continuously dif-
ferentiable. Then

°(po®)(z) = {2TVh(®(z)) €R™: 2 € VP (2)}.

Observe that v € N¢(Z) (in the current context of (CCP1)) if and only if
T is a point of minimizer of the problem

min — (v,xz) subject to G(z) € —S. (NP)

For simplicity, assume that C' = {& € R : G(z) € —S} is an n-dimensional
convex set. The approach to derive the necessary and sufficient condition for
optimality is due to Rockafellar [100] (see also Chapter 6 of Rockafellar and
Wets [101]). As the above problem is a convex programming problem, Z is a
global point of minimizer of (N P). Further, without loss of generality, we can
assume it to be a unique. Observe that if we define

f@)=~(v,2) and f(z)=—(v,2) +elz—2|?

then 8f(z) = 0f(z) = {—v} and Z is the unique minimizer of f because it
is a strictly convex function. Consider an n- dimension convex compact set
Y € R™ such that € int Y and C NY # 0 (Figure 3.2). It is simple to see
that Z is also the unique minimizer of the problem

min f(z) subject to G(z)e€ =S, zeY. (NP1)
Also observe that the normal cone N¢(Z) = Neny (Z). (We would urge the
readers to think why).

Our approach depends on the use of penalization, a method popular for
designing algorithms for constrained optimization. Consider the problem

min f(z,u) = f(z) subject to G(z)—u=0, (z,u) €Y x (=5). (ZTZTD)

As Z is the unique point of minimizer of (NP1), we deduce that
(z,u) = (Z,G(Z)) is the unique point of minimizer of (NP). For a sequence
of € | 0, consider the sequence of penalty approximations

min fi(z,0) = £(2) + 5 [Gle) -
subject to (z,u) € Y x(=5). (NPy)
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FIGURE 3.2: CNY.

Consider the following closed set
Sk = {(.T,U) €Y x (_S> : f(x,u) < fA(i‘,ﬂ) = f(j)}

Note that @ = G(Z). Also, Sk is nonempty as (Z, ) € S for each k. Because
S is nonempty for each k, solving (N Py) is same as minimizing fj over Sk.
Denote the minimum of f over the compact set Y by u. For any (z,u) € Sk,

fela,u) < fu(@,u) = f(2),
which implies
1
F(@) + 5 |G (@) — ull® < 7(@),
€k
where (z,u) € S, CY x (=5). As f(x) > p for every z € Y,
1 N
— —aull?2 <
it 5 6@) P < f(o),
which leads to

1G(z) — ull < V/2ex(f(Z) — 1)

Thus for any given k,

S* C{(z,u) €Y x (=8) : |G(2) — ul| < v/2e1(f(2) — n)}- (3.12)
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Also, for a fixed k,

[ull < IG@)I| + v2ex(f(Z) — ).

As G is an S-convex function, it is also locally Lipschitz and hence G(Y')
is a compact set. This shows that the right-hand side of (3.12) is bounded
for a fixed k. From this, along with the compactness of Y, we can deduce
that Sy is compact and thus fk achieves a minimum over Sy. Hence, (N Py)
has a point of minimizer that naturally need not be unique. Denote a point
of minimizer of (NPy) by (zp,ux) and thus, obtaining a bounded sequence
{(zg,ur)} CY x (=S5), which satisfies

|G (xk) — url| < V2er(f(Z) — 1),

and as (zg,ux) € Sk,

flar) < fulerur) < f(7).

Because {(zx,ux)} is bounded, by the Bolzano—Weierstrass Theorem, Propo-
sition 1.3, it has a convergent subsequence. Without loss of generality, assume
that zp — Z and ui — 4. Therefore, as k — oo, € — 0 and thus

|G(#) —all =0 and  f(Z) < f(2).

Hence, 4 = G(Z) and thus (Z, @) is also a minimizer of (NI\D) But as (z,a) is
the unique point of minimizer of (NP), we have # = # and 7 = .

Because (z, ux) is a point of minimizer of (ﬁk), it is a simple exercise to
see that x; minimizes fk(x,uk) over Y and wuj minimizes fk(xk,u) over —S.
Hence,

0 € 05 fi(ar, ) + Ny (1), (3.13)
0 € Oy fr(zn, uk) + Nos(uk). (3.14)
Now we analyze these conditions in more detail. Denote

Yk = %(G(iﬁk) — ug).

From condition (3.14),
~Vufi(@r, ur) € Nog(up).

One can easily compute Vufk(xk,uk) to see that y, = fvufk(zk,uk) and
hence yi, € N_g(ug). Moreover, applying the Sum Rule and the Chain Rule
for a locally Lipschitz to (3.13), then for each k,

0e —v+ acG(l’k)Tyk + Ny (xg). (3.15)
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Suppose that {yx} is bounded and thus by the Bolzano—Weierstrass The-
orem has a convergent subsequence. Without loss of generality, suppose that
yr — ¢. Noting that the normal cone is graph closed as a set-valued map and
0c G is locally bounded, taking the limit as k — oo in (3.15) leads to

0€ —v+9cG(z) g+ Ny (7).

But as Z € int Y, by Example 2.38 Ny (z) = {0}. As 0cG(Z) C 0G(Z),
v € 0cG(z)Ty C 0G(2)Ty. Thus, v = 21y for some 2z € IG(z).

The important question is can {yx} be unbounded? We show that if {yx}
is unbounded, then the Slater constraint qualification, that is, there exists
Z € R™ such that G(£) € —ri S is violated.

On the contrary, assume that {y;} is unbounded and thus |lyx|| — oo as
k — oo. Hence, noting that 0cG(z1) C 0G(xy), from (3.15) we have

1 Yk 1
€ ——(—v) + 0G (zp)T —— + —N ;
Tell ) F 0GR T e ™ ()
which implies
1
S m(—v) + 8G(xk)ka + Ny(xk), (316)

where wy, = . Hence, {wg} is a bounded sequence and thus by the

BolzanofVVelerstrass Theorem, Proposition 1.3, has a convergent subsequence.
Without loss of generality, assume that wy — @ with ||@| = 1. Hence from
(3.16),

0 € 0G(z) w. (3.17)

As yr € N_g(ug), we have wy, € N_g(ug). Again using the fact that the
normal cone map has a closed graph, w € N_g(@). Hence,

(0,2 —G(Z)) <0, z€ =S.
Because S is a cone, 0 € —S, thus
(w, —G(Z)) <0,

that is,
(w,G(z)) > 0. (3.18)

Consider p € —S. As S is a convex cone, by Theorem 2.20, G(Z) +p € —S.
Hence,

<’lD, G(i‘) +p - G(j» < 0,
which implies (w, p) < 0. Because p was arbitrary,

(w,p) <0, Vpe-S.
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Thus, w € S*. Hence, (Z,G(z)) < 0, which together with (3.18) leads to
(w,G(Z)) = 0. For any y € R"™,

Gly)—GE)—Aly—z) € S, V AecdG(z),
which implies
(w, G(y)) — (w, G(x)) — (0, Ay — 7)) 20, V A € 0G().

From (3.17), if {yx} is unbounded, there exists z € G(Z) such that 27w = 0.
Thus, from the above inequality we have

<1D7G(y)> - <1T}7G("f)> - <2T1D7 (y - j)> > Oa v ye an
which along with (w, G(Z)) = 0 and zTw = 0 yields
(w,G(y)) >0, VyecR"
If the Slater constraint qualification holds, there exists £ € R™ such that
G(z) e —ri S. As |jw|| =1 and w € ST, (w,G(Z)) < 0, which contradicts the
above inequality. Therefore, {y;} cannot be an unbounded sequence. Thus,
we leave it to the reader to see that
v=12Ty, where 7eST,
and hence conclude that

N¢(z) = {v € R™: there exists § € ST, 2 € 0G(7) satisfying
(7, G(z)) = 0 such that v = 2Tg}.
The reader is now urged to write the necessary and sufficient optimality con-

ditions for the problem (CCP1), as the structure of the normal cone to C' at
Z is now known.



Chapter 4

Saddle Points, Optimality, and Duality

4.1 Introduction

In the previous chapter, the KKT optimality conditions was studied using the
normal cone as one of the main vehicles of expressing the optimality condi-
tions. One of the central issues in the previous chapter was the computation
of the normal cone at the point of the feasible set C' where the set C' was ex-
plicitly described by the inequality constraints. In this chapter our approach
to the KKT optimality condition will take us deeper into convex optimization
theory and also we can avoid the explicit computation of the normal cone.
This approach uses the saddle point condition of the Lagrangian function as-
sociated with (C'P). We motivate the issue using two-person-zero-sum games.

Consider a two-person-zero-sum game where we denote the players as
Player 1 and Player 2 having strategy sets X C R™ and A C R™, respec-
tively, which we assume to be compact for simplicity. In each move of the
game, the players reveal their choices simultaneously. For every choice z € X
by Player 1 and A € A by Player 2, an amount £(z, \) is paid by Player 1 to
Player 2. Now Player 1 behaves in the following way. For any given choice of
strategy x € X, he would like to know what the maximum amount he would
have to give to Player 2. In effect, he computes the function

¢(w) = max L(, A).

Further, it is natural that he would choose an x € X that minimizes ¢(z),
that is, Player 1 solves the problem

min ¢(x) subject to z€ X,
which implies that in effect, he solves a minimax problem

min max L£(z, \).
zeX A€A

Similarly, Player 2 would naturally want to know what the guaranteed amount
he will receive once he makes a move A € A. This means he computes the
function

PY(A) = QICI}C_IJI(I L(z, ).

169
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Of course he would like to maximize the amount of money he gets and therefore
solves the problem

max 9(A) subject to A €A,
that is, he solves

max min £(z, A).

AEA z€X
Thus, in every game there are two associated optimization problems. The
minimization problem for Player 1 and the maximization problem for Player
2. In the optimization literature, the problem associated with Player 1 is
called the primal problem while that associated with Player 2 is called the dual
problem. Duality is a deep issue in modern optimization theory. In this chapter,
we will have quite a detailed discussion on duality in convex optimization. The
game is said to have a value if

min max £(z, \) = maxmin £(x, \).
zeX XeA AeA zeX
The above relation is the minimaxz equality.
For any given A € A,

min £(x, A) < minmax £(z, A).
z€X z€X AEA

Because A € A is arbitrary, we obtain the minimaz inequality, that is,

max min £(z, A) < min max L(z, \),
AeA zeX z€X AeA
which always holds true.
Of course the minimax equality would hold true if a saddle point exists,
that is, a pair (Z,A) € X x A exists that satisfies the following inequality,

L(z,\) < LN < L(z,N), Vo eX, VAeA.

The above relation is called the saddle point condition. 1t is easy to observe
that (Z,\) € X x A is a saddle point if and only if

rileaicﬁ(:f, A) =L(Z,\) = mip L(z, ).

The above condition implies

min max £(z, \) < max £(Z,\) = min £(z, \) < maxmin £(z, \),
zEX AEA AEA z€X XeA weX

which along with the minimax inequality yields the minimax equality.
Before moving on to study the optimality of the convex programming
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problem (C'P) via the saddle point approach, we state the Saddle Point The-
orem (Proposition 2.6.9, Bertsekas [12]) for which we will need the following
notations.

For each \ € A, define the proper function ¢y : R® — R as

| L(z,N), zeX,
oa(x) = { +00, otherwise,

and for every z € X, the proper function 1, : R™ — R is given by

—L(z,\), XEA,
400, otherwise.

0 ={

Proposition 4.1 (Saddle Point Theorem) Assume that for every A € A, ¢y
and for every x € X, 1, are lsc and convex. The set of saddle points of L is
nonempty and compact under any one of the following conditions:

(i) X and A are compact.
(i) A is compact and there evists A € A and o € R such that the set
{reX:L(z,\)<a}
is nonempty and compact.
(i11) X is compact and there exists T € X and o € R such that the set
{ANeA: L(z,\) > a}
is monempty and compact.
(iv) There exist T € X, X € A, and o € R such that
{reX:L(x,\)<a} and {NeA:L(Z,)\)>a}
are nonempty and compact.

This proposition will play a pivotal role in the study of enhanced optimality
conditions in Chapter 5.

4.2 Basic Saddle Point Theorem

The saddle point condition can itself be taken as an optimality condition for
the problem of Player 1, that is,

min¢(z) subject to x € X.
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Our question is, can we construct a function like £(x,A) for the convex
(CP) for which f(z) can be represented in a way as ¢(z) has been represented
through £(z, A)? Note that if we remove the compactness from A, then ¢(z)
could take up +oco value for some z. It is quite surprising that for the objective
function f(z) of (C'P), such a function can be obtained by considering the
classical Lagrangian function from calculus.

For the problem (CP) with inequality constraints, we construct the La-
grangian function L : R™ x R — R as

L(z,\) = f(z) + Z Aigi()

with X = (A1, A2,..., Am) € R, Observe that it is a simple matter to show
that

sup L(z,\) =

{ f(x), =z is feasible,
AERT!

400, otherwise.

Here, the Lagrangian function L(z, ) is playing the role of L£(x, ). So the
next pertinent question is, if we can solve (C'P) then does there exist a saddle
point for it? Does the existence of a saddle point for L(z, \) guarantee that
a solution to the original problem (C'P) is obtained? The following theorem
answers the above questions. Recall the convex programming problem

min f(z) subjectto x€C (CP)

with C given by
C={zeR":¢(x)<0,i=12,...,m}, (4.1)
where ¢g; : R* — R, ¢« = 1,2,...,m, are now assumed to be convex and

non-affine functions.

Theorem 4.2 Consider the convex programming problem (CP) with C' given
by (4.1). Assume that the Slater constraint qualification holds, that is, there
exists & € R™ such that g;(£) < 0, i = 1,2,...,m. Then T is a point of
minimizer of (CP) if and only if there exists X\ = (A, Xa,..., Am) € R7
satisfying the complementary slackness condition, that is, \ig;(Z) = 0 for
i =1,2,...,m and the saddle point condition

L(z,\) < L(z,\) < L(z,\), Vo eR”, XeRT.
Proof. As T is a point of minimizer of (CP) the following system

fl)—f() < 0 }
gilz) < 0,i=1,2,....m |’
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has no solution. Define a set

A ={(yo,y) € R x R™ : there exists z € R" such that
f(d?) 7f(j) < Yo, gz(x) < Yi, i= 1727"'7m}'

We leave it the reader to prove that the set A is convex and open. It is clear
that (0,0) ¢ A. Hence, by the Proper Separation Theorem, Theorem 2.26 (iv),
there exists (Mg, A) € R x R™ with (Ag, A) # (0,0) such that

Aovo + > Aiyi = 0, ¥ (yo,y) € A (4.2)

i=1

Corresponding to & € R™, for y; > 0, i = 0,1,...,m, (yo0,y) € A. Also, for
any v > 0, (yo +,y) € A. Therefore, from condition (4.2),

)\O > _7{)‘03/0 + ZAzyz}a
i=1

which as the limit v — oo leads to Ag > 0. It is now left to the reader to prove
in a similar fashion that A € R.

For any x € R™, consider a fixed o; > 0,2 = 0,1,...,m. Then for any
v >0,1=0,1,...,m,

(f(z) = £(Z) + 000, 91(x) + 7101, - g (%) + Ymam) € A
Therefore, from (4.2),

m

Ao(f(z) = f(Z) + va0) + Z Ai(gi(z) + viai) = 0.
i=1
As v; — 0, the above inequality yields

Xo(f(z) — f(@)) + _Z Xigi(z) >0, ¥ 2 € R™. (4.3)

We claim that \g # 0. On the contrary, suppose that Ay = 0, thereby reducing
(4.3) to

> Aigi(x) 20, Vz e R™.

This violates the Slater constraint qualification. Thus, Ag > 0. Therefore,
T A . .
denoting A\; = I the condition (4.3) yields
0

Zj\gl ) >0, VzeR™
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In particular, z = Z in the above inequality leads to >, A;g;(Z) = 0. Because
the sum of negative numbers is zero only if each term is zero, the complemen-

tary slackness condition, that is, A\;ig;(Z) = 0, i = 1,2, ..., m, holds. Therefore,
the preceding inequality leads to

z +Z5\igi($) > f(z) +

which implies

5\91() Yz eRY,

'M§

=1

L(z,)\) > L(z,\), Vz € R™.

Further, for any A € R, -7, X;g;(Z) < 0. Thus,

F(@)+ ) Xigi(@) < f(@) = f(@) + ) Nigi(®),
i=1 i=1
that is,
L(z,\) < L(z,\), VA€ RTY,

thereby establishing the saddle point condition.

Conversely, suppose that there exists \ € R’ such that the saddle point
condition and the complementary slackness condition hold at z. We first prove
that 7 is feasible, that is, —g(Z) = (—g1(Z), —g2(Z), ..., —gm(Z)) € RY. On
the contrary, assume that —g(z) ¢ R’". As R" is a closed convex cone, by
the Strict Separation Theorem, Theorem 2.26 (iii), there exists A € R’ with
A # 0 such that

Therefore,

T)+ Z Aigi(z) > f(Z),

which implies L(Z,\) > L(Z, \), thereby contradicting the saddle point con-
dition. Hence, Z is feasible to (CP).

Because L(Z,\) < L(z,)\) and the complementary slackness condition is
satisfied,

x)+ Z)\lgz(fz:) < f(z), VxeC.

Thus, Z is a point of minimizer of (CP). O
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The consequence of the saddle point criteria is simple. If (%, \) is a saddle
point associated with the Lagrangian function of (C'P) where T is a point of
minimizer of f over C, then

L(z,\) = in L(z, \)

with X\;g;(Z) = 0 for i = 1,2,...,m. Therefore, by the optimality condition
for the unconstrained problem, Theorem 2.89,

0€ d,L(z,N),

which under Slater constraint qualification yields
m —
0€df(@)+ Y Ndgi(®),
i=1

thus leading to the KKT optimality conditions for (C'P).

4.3 Affine Inequalities and Equalities and Saddle Point
Condition

Observe that in the previous section we had mentioned that the convex func-
tion are non-affine. This eventually has to do with the Slater constraint qual-
ification. Consider the set

C:{(xl,xg) ER2:$1+Z‘2 <0, —x SO}

This set is described by affine inequalities. However, C' = {(0,0)} and hence
the Slater constraint qualification fails. The question is whether in such a sit-
uation the saddle point condition exists or not. What we show below is that
the presence of affine inequalities does not affect the saddle point condition.
In fact, we should only bother about the Slater constraint qualification for
the convex non-affine inequalities. The presence of affine inequalities by itself
is a constraint qualification. To the best of our knowledge, the first study
in this respect was due to Jaffray and Pomerol [65]. We present their result
establishing the saddle point criteria under a modified version of Slater con-
straint qualification using the separation theorem. For that we now consider
the feasible set C of the convex programming problem (CP) defined by convex
non-affine and affine inequalities as

C={zeR":g9(z)<0,i=1,2,...,m, hj(z) <0, j=1,2,...,1}, (44)

where g; : R” — R, i =1,2,...,m, are convex functions while h; : R* — R,
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j=1,2,...,1, are affine functions. Observe that C is a convex set. Correspond-
ing to this convex programming problem (CP), the associated Lagrangian
function L : R™ x R x IRZ_|r is defined as

m

l
L Aog0) = £(2) + > Nigi(@) + Y i ).

Then (z, ), i) is the saddle point of (C'P) with C given by (4.4) if
L(z, A\ p) < L(Z, A, 1) < L(x, A, f1).

We shall now present the proof of Jaffray and Pomerol in a more detailed
and simplified manner.

Theorem 4.3 Consider (CP) with C defined by (4.4). Assume that the mod-
ified Slater constraint qualification holds, that is, there exists & € R™ such that
gi(2) <0, i=1,2,...,m, and hj(Z) <0, j=1,2,...,1. Then Z is a point of
minimizer of (CP) if and only if there exist (A, ji) € R x RY, such that

L(z, A p) < L(#, A i) < Lz, A\, i), ¥z € R, AeRY, peRl

along with the complementary slackness conditions, that is,

Xigi(T)
Proof. Consider an index set J as the (possibly empty) maximal sub-

set of {1,2,...,l} such that there exists a; > 0 for j € J such that
> jes@jhj(z) =0 for every x € R". Observe that for every z € C,

0,i=12....m and [;h;(Z) =0, j=1,2,...,1

hi(z) =0,V je.J

Otherwise, if for some # € C' and for some j € J, hj(z) < 0, the maximality
of J is contradicted.
Define the Lagrange covers of (C'P) as

A = {(yo,y,2) € R*™F . there exists € R™ such that
f(x) _f(j) SyOa gl(x) Sy’u 1= 1727"'7m7
hj(xz) < zj, j€J hj(x) ==z, jeJ},
where J¢ = {j € {1,2,...,1} : j ¢ J}.
We claim that the set A is convex. Consider (y8, 4!, 2!) and (y3,y?, 22) in A

with 21 and 25 the respective associated elements from R™. For any X € [0, 1],
x = Ax1 + (1 — M)z € R™. By the convexity of f and ¢;, i =1,2,...,m,

f(x) = f() A(f (1) = £(2) + (1 = N)(f(22) = f(2))

Mo + (1= Ny,

[VANVANVA

gi(z)
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while the affineness of h;, j =1,2,...,[ leads to

hj(x) = Ahj(z1) + (1= Ahj(z2) < Azj + (1= M)z, j € J°,
hj(z) = Ahj(z1) + (1 — Mhj(z2) = Azj + (1= N)z}, j € J.

Thus, for every A € [0,1], AM(yd, 4%, 2%) + (1 — N (93,92, 2?) € A with x € R"
as the associated element, thereby implying the convexity of A.

Observe that corresponding to the point of minimizer of (CP), z € R™,
(50,0,0) € A if and only if 5o > 0. Also, (yo,0,0) belongs to the affine hull
of A for every yo € R, and hence, (0,0,0) belongs to the relative bound-
ary of A. Applying the Proper Separation Theorem, Theorem 2.26 (iv), to
the Lagrange cover A and the relative boundary point (0,0,0), there exists
(Aos A, i) € RIF™HL with (N, A, i) # (0,0,0) such that

m l
Xoto + > Niyi+ 1z > 0, Y (yo,y,2) € A (4.5)

i=1 =1

and for some (yo,y, 2) € A,

m l
Xovo + Y it + Y iz >0, (4.6)
i=1 j=1

Consider (yo,y,2) € A. For any ag > 0 and « € int R, (yo+ao,y+a,2) € A.
Therefore, by (4.5), 4 =0,1,...

7m)

i'—1

Ayt >_% )\oy0+2/\zyz+zugzg+z)\%+ Z Aioy 9 s

=1 +1

which as the limit a;r — +oo yields A;s >0, ¢/ = 0,1,...,m. Using the above
technique, we can also show that p; > 0, j € J° The reader is advised to
check this out. Observe that p; for j € J are unrestricted.

Let us proceed by assuming that J is nonempty. Therefore, there exist
aj > 0, j € J such that deJ hj(z) = 0 for every € R™. Redefining
Ai, ©=0,1,...,m, and pj, j= 1,2,...,[, as

S\i:)\iaizoula”wma ﬂj:ijjeJc and [j’j::uj'i_’yajvjejv
where v > 0 is chosen such that ji; > 0 for j € J. Also, observe that
> hihi(x) = pihi(x) + > yoahi(@) = pihi(x)
jeJ jeJ jeJ jeJ

Thus, the conditions (4.5) and (4.6) hold for (Ao, A, 1) as well.
We claim that Mg, A\, ¢ = 1,2,...,m, and f;, j € J¢, are not all simul-
taneously zero. On the contrary, assume that Ay =0, \; =0, t =1,2,...,m,
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and fi; = 0, j € J°. Therefore, from the construction of A along with (4.5)
yields

Z‘uj ) >0, VoeR™
jeJ

As z is feasible for (CP), the above condition becomes
Z fijh; (z) =
JjeJ

Therefore, the affine function . ; fi;h;(.) achieves its minimum over R" at
Z. Moreover, an affine function is unbounded over R™. This shows that

Z“J ) =0, VzeR"
JjeJ

By condition (4.6), there exists ' € R™ associated to (y(,y’, 2’) € A such that

> Aihi(a’) >0

jeJ

Hence, a contradiction is reached. Therefore, 5\0, 5\1-, i = 1,2,...,m, and
fij, j € J¢, are not all simultaneously zero.

Next suppose that 5\0 =0and \; = 0,7=1,2,...,m, and for some j € J°,
ft; > 0. Again working along the preceding lines, one obtains

Z +Z“J )=0, VzeR".

jEJC:ﬂj>0 jeJ

Observe that {j € J° : ﬂ] > 0} is nonempty. Because the above condition
holds for j € {j € J®: fi; > 0y U{j € J : f1; > 0}, thereby contradicting

the maximality of the index set J. Hence Ao and )\“ 1=1,2,...,m, are not
simultaneously zero.

Assume that Ao = 0. As the modified Slater constraint qualification holds,
there exists & € R™ such that g;(£) < 0, ¢ = 1,2,...,m, and h;(&) < 0,
j=1,2,...,1, corresponding to Z,

(f(i) - f(f)vgl(‘%)a cee ,gm<§c)a h1<§f), < ahl(i)) € Av

which along with condition (4.5) and the modified Slater constraint qualifica-
tion leads to

l

0> Zj\,gz(i“) + Zﬂjhj(i’) >0
i=1

which is a contradiction. Hence Ag # 0.
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Now dividing (4.5) throughout by Ao yields

m l
ot Y Nyt Yz =0,V (yo,y.2) € A, (4.7)

i=1 j=1

,1=1,2,...,m, and fi; = ';j, j=1,2,...,1. Corresponding
0

where \; =

%3’\3”

to every x €

(f(l‘) - f(f)7gl(l‘)7 cee 7gm(x)a h1(fL'), . '7hl(x)) €A,

thereby reducing the inequality (4.7) to

l
f(@) < fla —1—2)\ng Z/j , ¥V xeR" (4.8)

By the feasibility of Z for (C'P) and the fact that (X, i) € RT x R, condition
(4.8) implies that

L(z, A\ i) < L(x, A, i), ¥z € R™.
In particular, taking x = Z in (4.8), along with the feasibility of Z, leads to
i=1 j=1
This shows that
Nigi(Z) =0, i=1,2,....,m and [i;h;j(Z) =0, j=1,2,...,1,

thereby establishing the complementary slackness condition. For any
(A, 1) € RT x R, again by the feasibility of z,

m m l
Z)\igz “I‘ZNJ S :Zj\ Z jhj(.’f?),
i=1 i=1 j=1

that is,

L(#, A\ 1) < L(E A i), VAERT, peR:,

thereby leading to the desired result. The converse of the above the result can
be obtained in a manner similar to Theorem 4.2. |

In the convex programming problem (CP) considered by Jaffray and
Pomerol [65], the problem involved only convex non-affine and affine inequal-
ities. Next we present a similar result from Florenzano and Van [47] to derive
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the saddle point criteria under a modified version of Slater constraint quali-
fication but for a more general scenario involving additional affine equalities
and abstract constraints in (4.4). Consider the feasible set C' of the convex
programming problem (CP) as

C={reX:g(x)<0,i=12,....,m, hj(z) <0, j=1,2,...,s,
hj(x) =0, j=s+1,s+2,...,l}, (4.9)

where g; : R®* — R, ¢ = 1,2,...,m, are convex non-affine functions;
h; : R" = R, 7 =1,2,...,1, are affine functions; and X C R" is a con-
vex set. Corresponding to this problem, the associated Lagrangian function
L:XXRTXRIHRiSdeﬁnedaS

l
L(iL’ A N +Z>\191 +Zﬂgh3(9€)
j=1

where 1 = (1, i) € RS, x R'=%. Then (Z, A, i) is called the saddle point of the
above problem if

L(Z, A\, ) < L(Z, \, i)

IN

L(z,\ ), Vo €X, A eRT, ueR
where p = (f1, i) and i = (fi, i) are in RS x R'=*.

Theorem 4.4 Consider the convex programming problem (CP) with C de-
fined by (4.9). Let T be a point of minimizer of (CP). Assume that there exists
T eri X such that

hij() <0, j=1,2,...,s,
hj(2)=0, j=s+1,s+2,...,L

Then there exist (Ao,A) € Ry x RY with (Ao,A) # (0,0), and
= (i, t) € R x R'=* such that

Mo f(@) < Aof(z +Z/\zgz +Zuj ,VzeX,

Xigi(Z)=0,1=1,2,....m, and [;h;(Z)=0, j=1,2,...,s.
Proof. Consider the set

A = {(y0,y,2) € RM™F : there exists € X such that f(z) — f(Z) < vo,
gi(x) <y, i =1,2,...,m,
h](x) = Zj, j: 1,2,...,[}.

It can be easily shown as in the proof of Theorem 4.3 that A is a convex set.
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Also, A is nonempty because corresponding to the point of minimizer T of
(CP), one can define (yo,y,2) € A as

Yo >0, y>0,i=12,....,m, and z;="h;z), j=12,...,L

As A is a nonempty convex set, by Proposition 2.14, ri A is also a nonempty
convex set. Note that

AN (RS 5 {0pi-}) = 0.

Otherwise, there exists an element in A such that the associated x € X is
feasible for (C'P) satisfying f(x) < f(Z), which is a contradiction to the fact
that T is a point of minimizer of (CP). Therefore, by Proposition 2.15,

ri Anri (RET™ 5 {0pi—.}) = 0.

Invoking the Proper Separation Theorem, Theorem 2.26 (iv), there exists
(Ao, A, 1) € RIF™H with (A, A, 1) # (0,0, 0) such that

m 1 m s
Aovo + Z Ay + Z pizi = Adowo + Z Aqw; + Z HjVj (4.10)
i=1 =1 i=1 j=1

for every (yo,y,2) € A and (wo,w,v) € R'™* and there exists
(y6,y',2") € A such that

m l
Novh + Y Nivh+ >z > 0. (4.11)

i=1 j=1

Let us partition u = (f,/i) € R® x R'=*. We claim that Ay > 0, A € R
and ji € R%. Corresponding to the point of minimizer z, choose yo > 0,
y; >0,i=1,2,...,m, and z; = h;(Z), j =1,2,...,1. From condition (4.10),
for 7/ =0,1,...,m,

i'—1

m l m s
Air 2 i{— DoNwi— D Ay — Yz + dowo + Y Awi+ > pvs}.
LU i=i'+1 j=1 i=1 j=1

Taking the limit as yy — oo yields Ay > 0, i = 0,1,...,m. Again from
(4.10), for j' =1,2,... s,

l m
1 m
pgr = —{Aoyo + Z Aili + ZM;’ZJ‘ — Aowo — Z Aiw;
vy i=1 j=1 i=1
i-1

=D o= Y vk
j=1

i=i'+1

Taking the limit as vy — oo leads to puj» >0, j' =1,2,...,s.
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Now consider any z € X and § > 0. Define

yo = [flo)-f(&)+90,
yi = gi(x)+0, i=12,...,m,

Therefore, (yo,y,2z) € A and for (0,0,0) € R™"* x {Ogi--}, the condition
(4.10) yields that for every x € X and every ¢ > 0,

m l m
Ao(f (@) = F(2) + Y Nigi(x) + > pihi(@) + > Xid > 0.
i=1 j=1 i=0

Because § > 0 was arbitrarily chosen, as 6 — 0 the above condition reduces
to

m l
Molf (@) = F(@) + 3 Nigila) + i) 2 0. Vo e X, (412)

In particular, for x = Z, condition (4.12) yields
m l
D Aigi(@) + Y uihy (@) 20,
i=1 j=1

which along with the feasibility of z for (C'P) leads to
Xigi(Z)=0,i=1,2,...,m, and f;h;(Z)=0, j=1,2,...,s,

as in the proof of Theorem 4.3.
We claim that (Ag,A) # (0,0). On the contrary, suppose that
(Mo, A) = (0,0). Therefore, condition (4.12) leads to

l
> uihi(z) >0,V z € X.
j=1

By the given hypothesis, for & € ri X along with the above inequality implies
that

1
> wihy(@) =0,
j=1

that is, the affine function Z;Zl wih;i(.) achieves its minimum at a relative
interior point. Because an affine function achieves its minimum at a boundary
point, 22:1 pih;(.) has a constant value zero over X, that is,

l
> pihj(x) =0,V x e X. (4.13)
j=1
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Corresponding to (y),y’,2") € A satisfying (4.11) there exists 2/ € X such
that

l
Z pjh; (@'
j=1

which contradicts (4.13). Therefore, A;, i =0,1,...,m, are not all simultane-
ously zero, which along with (4.12) leads to the desired result. (|

Theorem 4.5 Consider the convexr programming problem (CP) with C de-
fined by (4.9). Assume that the modified Slater constraint qualification is sat-
isfied, that is there exists T € ri X such that

gl(i')<0a [ PR y M,
hj(j) S O? .]_ 1727 » Sy
hj(#)=0, j=s+1,5+2,...,1L

Then T is a point of minimizer of (CP) if and only if there exist A € R,
= (i, ) € R x R such that

L(z, A p) < L(2, A 1) < Lz, A\ i), Ve e X, NeR}, peR,
where = ({1, t) € R% x R'™* along with
Aigz(j):o, i:1,2,...,m, and ,[Ljhj(f):()7 ]:172,

Proof. Because the modified Slater constraint qualification is satisfied, the hy-
pothesis of Theorem 4.4 also holds. Thus, if Z is a point of minimizer of (C'P),
there exist (Ao, A) € Ry xR with (Ao, A) # (0,0) and 1 = (f1, i) € RS x R'=*
such that

Xof(Z) < Xof(x) + Z Xigi () + Zuj ,VreX (4.14)

and
Xigi(Z)=0,i=1,2,...,m, and p;h;(Z) =0, j=1,2,...,s. (4.15)

We claim that Ag # 0. On the contrary, suppose that A\g = 0. Because
(Ao A) # (0,0), A # 0. Therefore, the optimality condition (4.14) becomes

i)\igl -‘r—Z}L] )>0,VzeX.

In particular, for x = &, the above condition along with the modified Slater
constraint qualification leads to

m l
0> Nigi(®) + Y pihi(&) >0
i=1 j=1
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which is a contradiction. Thus, Ag > 0 and hence dividing (4.14) throughout
by Ag yields

m l
96)"‘25\1'92' Z/j ,VzeX,
i=1 j=1

%, 7 =1,2,...,1. This inequality
0

TN
where \; = oW i=1,2,...,m, and fi; =
0
along with the condition (4.15) leads to

L(z,\ 1) < L(z,\ 1), Vo € X.

As 7 is feasible for (CP), g(z) € —RT, —h(z) € R% and h(z) = {0}gi-s.
Therefore, for A € RT, = (f1, i) € RS x RI7%,

m m l
Z/\igz +ZM3 S Z;\Z‘gl(i) +Z:ath('f)a
i=1 i=1 j=1

which leads to
L(z, A\ p) < L(T, A, 1),

thereby proving the desired saddle point result. The converse can be worked
out as in Theorem 4.2. ]

Observe that the saddle point condition in the above theorem

L(z,

>/\
E
A
=
v&%

\}/\
\t_/\
<C
8

Mm

S

can be rewritten as

T +Z5\i9i(i)+2ﬂjhj(f)+ > iihy(T) + 0x(x)

j=1 j=s+1

$)+Z>\igi($)+2ﬂjhj Z fijh;(z) + 0x (z)

Jj=s+1
for every z € R™. The above inequality implies that
l s
063(f+2/\19i+2ﬂjhj Z fiihj(z) +0x)(2).
=1 Jj=1 Jj=s+1

By the modified Slater constraint qualification £ € ri X and therefore,
ri dom f N (L, ri dom g; N ﬂ;zl ri dom h; Nri dom éx = ri X is
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nonempty. Applying the Sum Rule, Theorem 2.91 along with the fact that
00x (%) = Nx(Z) yields the KKT optimality condition

0edf(z +Z>\892 Z)+ Y ;0hi(z) + 0( Z fijh;)(Z) + Nx ().

j=s+1

By the affineness of h;, j =1,2,...,1, 0h;(Z) = {Vh;(Z)}, thereby reducing
the above condition to the standard KKT optimality condition

0€df(z +Z>\891 +Zujw Zujw ) + Nx(z).

j=s+1

We state this discussion as the following result.

Theorem 4.6 Consider the convex programming problem (CP) with C de-
fined by (4.9). Assume that the modified Slater constraint qualification is
satisfied. Then T is a point of minimizer of (CP) if and only if there exist
Ai>0,i=1,2,....m; 3; >0, j=1,2,...;s; and i; € R, j=s+1,...,1,
such that

0€df(z +Z/\891 +Zu]Vh me ) + Nx (z)
j=s+1

along with

Xigi(Z) =0, i=1,2,...,m, and f[;h;(Z)=0, j=1,2,...,s.

4.4 Lagrangian Duality

In the beginning of this chapter, we tried to motivate the notion of a saddle
point using two-person-zero-sum games. We observed that two optimization
problems were being simultaneously solved. Player 1 was solving a minimiza-
tion problem while Player 2 was solving a maximization problem. The maxi-
mization problem is usually referred to as the dual of the minimization prob-
lem. Similarly, corresponding to the problem (CP), one can actually construct
a dual problem following an approach quite similar to that of the two-person-
zero-sum games. Consider the problem (CP) with the feasible set given by
(4.9). Then if vy, denotes the optimal value of (C'P), then observe that

vy, = inf sup  L(x, A\ [, ft),
€0 (X,4,A)€EQ

where 0 = R* x R x R!=*. Taking a clue from the two-person-zero-sum
games, the dual problem to (C'P) that we denote by (DP) can be stated as
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sup w(A, fi, 1) subject to (A, fi, 1) € Q, (DP)
where w(\, fi, i) = H(lc_l)r(l L(xz, A\, i, 1). We denote the optimal value of (DP)

by dy. Our main aim here is to check if

dp = sup UJ(A, ﬂma) = VL, (416)
(A1) €Q
that is,
sup inf L(x, A, fi, i) = inf sup Lz, \ fi, ).
np.pyeq TEX €0 (X,p,A)EN

The statement (4.16) is known as strong duality. We now present a result that
shows when strong duality holds.

Theorem 4.7 Consider the problem (CP) where the set C is defined by (4.9).
Assume that (CP) has a lower bound, that is, it has an infimum value, vy,
that is finite. Also, assume that the modified Slater constraint qualification is
satisfied. Then the dual problem (DP) has a supremum and the supremum is
attained with

vy, = dL.

Proof. We always have vy, > dj. This is absolutely straightforward and we
urge the reader to establish this. This is called weak duality.
The problem (C'P) has an infimum, vy, that is,

UL—lnff( ).

zeC

Working along the lines of the proof of Theorem 4.4, we conclude from (4.12)
that there exists nonzero (Ao, A, i, ji) € Ry x R x RS x R'=% such that

m s l
5\0( —UL Zj\ gl +Zﬁjhj($)+ Z ﬁjhj(fE)ZO, VzelX.
i=1 j=1 j=s+1

As the modified Slater constraint qualification holds, by Theorem 4.5, it is
simple to observe that Ag # 0 and without loss of generality, assume Ao = 1.
Hence,

(f(ff)*UL)JFZ;\igi(x)JrZﬁjhj Z fihi(x) >0, Vo eX.
i=1 J=1 Jj=s+1

Therefore,

L(l‘,j\,ﬁ,,ﬁ) > g, Ve Xa
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that is, w(\, i, i) > vr,. Hence,

ay‘
Fb
=
Y
<
h

sup  w(A, i, fi) > w(
(i) €Q

By the weak duality, v, > sup(y ;4 5)eq WA, i, fi). Thus,

sup  w(A, i, i) = v = inf f(z),
(ALE)ED z€C

thereby establishing the strong duality between (C'P) and (DP). O

It is important to note that the assumption of the Slater constraint qual-
ification is quite crucial as its absence can give a positive duality gap. We
provide below the following famous example due to Duffin [35].

Example 4.8 Consider the primal problem

inf e  subject to /2% + 22 < 2.

The Lagrangian dual problem is
maxw(\) subject to A€ R,

where

= inf ™ \ &+ ad — > 0.
w(N) Infe + Az +25—21), A>0

Observe that the only feasible point of the primal problem is (z1,z2) = (0,0)
and hence infe?> = €? = 1. Thus, the minimum value or the infimum value
of the primal problem is vy, = 1. Now let us evaluate the function w(\) for
each A\ > 0. Observe that for every fixed s, the term (\/z? 4+ 23 — 1) — 0
as x1 — +oo. Thus, for each x5, the value e”? dominates the expression

e + \N(y/2? + 23 — 1)

as r1 — +o0o. Hence, for a fixed o,

ig{llfe“62 + A2 4+ 23 — 11) = ™2,

By letting zo — —o0,
w(A) =0, VA>0.

Therefore, the supremum value of the dual problem is d;, = 0. Hence, there
is a positive duality gap. Observe that the Slater constraint qualification does
not hold in the primal case.
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We are now going to present some deeper properties of the dual variables
(or Lagrange multipliers) for the problem (CP) with convex non-affine in-
equality, that is, the feasible set C' is given by (4.1),

C={reX:g(x)<0,i=12,...,m}.

The set of Lagrange multipliers at a given solution & of (C'P) is given as
M(Z) ={AERT :0€ If (% +Z)\ dgi(T), Nigs(z) =0, i =1,2,...,m}.

It is quite natural to think that when we change Z, the set of multipliers will
also change. We now show that for a convex programming problem, the set
M(Z) does not depend on the solution Z. Consider the set

M={ eRT: leglgf(Z‘) = mlean" L(z,\)}. (4.17)

In the following result we show that M(Z) = M for any solution Z of (C'P).
The proof of this fact is from Attouch, Buttazzo, and Michaille [3].

Theorem 4.9 Consider the convex programming problem (CP) with C de-
fined by (4.1). Let T be the point of minimizer of (CP). Then M(Z) = M.

Proof. Suppose that A € M(Z). Then
0€ 0, L(Z,\)

with X\;g;(Z) =0,i=1,2,...,m, where 9, L denotes the subdifferential with
respect to . Hence, & solves the problem

min L(xz,A\) subject to x € R".

Therefore, for every x € R",
f(z) + f: Aigi(Z) < fz) + i Aigi(z)
i=1 i=1
which along with X\;g;(Z) =0,4=1,2,...,m, implies
() + i Xigi(z), V& € R™.
Thus,

f(@) = inf ( f—f—Z)\,gZ = inf L(x,\).

TER™ zER™
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Further, f(z) = infcf(x). Hence, A € M.
EAS
Conversely, suppose that A € M, which implies

(@)= inf (f+ ; Xigi) (@)
Therefore,
£@) < 2)+ 3" @),
i=1
thereby yielding
i Aigi(Z) > 0.
i=1

The above inequality along with the feasibility of Z for (C'P) and nonnegativity
of \j,;1=1,2,...,m, leads to

m

Z )\Z‘gi(,’i) =0.

This further yields

Thus,

m m
f(z) + ; Aigi(Z) = zieann(f + ; Aigi) (@),
which implies that T solves the problem
min L(xz,A\) subject to x € R".
Therefore, 0 € 9, L(Z, A). As dom f = dom g; =R",i=1,2,...,m, applying
the Sum Rule, Theorem 2.91,

0€0f(x)+ Y Ndgi().
=1

This combined with the fact that \;g;(Z) = 0, i = 1,2,...,m, shows that
A € M(Z), thereby establishing that M(Z) = M. O

Remark 4.10 In the above theorem, T was chosen to be any arbitrary solu-
tion of (CP). Thus, it is clear that M(Z) is independent of the choice of Z
and hence M(Z) = M for every solution z of (CP).
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Note that the above result can be easily extended to the problem with
feasible set C' defined by (4.9), that is, convex non-affine and affine inequalities
along with affine equalities. If we take a careful look at the set M, we realize
that for A € R it is not essential that (C'P) has a solution; one merely
needs (C'P) to be bounded below. Thus Attouch, Buttazzo, and Michaille [3]
call the set M to be the set of generalized Lagrange multipliers. Of course
if (CP) has a solution, then M is the set of Lagrange multipliers. We now
show how deeply the notion of Lagrange multipliers is associated with the
perturbation of the constraints of the problem. From a numerical point of
view, it is important to deal with constraint perturbations. Note that due to
rounding off and other errors, often the iterates do not satisfy the constraints
exactly but some perturbed version of it, that is, possibly in the form

gl(w) < yi, i=1,2,...,m.
Thus, the function
v(y) = nf{f(x) : gi(x) <yi, i =1,2,...,m}

is called the wvalue function or the marginal function associated with (CP). It
is obvious that if v(0) € R, then v(0) is the optimal value of (CP). We now
establish that v : R™ — R is a convex function. In order to show that, we
need the following interesting and important lemma.

Lemma 4.11 Consider ® : R™ x R™ — R U {400}, which is convezx in both
variables. Then the function

o) = inf @(u,0)

is a convex function in v.
Proof. Consider (v;, ;) € epis ¢, i = 1,2, that is,
o(v;) < ay, 1=1,2.
Therefore, there exist 4y, us € R™ such that by the definition of infimum,
O(u;,v;) < agy i =1,2.
By the convexity of ®, for every A € [0, 1],

D((1 — Ny + Mg, (1 — Aoy + Avg) (1= N)®(a1,v1) + AP(t2, v2)

<
< (I=XNag + A,

which implies

¢((1 — )\)’Ul + )\’UQ) < (1 — )\)Oél + )\042, Ve [O, 1]
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Thus
(1= A1+ Avz), (1 = MNou + Aaz) € epis ¢,

which by Proposition 2.50 leads to the convexity of ¢. ]

Observe that the value function can be expressed as

o(y) = inf {£(2) + b0 (@)}, (418)

where C(y) = {& € R" : gi(z) < y;, ¢ = 1,2,...,m}. Now to prove the
convexity of the value function, what one needs to show is that f(x)+dc(y)(x)
is convex in both the variables x as well as y, and we leave it to the reader.
Once that is done, we just have to use Lemma 4.11 to conclude that v is a
convex function.

Through the following result given in Attaouch, Buttazzo, and
Michaille [3], we show how the Lagrange multipliers (or the generalized La-
grange multipliers) are related to the value function.

Theorem 4.12 (i) Let v(0) € R, then M = —0v(0). Further, if the Slater
constraint qualification holds, then v is continuous at the origin and hence M
is convex compact set in R'.

(i) Consider the problem
sup —v*(=A) subject to A € RT. (DP1)
The solutions of (DP1) coincide with the set M. Further, for every A € R,

—v*(=X) = inf {f(z)+ Y Nigi(2)}.
=1

TER™

Thus the problem (DP1) coincides with the Lagrangian dual problem of (CP).
Proof. (i) We begin by proving M = —9v(0). Consider any A € M. By the
definition of the value function v (4.18) and M (4.17),
00) = B 17+ o) = jaf {5 + 3N
For any given y € R™, consider the set
Cly)={zeR":gi(z) <y, i=1,2,...,m}.

As X\ € R, for any z € C(y),

> Nigilx) <Y N,
i=1 i=1
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which implies that

2)+ Y Nigi(@) < fl@)+ > Ay
=1 =1

Therefore,

inf {f + Z Xigi }( § mf f )+ Z Aili- (4.19)

zeC(y

Because C(y) C R™, by Proposition 1.7,
inf Aigi < inf Aigi
Jnf {f+ ; gi}(@) < inf {f+ ; 9i}(w)

As XA € M, by (4.17) along with (4.19) leads to

y) + Z AilYi
i=1
that is,
v(y) > v(0)+ (=\,y—0), VyeR™

This yields that —\ € 9v(0), thereby establishing that M C —9v(0).

Conversely, suppose that A € —dv(0), that is, =\ € 9v(0). We will prove
that A € M. Consider any y € R'?". Then it is easy to observe that C' C C(y).
Again by Proposition 1.7,

inf > inf
Inf f(z) 2 xé&y)f(x)’

that is,
v(0) > v(y), Yy eRY.

As —\ € 9v(0), which along with the above inequality leads to
(A y) =2 0(0) —v(y) > 0.

Because y € R was arbitrary, it is clear that A € R*. We now establish that
A € M by proving that

inf = inf > Nigi
inf f(z) Ileran{f+i:1 9i}(x)
that is,

v(0) = inf {f+z)\zgz
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Note that if 2 € C, g;(z) <0, i = 1,2,...,m. Then >."; X\jgi(z) < 0 as
Ai >0, i=1,2,...,m. Thus,

m

z)+ Y Aigi(z) < f(z), Ve C.
Therefore,

inf {f+Z)\lgl ) < inf {f—i—Z)\lgl ) < inf f(z) =v(0). (4.20)

reR™

The fact that —\ € dv(0) leads to
v(y) + Ay) 2 0(0), Yy € R™,

that is, for every y € R™,

o)+ 3 A > v(0)
=1

Consider any & € R™ and set § = ¢;(Z), i = 1,2,...,m. Therefore, the above
inequality leads to

v() + Z)\igz‘(fi) > v(0).
i1

By the definition (4.18) of value function v(g) < f(Z), which along with the
above inequality leads to

f@)+ Z Aigi(Z) > v(0).

Because T was arbitrary,

zER™

inf {f + Z Aigit(z) = v(0). (4.21)
Combining (4.21) with (4.20),

v(0) = inf {f+> Nigi}(x)
i=1

Therefore, A € M and thus establishing that M = —0v(0).
Now assume that v(0) is finite and the Slater constraint qualiﬁcation holds,
that is, there exists & € R™ such that g;(£) < 0, ¢ = 1,2,...,m. Thus there
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exists 0 > 0 such that for every y € Bs(0) = B, ¢;(2) < y;, ¢ = 1,2,...,m,
which implies that
v(y) < f(&), Vy € Bs(0). (4.22)

As dom f =R", f(&) < 400, thereby establishing that v is bounded above
on Bs(0). This fact shows that

Bs(0) x [f(£),+00) C epi v.

We claim that v(y) > —oo for every y € R™. On the contrary, assume that
there exists § € R™ such that v(g) = —oo. Thus,

{4} xR C epi v.
Consider z = —ag such that @ > 0 and ||z|| < §. This is possible by choosing
)
2[|1l

—(1-=2X
that z = %Q, that is,

- A
Tra v have A € (0,1) and a = - This implies

Az + (1—=XN)g=0.
By choice, z € Bs(0), which by (4.22) implies that v(z) < f(&) and thus,
(z, f(%)) € Bs(0) x [f(£),+00) C epi v.
Further, for every t € R,
(9,t) € {g} xR C epi v.
As v is convex, by Proposition 2.48; epi v is a convex set, which implies that
Az 4+ (1 =Ng,Af(Z)+ (1 = N)t) € epi v,
that is,
(0, Af(&) + (1 = N)t) € epi v.
Therefore,
v(0) < Af(@)+ (1 —=MNt, VEtER.

Taking the limit as ¢ — —oo, v(0) < —oo. But v(0) > —oco and hence
v(0) = —oo, which is a contradiction because v(0) € R. By Theorem 2.72,
the function v : R™ — R U {400} is majorized on a neighborhood of the ori-
gin and hence v is continuous at y = 0. Then by Proposition 2.82, dv(0) is
convex compact set, which implies so is M.

(ii) We already know that A € M if and only —\ € 9v(0). Therefore, from
Theorem 2.108,

Aedw(0) = 0) (=N =0,
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which implies A € M if and only if
v(0) +v*(=X) =0.

From (i) we know that v is continuous at y = 0. Thus, by Proposition 2.106,
v(0) = v**(0). By Definition 2.101 of the biconjugate,

v™(0) = sup {—v"(u)} = sup {—v"(—p)}.
peR™ pneER™

Thus A € M if and only if

—v"(=A) =v™(0) = fgﬁ&{_”*(_“)}’

which is equivalent to the fact that A\ solves the problem
sup —v*(u) subject to p € R™.

Observe that

vi(p) = yse%gn{w, y) —v()}
= s (G~ (@) 3(0) < s = 1.2
= yseu%{<u, ) —l—sgp{—f(a:) cgi(r) <y, i=1,2,...,m}}

= sup {<May>7f(x)gl(x)§ylv ZZI,Qa,m}
(y,z)ER™ XR™

If for some ¢ € {1,2,...,m}, p; > 0, then v*(u) = +00. So assume that
pu € =R, Then

v"(p) = sup {—f(z) + sup Zuzyz

TER™ UL>(JL

As 3wy = (u,y) is a linear function,
m

sup Zuzyz > nigi(z)
vizgi(x) =1 i=1

Hence, for p € —R",

v* () = sup {Z pigi(x) — f(@)}-

IER”

In particular, for p = —A,

’U*(_A) = sup { + Z )‘zgz

zER™
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which implies
SN = B )+ 3 N

Thus, —v*(=\) = w(A), thereby showing that the dual problems (DP) and
(DP1) are the same. U

4.5 Fenchel Duality

In the last section it was clear that the notion of conjugation is linked to the
understanding of Lagrangian duality. In this section we explore this relation a
bit more. We will focus on Fenchel duality where the dual problem is expressed
explicitly in terms of the conjugate functions. Also we shall make a brief
presentation of Rockafellar’s perturbation approach to duality. Our approach
to Fenchel duality will be that of Borwein and Lewis [17], which we present
below.

Theorem 4.13 Consider proper conver functions f : R" — R and
g:R™ —= R and a linear map A : R" — R™. Let vp,dp € R be the opti-
mal values of the primal and the dual problems given below:

vr = inf {f(@) + g(An)} and dp = sup {—F(ATA) — g (M)},
zER™ pER™

where AT denotes the conjugate of the linear map A or the transpose of the
matriz represented by A. In fact, A can be viewed as an m xXn matriz. Assume
that the condition

0 € core(dom g — A dom f)

holds. Then vy = dp and the supremum in the dual problem is attained if the
optimal value is finite. (Instead of the term core, one can also use interior or
relative interior. )

Proof. We first prove that vp > dp, that is, the weak duality holds. By the
definition of conjugate function, Definition 2.101,

FrATN) = Sélﬂgﬁ(AT)\vir) —f(@)} = A\ Az) — f(z), Vo eRY,

which implies

F(@) = (\ Az) — f*(ATN), V& € R™.
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Similarly, we have
g(Az) > —(\, Az) — g" (=), Yz € R™.
The above inequalities immediately show that for any A € R™ and any x € R,
)+ g(Az) > —f*(ATX) = g"(=N).

Thus, the above inequality it yields that vp > dp.
Next, to prove the equality under the given constraint qualification, define
the function h : R™ — R as

hy) = mf {f(z) +g(Az +y)}.

In the parlance of optimization, h is referred to as the optimal value function or
just a value function. Here the vector y acts as a parameter. See the previous
section for more details. Using Lemma 4.11, it is easy to observe that h is
convex. We urge the reader to reason out for himself / herself. Further, one
must decide what dom h is. We claim that

dom h = dom g — A dom f.

Consider y € dom h, that is, h(y) < 4+o00. Hence there exists € R™ such that
x € dom f and Ax + y € dom g, which leads to

y € dom g — A dom f.
This holds for every y € dom h and thus
dom h C dom g — A dom f.

Let z € dom g — A dom f, which implies that there exists u € dom g and
I € dom f such that z = u — AZ. Hence z + A% € dom g, that is,

f(@) + g(z + Ai) < +oo.

Thus h(z) < 400, thereby showing that z € dom h. This proves the assertion
toward the domain of h.

Note that if vp = —oo, there is nothing to prove. Without loss of gen-
erality, we assume that vp is finite. By assumption, 0 € core(dom h) (or
0 € int(dom h)). By Proposition 2.82, 0h(0) # (, which implies that there
exists —& € Oh(0). Thus, by Definition 2.77 of the subdifferential along with
the definition of h,

h(0) < h(y) + (& y) < f(@) + g(Az +y) +(§,y), Yy € R™.

Hence,

h(0) < {f(x) = (A% )} +{g(Az +y) — (=, Az + )}
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Taking the infimum first over y and then over x yields that
h(0) < —f*(A%¢) — g" (=€) < dr < vr < h(0),

thereby establishing that vp = dp. Observe that the dual value is obtained at
A=¢&. O

It is important to mention that the above problem was also studied by
Rockafellar [97]. In Rockafellar [97], the function g is taken to be a concave
function, Definition 2.46, and the objective function of the primal problem
and the dual problem are, respectively, given as

fl) —g(Az) and  g.(\) — f*(ATN).

Further, g, denotes the conjugate of the concave function g, which is defined
as

g9+(A) = inf {{Xy) —g(y)}.
yeR™
From the historical point of view, we provide the statement of the classical
Fenchel duality theorem as it appears in Rockafellar [97].

Theorem 4.14 Consider a proper convez function f:R"™ — R and a proper
concave function g : R™ — R. Assume that one of the following conditions
holds:

(1) ri(dom f)Nri(dom g) # 0,
(2) f and g are lsc and ri(dom f*) N ri(dom g.) # 0.
Then

inf {f(z) —g(z)} = sup {g.(A) = f*(N)}. (4.23)
z€R™ AER™

We request the readers to figure out how one will define the notion of a
proper concave function. Of course, if we consider g to be a convex function,
(4.23) can be written as

inf {f(z) +9(2)} = sup {=¢"(=A) = f*(N)}.
z€ AERn

Note that this can be easily proved using Theorem 4.13 by taking A to be
the identity mapping I : R™ — R™. Moreover, ri(dom f) N ri(dom g) # 0
shows that 0 € int(dom g — dom f). Hence the result follows by invoking
Theorem 4.13.

We now look into the perturbation-based approach. This approach is due
to Rockafellar. Rockafellar’s monogarph [99] entitled Conjugate Duality and
Optimization makes a detailed study of this method in an infinite dimen-
sional setting. We however discuss the whole issue from a finite dimensional
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viewpoint. In this approach, one considers the original problem being embed-
ded in a family of problems. In fact, we begin by considering the convexly
parameterized family of convex problems

min F(z,y) subject to 1z &R, (CP(y))

where the vector y is called the parameter and the function F : R* x R™ — R
is assumed to be proper convex jointly in « and y. In fact, in such a situation,
the optimal value function

v(y) = inf Fz,y)

is a convex function by Lemma 4.11. Of course, the function F' is so chosen
that fo(x) = F(z,0), where

oy = 1z

400, otherwise.
In fact, (CP) can be viewed as
min fo(z) subject to x € R,

thus embedding the original problem (CP) in (CP(y)).
Now we pose the standard convex optimization problem as (C'P(y)). Con-
sider the problem (C'P) with C given by (3.1), that is,

C={zeR":g(x)<0,i=1,2,...,m},

where g; : R* — R, ¢ = 1,2,...,m, are convex functions. Corresponding to
(CP), introduce the family of parameterized problems (C'P(y)) as follows

min F(x,y) subjectto x€R",
where

| f@), gi(@) <y, i=1,2,...,m,
Fla.y) _{ +00, otherwise.

It is clear that

— f f@), g(2)<0,i=12,...,m,
F(2,0) = fola) = { 400, otherwise.

Recall that the Lagrangian function corresponding to (C'P) is given by

_J f@)+(\g(@), AeRY,
Liz,A) = { +00, other\;zrise.

Next we look at how to construct the dual problem for (C'P(y)). Define the
Lagrangian function L : R® x R™ — R as

L@.N) = inf {F(.)+ (. )},
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that is,

—L(.’E,)\) = sup {<y7)‘> - F(l.?y)}

yeR™
Observe that
F*(z*,\") = sup  {(@",z) + (A", y) — F(z,y)}
zER™,ycR™
= sup {(z",z) + sup ((\",y) — F(z,y))}
zERM yERM
= sup {{z",z) — L(x,\")}.

z€ER®

Thus,

—F*(0, A ):wlenﬂgn L(z, \%).

Hence the Fenchel dual problem associated with (CP) is
sup (—F*(0,A)) subjectto X eR™. (DPr)

With the given Lagrangian in a similar fashion as before, one can define a
saddle point (z, \) of the Lagrangian function L(z, \).

We now state without proof the following result. For proof, see for example
Lucchetti [79] and Rockafellar [99].

Theorem 4.15 Consider the problem (CP) and (DPr) as given above. Then
the following are equivalent:

(i) (z,)\) be a saddle point of L,

(ii) T is a solution for (CP) and X is a solution for (DPr) and there is no
duality gap.

For more details on the perturbation-based approach, see Lucchetti [79]
and Rockafellar [99].

4.6 Equivalence between Lagrangian and Fenchel Dual-
ity

In the previous sections, we studied two types of duality theories, namely the
Lagrangian duality and the Fenchel duality. The obvious question that comes
to mind is whether the two theories are equivalent or not. It was shown by
Magnanti [81] that for a convex programming problem, both these forms of
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duality coincide. We end this chapter by taking a look at the equivalence
between the two duality theories based on the approach of Magnanti [81].
Consider the following convex programming problems:

Lagrange: inf f(z) subjectto xz€C,
Fenchel: inf (fi(x) — fa(z)) subject to x € CiNCoy,

where

C={xeR":g(x)<0,i=1,2,...,m,
hj(z) =0, j=1,2,...,1, x € X},

f: X —= R, fi : (1 — R are convex functions; fo : Co — R is a con-
cave function; g; : X — R, i = 1,2,...,m, are convex non-affine functions;
h; : R* = R, j =1,2,...,1, are affine functions; and C;,C5, X are convex
subsets of R™. Denote the optimal values of the Lagrangian and the Fenchel
convex programming problems as vy and vg, respectively. Observe that the
Lagrangian problem is a particular case of (C'P) with C given by (4.9). Cor-
responding to the two convex programming problem, we have the following
dual problems:

Lagrange: sup iniL(x,)\,u) subject to (A, ) € R x R,
€
Fenchel: sup ((f2)«(&) — f¥(&)) subject to & € R™,

where the Lagrangian function L : R™ x R x R! is defined as

m l
L(x’)‘vu) = f(.fl)’) + Z)\zgl(x> + Zujhj(‘r)'

As f; are defined over Cj, that is, dom f; = C; for i = 1,2, the conjugate
functions reduce to

7€) = sw{{z) - fi(z)},

zeCy

(f2)«(&) = xief1£2{<§a$>—f2($)}~

Denote the optimal values of the Lagrangian and the Fenchel dual problems
as dr, and dp, respectively. Note that f;(§) = +oo for some & € R™ is a pos-
sibility. Similarly, for the concave conjugate, (f2)«(§) = —oo for some £ € R"
is also a possibility. But these values play no role in the Fenchel dual problem
and thus the problem may be considered as

Fenchel: sup ((f2)«(&) — fi(€)) subject to £e€CiNCy,
where

Cf = {6 €R™: f{(§) < +00} and Cj = {§ € R : (f5).(€) > —o0}.



202 Saddle Points, Optimality, and Duality

By Theorem 4.7 and Theorem 4.14, we have the strong duality results for the
Lagrangian and the Fenchel problems, respectively, that is,

VL :dL and VR :dF.

Now we move on to show that the two strong dualities are equivalent. But
before doing so we present a result from Magnanti [81] on relative interior.

Lemma 4.16 Consider the set
A= {(yo,y,2) € RM™H . there exists x € X such that f(x) < yo,
gi(x) <y, 1=1,2,...,m,
hi(x) ==z, j=1,2,...,1}.
If € ri X such that
f(@) <go, 9:(@) <y, i1=1,2,...,m, and h;j(2)=2%;, j=1,2,...,1,
then (9o, 9, 2) € ri A.

Proof. By the convexity of the functions f, ¢;, 1 = 1,2,...,m, and h;,
j=1,2,...,1, and the set X, it is easy to observe that the set A is con-
vex. It is left to the reader to verify this fact. To prove the result, we will
invoke the Prolongation Principle, Proposition 2.14 (iii).

Consider (yo,y, z) € A, that is, there exists € X such that

fl@) <wo, gi(z)<wy, i=12,...,m, and hj(z)=2z2;, j=1,2,...,L

Because X C R" is a nonempty convex set and & € r¢ X, by the Prolongation
Principle, there exists v > 1 such that

v&+ (1 —7)z € X,
which by the convexity of X yields that
ai+(1-—a)zreX, Vae (1,9]. (4.24)
Asdom f=dom g, =X,i=1,2,...,m with & € ri X, for some « € (1,7],
flai+(1-a)z) < afo+(1—a)yo, (4.25)
gilat+(1—a)zr) < afgi+(1—a)y, i=1,2,...,m. (4.26)
By the affineness of hj, 7 =1,2,...,1,
hilat +(1—a)z) <azj+(1—a)z;, j=1,2,...,1L (4.27)
Combining the conditions (4.24) through (4.27) yields that for a > 1,
(90, 9,2) + (1 — a)(yo, y,2) € A.

Because (yo,y,2z) € A was arbitrary, by the Prolongation Principle,
(90, 9,2) € i A as desired. 0

Now we present the equivalence between the strong duality results.
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Theorem 4.17 Lagrangian strong duality is equivalent to Fenchel strong du-
ality, that is, Theorem 4.7 is equivalent to Theorem 4.14.

Proof. Suppose that the Lagrangian strong duality, Theorem 4.7, holds under
the assumption of modified Slater constraint qualification, that is, there exists
Z € rt X such that

gi(#) <0, i=1,2,...,m, and h;(#)=0, j=1,2,...,1

Define X = C; x Cy x R™ and x = (x1, x2,x3). The Fenchel convex program-
ming problem can now be expressed as

Vp = ;gg(fl(xl) — fa(w2)),
where
C’:{:EEIR?’”:h;(gc):(acj—:vg)T:O7 i=12r=12...,n, € X}.

Observe that here h; : R®™ — R"™. Note that the reformulated Fenchel problem
is nothing but the Lagrangian convex programming problem. The correspond-
ing Lagrangian dual problem is as follows:

n

dp = sup inf {fl(ffl) f2(9€2)+ZN{($1 —xS)r‘FZNg(@_%)r}’

(p1,p2) ER2 TEX =1 r=1
that is,
dp = sup - inf {fi(z1) = fa(wz) + (ua,a1) + (2, w2)

(p1,12) ER2n TEX
—(u1 + p2,w3) ). (4.28)

From the assumption of Theorem 4.14,
ri(dom f1) Nri(dom fo) =71i Cy Nri Cy # 0,

which implies there exists £ € R™ such that & € ri Cy N ri Cy. Therefore,
r = (#,&,%) € ri X such that hl(z) =0, j = 1,2, r = 1,2,...,n; thereby
implying that the modified Slater constraint qualification holds. Invoking the
Lagrangian strong duality, Theorem 4.7,

Vp = dL, (429)
it is easy to note that if uy # —pueo, the infimum is —oo as 3 € R™. So taking
the supremum over y = —pu; = po along with Proposition 1.7, the Lagrangian
dual problem (4.28) leads to

dp = sup inf  {fi(z1) = fa(@2) — (p, 21) + (p, 22) }

HER™ (Il,IQ)ecl x Co

= sup{ inf ((u,22) = fo(w2)) + inf (fi(z1) = (p,21))}

HER™ xoeC:

= sup {(f2)« (1) — fi (W)},

nER™
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thereby implying that d, = dp. This along with the relation (4.29) yields that
vrp = dr and hence the Fenchel strong duality holds.

Conversely, suppose that the Fenchel strong duality holds under the as-
sumption that ri Cy Nri Co # 0. Define

C1 = {(yo,y,2) € RM™F . there exists x € X such that f(z) < yo,
gi(x) <wi, i=1,2,...,m,
hj(z) =2, j=1,2,...,1}
and
Cy = {(yo,y,2) ERM™MH Ly <0, i=1,2,...,m, 2, =0, j=1,2,...,1}.

The Lagrange convex programming problem can now be expressed as

vr, = inf{yo : (Y0,¥, 2) € C1 N Ca},

which is of the form of the Fenchel problem with fi(yo,v,2) = yo and
f2(yo,y,z) = 0. The corresponding Fenchel dual problem is

dF == Sup{((fQ)*(E) - fik(é')) : g - ()\0’ A?M) c R1+m+l}
- sup { inf  {oyo+ N y) +(p2)}
(Mo A, ) ERIFmAL (Y0,,2)EC

— sup  {Aoyo + (A ) + {1, 2) — Yo}
(y0,y,2)€C1

sup { inf {¥o — Aoyo — (N y) — (0, 2) }
(Mo, A ) ERVEmAL (Y0,4,2)€CL

+ inf {Aoyo + (A y) + (1, 2) 1 (4.30)

(y0,y,2)€C2

By the assumption of Theorem 4.7, the modified Slater constraint qualifica-
tion holds, which implies that there exists & € ri X such that ¢;(%) < 0,
i=1,2,...,m,and h;(£) =0,j=1,2,...,l. Asdom g; =X, i=1,2,...,m,
by Theorem 2.69, g;, ¢ = 1,2,...,m, is continuous on r¢ X. Therefore, there
exists ¢; < 0 such that ¢;() < §; < 0,4 =1,2,...,m. Also, as dom f = X
with & € 74 X, one may choose g € R such that f(Z) < go. Thus, for & € ri X,

f(:i‘) <£[0, gz(f) <ﬂ1‘, t=1,2,...,m, and hj(if]):fg’j, j:1,2,...,l,

where 2, =0, j =1,2,...,l. By Lemma 4.16, (40,9, 2) € ri C1 Nri C2, which
implies 7 C; Nri Cy # (). Thus, by Theorem 4.14,

v = dF. (431)

From the definition of Cj, the second infimum in (4.30) reduces to

inf{)\0y0+z)\iyi:y0 eR, y; <0, 1= 1,27...,777,}.

i=1
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The infimum is —oo if either A\g # 0 or \; > 0 for some i = 1,2,...,m and
takes the value 0 otherwise. Therefore, the Fenchel dual problem becomes

dp = sup inf ~ {yo — (A y) — (u,2)}
(A p)ER™ xR (0,y,2)EC1

m l
= sup inf  {yo+ D Nvi+ D pizi}
(A ) ERT xR (40,9,2)EC ; e ; 7

(Ap)ERT xR TEX

m l
= sup inf {f(z) + Z Aigi(z) + Z pih;(z)},
i=1 Jj=1

which yields that dp = dr. This along with (4.31) implies that vy, = dp,
thereby establishing the Lagrangian strong duality. |






Chapter 5

Enhanced Fritz John Optimality
Conditions

5.1 Introduction

Until now we have studied how to derive the necessary KKT optimality con-
ditions for convex programming problems (C'P) or its slight variations such
as (CP1), (CCP) or (CCP1) via normal cone or saddle point approach. Ob-
serve that in the KKT optimality conditions, the multiplier associated with
the subdifferential of the objective function is nonzero and thus normalized
to one. As discussed in Chapters 3 and 4, some additional conditions known
as the constraint qualifications are to be satisfied by the constraints to ensure
that the multiplier is nonzero and hence the KKT optimality conditions hold.
But in absence a of constraint qualification, one may not be able to derive
KKT optimality conditions. For example, consider the problem

min z subject to 22 <0.

In this example, f(z) = x and g(z) = 2? with C = {0} at which none of
the constraint qualifications is satisfied. Observe that the KKT optimality
conditions is also not satisfied at the point of minimizer £ = 0, the only
feasible point, as there do not exist A\g = 1 and A > 0 such that

MVF(E)+AVg(z) =0 and Ag(Z)=0.

In this chapter, we will consider the convex programming problem
min f(z) subject to x € C (CP1)

where (C'P1) which involves not only inequality constraints but also additional
abstract constraints, that is,

C={zeR":¢;(x)<0,i=1,2,...,m, x € X}.
Here f,g; : R" — R, i =1,2,...,m, are convex functions on R” and X C R"
is a closed convex set. Below we present the standard Fritz John optimality

conditions for (CP1).

207
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Theorem 5.1 Consider the convex programming problem (CP1) and let T be
a point of minimizer of (CP1). Then there exist \; > 0 for i = 0,1,...,m,
not all simultaneously zero, such that

0 € XOf(z +ZAagz )4+ Nx(z) and Ngi(2)=0,Vi=1,2,...,m

Proof. As Z is a point of minimizer of (CP1), it is a point of minimizer of
the problem

min F(xz) subject to z€ X,

where F(z) = max{f(z) — f(Z),g1(x), g2(x),...,gm(x)} is a convex function.
Therefore by the optimality condition (ii) of Theorem 3.1,

0 € OF(z) + Nx (2).

Applying the Max-Function Rule, Theorem 2.96, there exist Ay > 0 and
Ai >0, 1 € I(Z), satisfying A\g + Z A; = 1 such that
icI(z)

0€ X\Of(z Z Xi0gi(Z) + Nx (),

1€1(x)

where I(z) = {i € {1,2,...,m} : g;(Z) = 0} is the active index set at z. For
i ¢ I(Z), defining A\; = 0 yields

0 € \df(z ZA 99;(%) + Nx (z)

along with A\;g;(z) =0, i =1,2,...,m, hence completing the proof. a

Note that in the example considered earlier, the Fritz John optimality
condition holds if one takes A\g = 0 and A > 0. Observe that the Fritz John
optimality conditions are only necessary and not sufficient. To study the suf-
ficiency optimality conditions, one needs KKT optimality conditions.

5.2 Enhanced Fritz John Conditions Using the
Subdifferential

Recently, Bertsekas [11, 12] studied the Fritz John optimality conditions,
which are more enhanced than those stated above and hence called them en-
hanced Fritz John optimality conditions. The proof of the enhanced Fritz John
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optimality condition involves the combination of the quadratic penalty func-
tion and metric approzimation approaches. The penalty function approach
is an important theoretical as well as algorithmic method in the study of
constrained programming problems. Corresponding to the given problem, a
sequence of the unconstrained penalized problem is formulated and in the lim-
iting scenario, the sequence of point of minimizers of the penalized problem
converges to the point of minimizer of the original constrained problem. The
approach of metric approximations was introduced by Mordukhovich [84, 85].
This approach involves approximating the objective function and the con-
straint functions by smooth functions and reducing the constrained into an
unconstrained problem. The work of Bertsekas [11, 12] was based mostly on
the work of Hestenes [55], which was in turn motivated by the penalty function
approach of McShane [83] to establish the Fritz John optimality conditions.
It was the work of Hestenes [55] in which the complementary slackness was
strengthened to obtain a somewhat weaker condition than the complemen-
tary violation condition, which we will discuss in the subsequent derivation of
enhanced Fritz John optimality condition. In their works, McShane [83] and
Hestenes [55] considered X = R™ while Bertsekas extended the study when
X £ R". Below we discuss the above approach to establish the enhanced Fritz
John optimality conditions for the convex programming problem (C'P1).

Theorem 5.2 Consider the convex programming problem (CP1) and let T be
the point of minimizer of (CP1). Then there exist \; > 0 fori=0,1,...,m,
not all simultaneously zero, such that

(Z) 0e )\oaf(i‘) + zm:)\,(‘)gl(f) + Nx(.’f)

(ii) Consider the index set I = {i € {1,2,...,m} : \; > 0}. If [ # 0, then
there exists a sequence {xr} C X that converges to T and is such that
for all k sufficiently large,

flzr) < f(x) and  Ngi(xr) >0, Viel

Proof. For k = 1,2, ..., consider the penalized problem
min F,(z) subject to x € X Nl B.(Z), (Py)

where € > 0 is such that f(z) < f(x) for every = € ¢l B.(Z) feasible to (CP1).
The function F} : R® — R is defined as

m

(gt @) + 5l — 2P,

i=1

N |

where g*(z) = max{0,g(z)}. By the convexity of the functions f and
gi, © = 1,2,...,m, F} is a real-valued convex on R". As dom F} = R",
by Theorem 2.69, Fj is continuous on R™. Also, as X is a closed convex set
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and ¢l B.(Z) is a compact convex set, X Ncl B.(Z) is a compact convex subset
of R™. By the Weierstrass Theorem, Theorem 1.14, there exists a point of
minimizer zj for the problem (Py). Therefore,

Fk(xk) < Fk(i), VEkeN,

W]licll l'Hlpll'eS
k 2 7 k 2 k —= I . .

i=1

Because dom f = R™, again by Theorem 2.69, f is continuous on R™. Hence,
it is continuous on X N ¢l B (Z) and thus bounded over X Ncl B.(Z). By the
boundedness of f(zj) over X Nl B.(Z) and the relation (5.1), we have

Jhn g (xr) =0, i=1,2,...,m. (5.2)

Otherwise as k — +00, the left-hand side of (5.1) also tends to infinity, which
is a contradiction.

As {z} is a bounded sequence, by the Bolzano—Weierstrass Theorem,
Proposition 1.3, it has a convergent subsequence. Without loss of generality,
assume that {z)} converge to & € X Ncl B.(Z). By the condition (5.2),

gz({i’) <0,i=1,2,...,m,

and hence 7 is feasible for (C'P1). Taking the limit as k¥ — +oc0 in the condition
(5.1) yields

£(@) + 53— 2 < /(@)

As 7 is the point of minimizer of (CP1l) and % is feasible to (CP1),
f(Z) < f(Z). Thus the above inequality reduces to

Iz - z|I* <0,

which implies ||Z — Z|| = 0, that is, £ = Z. Hence, the sequence z; — Z and
thus there exists a k € N such that x;, € ri X NB.(7) for every k > k.

For k > k, zy is a point of minimizer of the penalized problem (P}), which
by Theorem 3.1 implies that

0 € OFk(xr) + NxnB. (z)(Tk)-
As z, € i X NB.(Z), by Proposition 2.39,
Nxrp, (z)(@r) = Nx (2x) + Np_(z) (zk)-
Again, because z € B.(7), by Example 2.38, Np_(z)(2x) = {0} and thus
0 € OFy () + Nx(zx), ¥V k> k.
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As dom f = dom g; = R™, i = 1,2,...,m, by Theorem 2.69, f and g;,
i =1,2,...,m are continuous on R™. Applying the Sum Rule and the Chain
Rule for the subdifferentials, Theorems 2.91 and 2.94, respectively, the above
condition becomes

0€0f(ze) +k Y g (x)g; (wx) + (wx — ) + Nx(z1), V k > k,

i=1
which implies that for every k > k, there exist &§ € 0f(xy) and £F € dg;(xs),
i1 =1,2,...,m, such that

&+ afel + (ar — 2)} € Nx (), (5.3)

where of = kf.g; (x;) and Bx € [0,1] for i = 1,2,...,m. Denote

1 oF
k k 7
7= — and )\1':7,2:1,2, , M 5.4
Nz Ak (5.4)
Observe that .
A +D_ (M) =1, VE>F (5.5)
i=1

Therefore, the sequences {\§} and {\¥}, i = 1,2,...,m, are bounded se-
quences in R and thus by the Bolzano—Weierstrass Theorem, Proposition 1.3
have a convergent subsequence. Without loss of generality, let \F — ),
i=0,1,...,m Asaf >0, i =1,2...,m and v¥ > 1 for every k > k,
)\ifc > 0 and thereby implying that A; > 0, ¢ = 0,1,...,m. Also by condi-
tion (5.5), it is obvious that Ag, A1,..., A, are not simultaneously zero. Now
dividing (5.3) by v* leads to

- 1
—{A65 + D_ M€+ (e — @)} € Nx(an). (5.6)
i=1
As f and ¢g;, © = 1,2,...,m are continuous at zp € R", therefore by
Proposition 2.82, f(xy) and dg;(zx), ¢ = 1,2,...,m, are compact. Thus
{€F}, i =0,1,...,m, are bounded sequences in R™ and hence by the Bolzano-

Weierstrass Theorem have a convergent subsequence. Without loss of general-
ity, let £ — &, i =0,1,...,m. By the Closed Graph Theorem, Theorem 2.84,
of the subdifferentials, § € df(Z) and &; € dg;(Z) for i = 1,2,...,m.

Taking the limit as k¥ — +oo in (5.6) along with the fact that the normal
cone Ny has a closed graph yields

—{Xobo + D> _Ni&i} € Nx(2),

=1
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which implies
0 € Ao0f(T) + Z Ai09i(Z) + Nx (),
i=1

thereby establishing condition (i).

Now suppose that the index set [ = {i € {1,2,...,m} : \; > 0} is non-
empty. For i € I, corresponding to \; > 0, there exists a sequence \¥ — \;.
Therefore, for all k sufficiently large, A¥ > 0 and hence \;\¥ > 0 for i € I. By
the condition (5.4), A\;g; (wx) > 0 for sufficiently large k, which implies

)\igi(xk) >0,Vie TI.

Also, by condition (5.1), f(zr) < f(z) for sufficiently large k and hence con-
dition (ii) is satisfied, thereby yielding the requisite result. a

Observe that the condition (ii) in the above theorem is a condition that
replaces the complementary slackness condition in the Fritz John optimal-
ity condition. According to the condition (ii), if A; > 0, the corresponding
constraint g; is violated at the points arbitrarily close to Z. Thus the con-
dition (ii) is called the complementary violation condition by Bertsekas and
Ozdaglar [13].

Now let us consider, in particular, X = R" and ¢;, ¢+ = 1,2,...,m,
to be affine in (CP1). Then from the above theorem there exist A; > 0,
1 =0,1,...,m, not all simultaneously zero, such that conditions (i) and (ii)
hold. Due to affineness of g;, i =1,2,...,m, we have

gi(z) = () + (Vgi(z),x — T), Vax € R"™. (5.7)

Suppose that Ag = 0. Then by condition (i) of Theorem 5.2,
m
0= Z /\ngi(j),
i=1

which implies that

m

0="> X(Vgi(a),z — Z).

i=1
As all the scalars cannot be all simultaneously zero, the index set
I={ic{1,2,...,m}: )\ >0} is nonempty. By condition (ii), there exists
a sequence {zy} C R™ such that g;(xx) > 0 for i € I. Therefore, by (5.7),
which along with the above condition for x = xj, leads to

Z Aigi(Z) = Z Nigi(wr) =Y Nigi(w) >0,

iel
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which implies that g;(Z) > 0 for some i € I, thereby contradicting the feasi-
bility of Z. Thus A¢p > 0 and hence can be normalized to one, thereby leading
to the KKT optimality condition.

Observe that in the case as discussed above, the KKT optimality condition
holds without any assumption of constraint qualification. But if the convex
programming problem is not of the above type, to ensure that Ag # 0, one has
to impose some form of constraint qualification. In view of the enhanced Fritz
John optimality conditions, Bertsekas [12] introduced the notion of pseudo-
normality, which is defined as follows.

Definition 5.3 A feasible point Z of (C'P1) is said to be pseudonormal if
there does not exist any \;, i = 1,2,...,m, and sequence {zx} C X such that

(i) 0 €Y Ndgi(z) + Nx(2)
=1

(ii)) Ay, > 0, i = 1,2,....m and \; = 0 for ¢ ¢ I(Z). Recall that
I(z) ={i€{1,2,...,m} : g;(Z) = 0} denotes the active index set at Z.

(iii) {xk} converges to T and

> Nigi(ax) >0, VEeN.

i=1

Below we present a result to show how the affineness of g;, 1 =1,2,...,m,
or the Slater-type constraint qualification ensure the pseudonormality at a
feasible point.

Theorem 5.4 Consider the problem (CP1) and let T be a feasible point of
(CP1). Then T is pseudonormal under either one of the following two criteria:

(a) Linearity criterion: X = R™ and the functions g;, i = 1,2,...,m, are

affine.

(b) Slater-type constraint qualification: there exists a feasible point & € X
of (CP1) such that g;(%) <0, i=1,2,...,m.

Proof. (a) Suppose on the contrary that Z is not pseudonormal, which implies
that there exist \;, i = 1,2,...,m, and {zp} C R™ satisfying conditions (i),
(ii), and (iii) in the Definition 5.3. By the affineness of g;, i =1,2,...,m, for
every x € R,

9i(x) = (%) + (Vgi(),  — T),

which implies

m

> Nigil) =Y Nigi(@) + > Xi(Vgi(@),x — ), Vo €R™. (5.8)
=1 =1

i=1
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By the conditions (i) and (ii) in the definition of pseudonormality,
m
0= Z szgz(jﬁ) and /\igi(.i‘) =0,1=12,...,m,
i=1
thereby reducing the condition (5.8) to
Z Aigi(z) =0, Vz eR™
i=1

This is a contradiction of condition (iii) of Definition 5.3 at z. Hence, Z is
pseudonormal.

(b) On the contrary, suppose that Z is not pseudonormal. By the convexity of
gi, 1=1,2,...,m, for every z € R",

By condition (i) in the definition of pseudonormality, there exist & € dg; (),
i1 =1,2,...,m, such that

Z)\Z‘<gi,l'—.’fi> >0, VrelX.

i=1

The above inequality along with condition (ii) reduces the condition (5.9) to
> Xigi(z) >0, Ve X. (5.10)
i=1

As the Slater constraint qualification is satisfied at & € X,

S @) <0
=1

if A\; > 0 for some i € I(Z). Thus, the condition (5.10) holds only if \; = 0
for i = 1,2,...,m. But then this contradicts condition (iii). Therefore, T is
pseudonormal. O

In Chapter 3 we derived the KKT optimality conditions under the Slater
constraint qualification as well as the Abadie constraint qualification. For
the convex programming problem (CP) considered in previous chapters, the
feasible set C' was given by (3.1), that is,

C={zeR":¢i(x)<0,i=1,2,...,m}.
Recall that the Abadie constraint qualification is said to hold at = € C if

To(z)={deR": gi(z,d) <0, VieI(x)},
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where I(Z) is the active index set at Z. But unlike the Slater constraint quali-
fication, the Abadie constraint qualification need not imply pseudonormality.
For better understanding, let us recall the example

C={zxeR:|z| <0, z <0}.

From the discussion in Chapter 3, we know that the Abadie constraint qual-
ification is satisfied at Z = 0 but the Slater constraint qualification does not
hold as the feasible set C' = {0}. Observe that both constraints are active at
Z. Taking the scalars A\; = Ay = 1 and the sequence {z} as {1/k}, conditions
(i), (ii), and (iii) in Definition 5.3 are satisfied. Thus, Z = 0 is not pseudo-
normal. The Abadie constraint qualification is also known as quasireqularity
at . This condition was defined for X = R™. The notion of quasiregularity
is implied by the concept of quasinormality. This concept was introduced by
Hestenes [55] for the case X = R™. The notion of quasinormality is further
implied by pseudonormality.
Now if X # R"™, the quasiregularity at T is defined as

To(z) = {d € R" : ¢i(z,d) < 0, ¥ i € I(z)} N Tx (z).

The above condition was studied by Gould and Tolle [53] and Guignard [54].
It was shown by Ozdaglar [91] and Ozdaglar and Bertsekas [92] that under
the regularity (Chapter 2 end notes) of the set X, pseudonormality implies
quasiregularity. They also showed that unlike the case X = R™ where quasi-
regularity leads to KKT optimality conditions, the concept is not enough to
derive KKT conditions when X # R"™ unless some additional conditions are
assumed. For more on quasiregularity and quasinormality, readers are advised
to refer to the works of Bertsekas.

Next we establish the KKT optimality conditions under the pseudonor-
mality assumptions at the point of minimizer.

Theorem 5.5 Consider the convexr programming problem (CP1). Assume
that T satisfies pseudonormality. Then T is a point of minimizer of (CP1)
if and only if there exist \; >0, i =1,...,m, such that

0€0f(@)+ > Xdgi(z) + Nx () and  Xigi(z) =0, i=12,...,m.
=1

Proof. Observe that the complementary slackness condition is equivalent to
condition (ii) in the definition of pseudonormality. Therefore, A\; = 0 for every
t ¢ I(Z). Suppose that the multiplier Ay associated with the subdifferential
of the objective function in the enhanced Fritz John optimality condition is
zero. Therefore,

0e Z )\Z(‘)gz(a’c) + NX(f),
=1
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that is, condition (i) of Definition 5.3 holds. As all A; > 0, ¢ = 0,1,...,m,
are not simultaneously zero, A; > 0 for some ¢ € I(z) and thus
I={ic{1,2,...,m}: )\ >0} is nonempty. Therefore, by condition (ii) of
the enhanced Fritz John condition, there exists a sequence {z;} C X con-
verging to T such that

which implies
Z)\Z-gi(ack) > 0.
i=1

Thus condition (iii) in the definition of pseudonormality is satisfied, thereby
implying that  is not pseudonormal. This contradicts the given hypothesis.
Therefore, A\g # 0, thereby satisfying the KKT optimality conditions. The
sufficiency can be worked out using the convexity of the objective function
and the constraint functions along with the convexity of the set X as done in
Chapter 3. O

5.3 Enhanced Fritz John Conditions under Restrictions

Observe that in the problem (CP1), the functions f and g;, ¢ = 1,2,...,m,
are convex on R". But if these functions are convex only over the closed
convex set X, the line of proof of the above theorem breaks down. Bertsekas,
Ozdaglar, and Tseng [14] gave an alternative version of the enhanced Fritz
John optimality conditions, which is independent of the subdifferentials. The
proof given by them, which we present below relies on the saddle point theory.

Theorem 5.6 Consider the convex programming problem (C'P1) where the

functions f and g;, i = 1,2,...,m, are lsc and conver on the closed convex
set X C R™ and let T be a point of minimizer of (CP1). Then there exist
Ai >0 fori=0,1,...,m, not all simultaneously zero, such that

(i) Jof(7) = min{dof (z) + 3 Aigi(2)}-

(ii) Consider the index set I = {i € {1,2,...,m} : \; > 0}. If I # 0, then
there exists a sequence {x} C X that converges to T and is such that

klim flzx) = f(Z) and limsupg;(zr) <0, i=1,2,...,m,
00 k—o0

and for all k sufficiently large
flar) < f(@)  and  gi(zr) >0, Viel
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Proof. For the positive integers k and r, consider the saddle point function
Ly, : X xR — R defined as

1 ~ U 1
Lis(2,0) = f(2) + S5lle = 22 + Y aigi(@) - 5-llal”
1=1

For fixed a; > 0, i = 1,2,...,m, by the lower semicontinuity and convexity
of the functions f and g¢;, ¢ = 1,2,...,m, over X, Ly, (.,a) is an lsc convex
function while for a fixed x € X, Ly (x,.) is strongly concave and quadratic
in «. For every k, define the set

X=X ﬁ@k(f).

Observe that X} is a compact set. As fand g;, i = 1,2...,m, are Isc convex on
X, the functions are Isc, convex on Xj. Also, as Ly ,.(z,.) is strongly concave,
it has a unique maximizer over R and thus for some 3 € R, the level set

{a €RT : Ly (Z,0) > B}

is nonempty and compact. Thus by condition (iii) of the Saddle Point Theo-
rem, Proposition 4.1, Ly . has a saddle point over X, x R, say (T ry Ok )-
By the saddle point definition,

Lk,'r‘(xk,ma) < Lk,’!‘(xk,%ak,’!‘) < Lkﬂ“(x7ak,7")a Ve Xk7 Vac RT (511)

As Ly (., ax,,) attains an infimum over X at .,

1 m .
Lk,r(xk,ra ak,r) = f(-’L'lc,r) + ﬁ”l’k,r — CE||2 + Z Olk,rigi(wk,r) — 5||ak’r |2
i=1
. 1 i, m
< it {f(@) + 5l -2 + ; o, gi(2)}
1 m
< e 1 y
B weXk,;?(z)So,w{f(I) + k3||x z| +;o¢k7 29i(z)}
1
< inf 1 N
B ””Ekagl?(x)so,vz'{f(x) + k3||x z|°}

As T € X, and satisfies g;(Z) <0, i = 1,2,...,m, the above inequalities yield
kar(xk’r,aky,«) < f(!f) (512)

Again from (5.11), Ly ,(z,y, .) attains a supremum over a € R at oy, As a
function of o € R}, Ly (2., .) is strongly concave and quadratic, and thus,
has a unique supremum at

akﬂ"i = ng($k7r), i = 13 27 cee, M. (513)
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We leave it to the readers to figure out how to compute ay,,.,. Therefore,

1 T
Ly (@, 0r) = flang) + 5 low = z|? + 5H9+(Ik,r)\l2, (5.14)

which implies that
Lk,r(xk,mak,r) > f('rk,7')~ (515)

From the conditions (5.12) and (5.15), we have
TR, €{r € Xyt f(x) < f(2)}.

As X}, is compact, the set {x € X, : f(z) < f(x)} is bounded and thus {z .}
forms a bounded sequence. In fact, we leave it to the readers to show that f
is also coercive on Xj. Thus, by the Bolzano—Weierstrass Theorem, Propo-
sition 1.3, for a fixed k the sequence {zy,} has a convergent subsequence.
Without loss of generality, let {z,.} converge to zy € {z € Xj, : f(z) < f(Z)}.

As f is convex and coercive on Xj, by the Weierstrass Theorem, The-
orem 1.14, an infimum over X exists. Therefore for each k, the sequence
{f(zg,r)} is bounded below by inf,cx, f(z). Also, by condition (5.12),
Ly (g, 0k r) is bounded above by f(Z). Thus, from (5.14),

limsup g;(zk,r) <0, i =1,2,...,m,

T—00

which along with the lower semicontinuity of g;, ¢ = 1,2,...,m, implies that
gi(zr) <0fori=1,2,... m, thereby yielding the feasibility of z; for (CP1).
We urge the reader to work out the details. As Z is the minimizer of (CP1),
f(zr) > f(z), which along with the conditions (5.12), (5.15), and the lower
semicontinuity of f leads to

J(@) < f(og) < 1ilginff(13k,r) < limsup f(xx,) < f(2),

T—00

which implies that for each k,

lim f(xk,v“) = f(i')

T™—00

By the conditions (5.12) and (5.14), we have for every k € N,

lim zp, = Z.

T—00

Further note that using the definition of Ly (.., @ ) and using (5.12) and
(5.15), for every k,

m
lim E Ok i (Th,r) = 0.
r—+00 4 1

i=
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Therefore, by the preceding conditions,

lim {f(x,r) = £(Z) + Y arrigi(zre)} =0. (5.16)

=1

T—00

Denote

o = =1,2,....m
(5.17)
Dividing (5.16) by v¥7 > 0 leads to
Tim (7 () — M7 F@) + 0 M gl )} = 0.
i=1
For each k, we fix an integer r; such that
= 1
N fn) = @) + YN ) < T (519)
i=1
and
_ 1 _ 1 i 1.
lonre =0 < 30 1 @nn) — @< 10l @)l < 0 1= 1.2, m,

(5.19)
Dividing the saddle point condition

Ly (Thri> Qo) < Ligry (@, 08,0, ), ¥V @ € X

by ¥ yields

k,rk m

A
k,r _ k,r
Ao kf(wk,rk) + 273”37]@,% - $||2 + Z Aj kgi(xk,hc)
i=1
r 1 - - Tk
<)+ e~ 71 3N, Vo € X
=1

As o™ >0, i = 1,2,...,m, from the condition (5.17), %™ > 1 and
)\f”“’“ >0,i=0,1,...,m, along with

™) + D) =1,
i=1
Therefore, {/\f’r"'}, i = 0,1,...,m, are bounded sequences in R, and thus

by the Bolzano—Weierstrass Theorem, Proposition 1.3, have a convergent
subsequence. Without loss of generality, assume that /\f’”" — A > 0,



220 Enhanced Fritz John Optimality Conditions

i = 0,1,...,m, not all simultaneously zero. Taking the limit as k — +o0
in the above inequality along with the condition (5.18) leads to

Xof(Z) < Aof (@ +szgl ,VazeX,

which implies

Aof(z) < inf {hof(z) + Zx\lgl
< f A Aigi
T zeX gtl(la")<0 Vl{ Of + Z g
< inf A
- zGX,glir(lI)SO,Vi of (@)
= Aof(@).
Therefore, A\; > 0, i = 0,1,...,m, not all simultaneously zero, satisfy condi-

tion (i), that is,
Mof(@) = inf {dof(z +ZAzgl

Next suppose that the index set I = {i € {1,2,...,m} : \; > 0} is
nonempty. Corresponding to \; > 0 for i € I, there is a sequence /\f’r’“ — N
such that )\f‘” >0, i = 1,2,...,m, which along with the condition (5.13)
implies

gi(Tg ) >0, Viel

for sufficiently large k. For each k, choosing 7 such that z ,, 7# Z and the
condition (5.19) is satisfied, implies that

':Ckﬂ“k- —>'fa f(xk,rk) Hf(j)? gqj'—(xkﬂ‘k) —>0? 7::1,2,...,7’)1.

Also, by the condition (5.12),

f(xkﬂ”k) < f(i')v
thereby proving (ii) and hence establishing the requisite result. O

Similar to the pseudonormality notion defined earlier, the notion is stated
as below for the enhanced Fritz John conditions obtained in Theorem 5.6.

Definition 5.7 The constraint set of (C'P1) is said to be pseudonormal if
there do not exist any scalars \; > 0, i = 1,2,...,m, and a vector z’ € X
such that
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m

(i) 0= Tlg; 2 Aigi(x),

(ii) Z Aigi(z') > 0.

For a better understanding of the above definition of pseudonormality, we
recall the idea of proper separation from Definition 2.25. A hyperplane H is
said to separate two convex sets F} and Fy properly if

sup {a,z1) < inf {a,x9) and inf (a,x1) < sup (a,z3).
z1EF zo€F> z1 € 2o€EFs

Now consider a set G = {g(z) = (¢91(x),g2(z),...,gm(z)) : * € X}. Then
from Definition 5.7 it is easy to observe that pseudonormality implies that
there exists no hyperplane H that separates the set G and the origin {0}
properly.

Similar to Theorem 5.4, the pseudonormality of the constraint set can be
derived under the Linearity criterion or the Slater constraint qualification.

Theorem 5.8 Consider the problem (CP1). Then the constraint set is
pseudonormal under either one of the following two criteria:

(a) Linearity criterion: X = R™ and the functions g;, ¢ = 1,2,...,m, are

affine.

(b) Slater--type constraint qualification: there exists a feasible point & € X
of (CP1) such that g;(2) <0, i=1,2,...,m.

Proof. (a) Suppose on the contrary that the constraint set is not pseudo-
normal, which implies that there exist A; > 0,7 = 1,2,...,m, and a vector
x' € R™ satisfying conditions (i) and (ii) in the Definition 5.7. Suppose that
Z € R™ is feasible to (CP1), that is, ¢;(Z) < 0, i = 1,2,...,m, which along
with condition (i) yields

> Aigi(z) =0. (5.20)
i=1
By the affineness of g;, i =1,2,...,m,
gi(x) = g:(%) + (Vgi(T), 2z — T), Vx € R",

which again by condition (i) and (5.20) implies

> Xi(Vgi(@),z—x) >0, Vo eR".
=1
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N

Linearity criterion Slater criterion

FIGURE 5.1: Pseudonormality.

By Definition 2.36 of the normal cone, Y ;" A\;Vg;(Z) € Ngn(Z). As T € R,
by Example 2.38, the normal cone Ng»(Z) = {0}, which implies

i=1

This equality along with the condition (5.20) and the affineness of g,
i=1,2,...,m implies that

> igi(x) =0, ¥z €R",
i=1

thereby contradicting condition (ii) in the definition of pseudonormality. Hence
the constraint set is pseudonormal.

(b) Suppose on the contrary that the constraint set is not pseudonormal.
As the Slater-type constraint qualification holds, there exists £ € X such
that g;(£) <0, ¢ = 1,2,...,m, condition (i) is satisfied only if \; = 0,
1 =1,2,...,m, which contradicts condition (ii) in Definition 5.7. Therefore,
the constraint set is pseudonormal. O

In case the Slater-type constraint qualification is satisfied, the set G inter-
sects the orthant {x € R™ : z; <0, i =1,2,...,m} as shown in Figure 5.1.
Then obviously condition (i) in the definition of pseudonormality does not
hold; that is, there exists no hyperplane H passing through origin supporting
G such that G lies in the positive orthant. Now when one has the linearity
criterion, that is, X = R™ and g;, i = 1,2,...,m, are affine, the set G is also
affine (see Figure 5.1) and thus, condition (ii) is violated; that is, the hyper-
plane H does not contain the set G completely. In the linearity criterion, if X
is a polyhedron instead of X = R" along with ¢;, i = 1,2,...,m, being affine,
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//\

Q

FIGURE 5.2: Not pseudonormal.

pseudonormality need not hold as shown in Figure 5.2. These observations
were made by Bertsekas, Ozdaglar, and Tseng [14].

We end this section by establishing the KKT optimality conditions similar
to Theorem 5.5, under the pseudonormality of the constraint set.

Theorem 5.9 Consider the convex programming problem (CP1) where the
functions f and g;, i =1,2,...,m are lsc and convex on the closed convex set
X C R™. Assume that the constraint set is pseudonormal. Then T is a point
of minimizer of (CP1) if and only if there exist \; > 0, i =1,2,...,m, such
that

f(x) = gg{l{f(x) + ;)\igi(x)} and  Ngi(T) =0, i=1,2,...,m.

Proof. Suppose that in the enhanced Fritz John optimality condition, Theo-
rem 5.6, A\g = 0. This implies
0 = min Aigi(x),

zeX 4
=1

that is, A\; > 0, ¢ = 1,2,...,m, satisfies condition (i) in the definition of
pseudonormality of the constraint set. As in the enhanced Fritz John condi-
tion A;, ¢ = 0,1,...,m, are not all simultaneously zero, there exists at least
one i € {1,2,...,m} such that \; > 0, that is, I is nonempty. Again by The-
orem 5.6, there exist a sequence {z)} C X such that

gi(xk:) > 07 Vie I_7
which implies

D Nigi(x) = Y Nigiln) > 0,
i=1

iel
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that is, satisfying condition (ii) in Definition 5.7, thereby contradicting the
fact that the constraint sets are pseudonormal. Thus, Ag # 0 and hence can
be taken in particular as one, thereby establishing the optimality condition.
Using the optimality condition along with the feasibility of Z leads to

0<> Xigil@) <0,
i=1

that is,

Z )\191 =

As the sum of nonpositive terms is zero if every term is zero, the above equality
leads to

Aigi(Z) =0, i=1,2,...,m,

thereby establishing the complementary slackness condition.
Conversely, by the optimality condition,

(@) < f(x —1—2)\191  VazeX.

In particular, for any x feasible to (C'P1), that is, z € X satisfying g;(z) <0,

i=1,2,...,m, the above inequality reduces to
f(@) < fla),
thus proving that Z is a point of minimizer of (CP1). O

5.4 Enhanced Fritz John Conditions in the Absence of
Optimal Solution

Up to now in this chapter, one observes two forms of enhanced Fritz John op-
timality conditions, one when the functions are convex over the whole space
R™ while in the second scenario convexity of the functions is over the convex
set X # R™. The results obtained in Section 5.3 are in a form similar to strong
duality. In all the results of enhanced Fritz John and KKT optimality condi-
tions, it is assumed that the point of minimizer exists. But what if the convex
programming problem (CP1) has an infimum that is not attained? In such
a case is it possible to establish a Fritz John optimality condition that can
then be extended to KKT optimality conditions under the pseudonormality
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condition? The answer is yes and we present a result from Bertsekas [12] and
Bertsekas, Ozdaglar, and Tseng [14] to establish the enhanced Fritz John op-
timality conditions similar to those derived in Section 5.3. But in the absence
of a point of minimizer of (C'P1), the multipliers are now dependent on the
infimum, as one will observe in the theorem below.

Theorem 5.10 Consider the convex programming problem (CP1) where the
functions f and g;, i = 1,2,...,m, are convex on the conver set X C R"
and let finy < 400 be the infimum of (CP1). Then there exist A\; > 0 for
i=0,1,...,m, not all simultaneously zero, such that

m

Aofing = Inf {hof (@) +_ Nigi(w)}-
i=1

Proof. If the infimum f;,; = —oo, then by the condition

zng f((E) - zEX,gli?x)SO,Vif(x) f !

infoex f(x) = —oo. Thus for A\g =1 and A\; =0, i =1,2,...,m, the requisite
condition is obtained.

Now suppose that f;,r is finite. To establish the Fritz John optimality
condition we will invoke supporting hyperplane theorem. For that purpose,
define a set in R™*! as

M = {(dp,d) € R x R™ : there exists x € X such that
f(x) <do, gi(x) <ds, i=1,2,...,m}.

We claim that M is a convex set. For j = 1,2, consider (d%, d’) € M, which
implies that there exist x; € X such that

fla;) <d) and  gi(z;)<d, i=1,2...,m.

As X is a convex set, for every p € [0,1], y = px; + (1 — p)ze € X. Also by
the convexity of f and g;, i =1,2,...,m,

Fly) < ufen) + (1= p) f(x2) < pdy + (1 — p)dg,
9i(y) < pgi(z) + (1 — p)gi(z2) < pdj + (1 — p)d;, i =1,2,...,m,
which implies that p(d,d') + (1 — p)(d3, d*) € M for every u € [0,1]. Hence
M is a convex subset of R x R™.
Next we prove that (finf,0) ¢ int M. On the contrary, suppose that

(fins,0) € int M, which by Definition 2.12 implies that there exists ¢ > 0
such that (finy —e¢,0) € M. Thus, there exists € X such that

f(@) < finy—e and gi(z) <0, i=1,2,...,m.

From the above condition it is obvious that z is a feasible point of (CP1),
thereby contradicting the fact that fi s is the infimum of the problem (C'P1).
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Hence (fins,0) & int M. By the supporting hyperplane theorem, Theo-
rem 2.26 (i), there exists (Ag,A) € R x R™ with (Ag, A) # (0,0) such that

m

Ao fing < Aodo + Z Aid;, ¥ (do,d) € M. (5.21)

=1
Let (d(],d) = (d(],dl, . ,dm) € M. Then for o; > 0,
(d07"'7di—1adi+aiadi+17"'7dm) EMa i:O717"'7m

If for some i € {0,1,...,m}, \; <0, then as the corresponding a; — +o0, it
leads to a contradiction of (5.21). Therefore, A; > 0 fori=0,1,...,m

It is casy to observe that (f(z), g(x)) = (/(), g1 (2), g2(2), . .. g (x)) € M
for any « € X. Therefore, the condition (5.21) becomes

m

Xofing < Aof(x) + szgz ,VareX,

which implies

Mofing < Inf {Aof(z) + Z Aigi(z
< f A AiGi
T zeX, gl,I(lm <0, Vz{ Of + Z g
< inf A
- zGX,glir(l:v)SO,Vi Of( )
= )\0 fznfv
thereby leading to the Fritz John optimality condition, as desired. ]

Note that in Theorem 5.10, there is no complementary slackness condition.

Under the Slater-type constraint qualification, that is, there exists & € X
such that ¢;(Z) < 0, ¢ = 1,2,...,m, it can be ensured that Ao # 0. Other-
wise if A\g = 0, from the Fritz John optimality condition, there exist A; > 0,
i=1,2,...,m, not all simultaneously zero such that

> Xigi(z) >0, Vz € X,

which contradicts the Slater-type constraint qualification. This discussion can
be stated as follows.

Theorem 5.11 Consider the convex programming problem (C'P1) where the
functions f and g;, i = 1,2,...,m, are convex on the conver set X C R"
and let finy < +oo be the infimum of (CP1). Assume that the Slater-type
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constraint qualification holds. Then there exist \; > 0, i = 1,2,...,m, such
that

fing = inf {f(x) + ; Nigi(@)}

In Theorem 5.10, the Fritz John optimality condition is established in the
duality form in the absence of any point of minimizer of (C'P1) but at the
cost of the complementary slackness condition. Note that in Theorems 5.10
and 5.11, one requires the set X to be convex, but need not be closed. The
enhanced Fritz John optimality condition similar to Theorem 5.6 has also
been obtained in this scenario by Bertsekas, Ozdaglar, and Tseng [14] and
Bertsekas [12]. The proof is similar to that of Theorem 5.6 but complicated
as the point of minimizer does not exist.

Theorem 5.12 Consider the convex programming problem (CP1) where the

functions f and g;, i = 1,2,...,m, are Isc and convex on the closed convex
set X C R™ and let finy < 400 be the infimum of (CP1). Then there exist
Ai >0 fori=0,1,...,m, not all simultaneously zero, such that

(i) Xofing = gﬁig)f({Aof(I) + Z Aigi(T)}.

(ii) Consider the index set I = {i € {1,2,...,m} : \; > 0}. If [ # 0, then
there exists a sequence {x} C X such that

klim f(zk) = finy and limsupg;(zx) <0, i =1,2,...,m

k—o0
and for all k sufficiently large

(@) < finy and  gi(zy) >0, Viel.

Proof. If for every z € X, f(x) > fins, then the result holds for A\g = 1 and
A=0,i=1,2,...,m.

Now suppose that there exists an z € X such that f(Z) < finy, thereby
implying that f;,s is finite. Consider the minimization problem

min f(xz) subject to gi(xz) <0, i=1,2,...,m, x€ Xy. (CP1y)
In (CP1y), Xj is a closed convex subset of R™ defined as
X :Xﬂﬁgk(()), VkeN

and > 0 is chosen to be sufficiently large such that for every k, the constraint
set

{reX;:9(x)<0,i=1,2,...,m}



228 Enhanced Fritz John Optimality Conditions

is nonempty. As f and g;, i = 1,2,...,m, are Isc convex on X, they are Isc
convex and coercive on X. Thus by the Weierstrass Theorem, Theorem 1.14,
the problem (CP1y) has a point of minimizer, say Zx. As k — 0o, X; — X and
thus f(Zy) — fing. Because Xy, C X, finy < f(ZTx). Define 65 = f(Zr) — finy-
Observe that d; > 0 for every k. If 6 = 0 for some k, then T € X C X
is a point of minimizer of (C'P1) and the result holds by Theorem 5.6 with
Jing = f(ZTr).

Now suppose that dx > 0 for every k. For positive integers k and positive
scalars r, consider the function Ly, : X x R" — R given by

IOZII2

Lir(,0) = f(2) + 4k2||a:—xku2+z aigis

Observe that the above function is similar to the saddle point function con-

1
sidered in Theorem 5.6 except that the term ?Hx — Z||* is now replaced by

2
—k2||x — Zx||?. In Theorem 5.6, 7 is a point of minimizer of (CP1) whereas

here the infimum is not attained and thus the term involves Zj, the point of
minimizer of the problem (C'P1y) and dy.

Now working along the lines of proof of Theorem 5.6, Ly , has a saddle
point over X x R, say (k,r, 0k,r), which by the saddle point definition
implies

Ly (Thr, @) < Lig o (@prs ) < Lo (@, 0,), Vo € Xi, V€ RT. (5.22)
As Ly, (., ag,) attains an infinimum over Xy, at zy ,,
Ly (g, o) < f(Zg). (5.23)
Also, from (5.22), L(x,, ) attains a supremum over o € R a
ey = rgt (xp,), i=1,2,...,m. (5.24)
Therefore,

L (Theyrs k) > f(@hr)- (5.25)
Further, as in the proof of Theorem 5.6,

lim f(xg,) = f(Z).

T—00

Note that in the proof, the problem (CP1y) is considered instead of (C'P1)
as in Theorem 5.6 and hence the condition obtained involves the point of
minimizer of (C'P1y), that is, Zx. Now as 0, = f(Zx) — finy, the above equality
leads to

Thj& f(@r,r) = fing + Og. (5.26)

Now before continuing with the proof to obtain the multipliers for the Fritz
John optimality condition, we present a lemma from Bertsekas, Ozdaglar, and
Tseng [14].



5.4 Enhanced Fritz John Conditions in the Absence of Optimal Solution 229
Lemma 5.13 For sufficiently large k and every r < 1//,

Ok

Furthermore, there exists a scalar v, > 1/1/dy such that

Ok

F@ire) = fing = = (5.28)

Proof. Define 6 = finy — f(Z), where Z € X is such that f(Z) < finys. For
sufficiently large k, T € X;. As Ty is the point of minimizer of the problem
(CP1y), f(Zk) > finy such that f(Zr) — finys, thus for sufficiently large k,

f(i‘k) - finf < flnf - f(i‘)a

which implies §; < §. By the convexity of f over X and that of X} C X, for
)‘k € [Oa 1]7

A

flye) < Aef(@) + (1= Xe) f(Zk)
Me(fing = 0) + (1 = Ai) (fing + Or)
fing — M0k +0) + O,

where y = AT+ (1—Ag)Zg. Because 0 < 6 < 6,0 < 55(_555 < 1. Substituting
A = 63(16 5 in the above condition yields
fk) < fing — Ok (5.29)
Again by the convexity assumptions of g;, ¢ = 1,2,...,m, along with the
feasibility of zj, for (CP1y), for A\, = 53%’
9i(ye) < Megi(@) + (1 — Ar)gi(Tn)
< %gi(f), i=1,2,....m. (5.30)

From the saddle point condition (5.22) along with (5.24) and (5.25),
f@rr) < Lgr(@krs ak,r)
= inf {f(2) + illz — 2l + gt (@))%}
rz€Xg 4]€2 ’ 2 ’
Asx,Tp € X3 C ng(O),

o = zxl] < [lz]l + [|z]] < 26k,
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thereby reducing the preceding inequality to
r
Flanr) < (@) + (806)° + Sllg* @), ¥ @ € X,

In particular, taking x = y, € Xj in the above condition, which along with
(5.29) and (5.30) implies that for sufficiently large k,

2
f(.’l?lc,r) < finf - (5k + (ﬁak)Q + (55735)” +( )H2

For sufficiently large k, d;, — 0 and for every r < 1/4/3},, the above inequality
reduces to (5.27).
Now by the saddle point condition (5.22), which along with (5.24) implies
that
i =2 T+ 2
Lip(hrsane) = Sang) + phollans — 2l + Sllg* e

2

)
= inf {f@)+ g5l =2l + Slgt @)Y

zeXy

Consider 7 > 0. Then for every r > 7,

52 - 7
Lyr(zhr onr) = inf {f() 4k2||33—$k|\2+§||9+($)||2}
< Foen) + 2 g, — 2l + Dl )
> T Ak2 T 9 ,r
51% 2 LTy 2
< f(xk,r)+@||xk7r—xk|| +§||9 (k)|

= Lk,r(xkr,ryak,r)
2

i, _ r
< )+ D5l -zl + gt )
Thus as 7 | 7, Ly (2k,r, @k r) — L 7Tk 7, 0 7).
Now for r < 7,
F@nr) + 25 e — 22 + Dl o)l
o 4k2 o 2 o

< Flanr) + E - 2l + Lo () 2

> K3 4k2 7 2 Re

= Lk,F(mk,Fy ak,f)

< F@or) + ~E s — 2l + Sl @er)I1?

> T 4k2 T B T

= F @) + < e — 2l + Dl @en)I2 + =l o)1

) 4k2 ) 2 )
r—r

= L (Tp,ry o) + T\\9+($k,7-)||2
< B i =2 Ty N + 2
< Flre) + Sl — el + Ll ) 2 + ().
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For every k, as ¢;, ¢ = 1,2,...,m, is Isc and coercive on Xy, {g;(zx)} is
bounded below by in)g gi(x), which exists by the Weierstrass Theorem, The-
reXy

orem 1.14. Therefore as r T 7, Ly r(Tk,r, 0k,r) — L 7(Tk 7, 0 7), which along
with the previous case of r | 7 leads to the continuity of Ly (2, o) in 7,
that is, as » — 7, Li+(Tk,r, Qi) — L 7(Tk 7, Ok 7)-

By the conditions (5.23) and (5.25) zj, belongs to the compact set
{z € Xy : f(z) < f(zx)} for every k and therefore {zj ,} is a bounded se-
quence. By the Bolzano—Weierstrass Theorem, Proposition 1.3, as r — 7, it
has convergent subsequence. Without loss of generality, let zj , — Zj, where
Zp €{z € Xy : f(x) < f(Zx)}. The continuity of Ly ,(xk, k) in r along

with the lower semicontinuity of f and g;, i =1,2,...,m, leads to
Ly i(2pmor) = }LHIFLk,r(mk,r,Oék,r)
) + 2, — ol + Sl () 17}
Pt Tk ) T e Tk 2 i

> . 57 — 3l + Dilat (@)
> f(@) + 4k2||517k Zy® + ||9 (@)l
>t (@) + o — 50l + g @)}
T zEX: 4]€2

= Lk,?(xkiaak,?)a

which implies 2 is the point of minimizer of
62
flz) + @Hx — | + *||9+(95)H2

over Xi. As a strict convex function has unique point of minimizer and f(z)+
B N g||g+(x)H2 is strictly convex, &y = xy 7.

We claim that f(zg,) — f(zkz) as r — 7. As f is Isc, we will
prove the upper semicontinuity of f in r. On the contrary, suppose that
flany) <limsup, z f(zer). As 1 — T, Ly (@kr, 0kr) = Lig(Tk, k)
and xp , — & = 2 7, which implies that

62 _ 2 . T + 2

Flrir) + 25 s — 2l + Tnink L llg* (o)

< limsup Ly (g, Otk 1)

r—T
= Lk,f(l“k,ﬁ Oék,i-)
i 2, T 2
= f(xk,r) + 4k2”x’” Tl +§||9+($k,f)|| :
But the above inequality is a contradiction of the lower semicontinuity of
gi, © =1,2,...,m. Therefore, f(zy,,) is continuous in r.

Now by (5.26), for sufficiently large k,

TEIEOO f(xrr) = fing + Ok
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36
Therefore, taking e = —k, for r sufficiently large,

7 @) = g + 0] < 2,
which implies that
fing — %’“ < f(xrr) < fing + % (5.31)
For r < L, by (5.27),
Vor
P < fing — .
Now for r = L, we have two possibilities:
Vo
() Fleir) = Fins — %,
() f(ane) < fins — 2.

If (i) holds, then we are done with r = 7. If (ii) holds, then it contradicts

0
fing — ?k < f(wk,r)

1
and thus, r must satisfy r > \/T As f(xg,) is continuous in 7, by the
k

Intermediate Value Theorem, there exists ry > 1/4/0) such that

6
f(xk,’r) = fznf - 5167

that is, (5.28) holds. O

Now we continue proving the theorem. From the conditions (5.23) and
(5.25),

. 52
f(xk,'r‘) S Lk,r(xk,ra ak,r) é wlen)gk{f(x) + TkQ

m
= Zull* + ) cvrigi(@)}

i=1
52 m
= f(l‘k,r) + ﬁ\\ka — :EkHz + Zakﬂ“igi(ka)

f(@x). i

IN
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1

For r =ry > 75 the above condition along with (5.28) and the fact that as
k

k — 400, f(Zx) — fins and 6y — 0 imply that

) 52 _ -
Jim f(@r,) = fing + ﬁ”%rh — Z* + ; ki 9i(@hr,) = 0. (5.32)

Define

m 1 o
o= 1+ 0k, M=, M= g m (533)

As oy, € R, 6 > 1 for every k. Therefore, dividing (5.32) by v along with
the relation (5.33) leads to

SENG
4k?

Zhr, = ZR?+ Y Mgi(zhr,) =0. (5.34)
=1

,}LHOIO )\gf(xk,rk,) - Agfmf +

By the saddle point condition (5.22),
Li i (ks Qo) < Lo (T, 01y ), V@ € X

Dividing the above inequality throughout by 7, along with the fact that
|z — Zg|| < 2Bk for every z € X}, implies that

82N
Aof (wr) + i I = 2el® + ZAkgl Thory)
=1

<N F()+ B o a4 3 M)

- 4k2 p
From (5.33), for every k, \f >0, i =0,1,...,m, such that

A2 +D (M) =
i=1

Therefore {)\f}, 1 = 1,2,...,m are bounded sequences and hence, by
the Bolzano—Weierstrass Theorem, Proposition 1.3, have convergent subse-
quences. Without loss of generality, assume that \F — X\;, i = 1,2,...,m,
with A\; > 0,7 =0,1,...,m, not all simultaneously zero. Taking the limit as

k — 400 in the above inequality along with (5.34) leads to

)\sznf<)\0f —&-Z)\Zgl V,TEX
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Therefore,

Mo fing < inf {A Aigi

ofins < inf{ of(w)+; gi(z)}
< inf A AiGi
< weX,g:(f}x)SON 1{ of () + ; gi(z)}
< inf A
- xeX,gli?x)go,w Of(x)
= /\Ofinfa

which leads to condition (i).
Now dividing the condition (5.24) by -y, which along with (5.33) leads to

+
)\k: _ Tk9; (:L.kﬂ’k)’ i=1,2,...,m.

‘ Tk
As k — o0,

+
T S\
A= lim 9L gy
k—oo Yk

In the beginning of the proof, we assumed that there exists T € X satisfying
f(Z) < finy, which along with the condition (i) implies that the index set
I={ie{l,2,...,m}: \; >0} is nonempty. Otherwise, if I is empty, then

xlg( Mo f(x) < Xof(Z) < Xofing,

which is a contradiction to condition (i). For i € I, A; > 0, which implies there
exists a sequence A¥ — \; such that \¥ > 0. Therefore, g;" () > 0, that is,

9i(xp ) >0, Vie I
1

In particular, for r =, > /TR conditions (5.23) and (5.24) yield
k
Tk o+ 2 o7 2y ey o+ 2
F@rn) + 5l (@)l < flann) + pslleen = 2ell” + S llg™ (@)l
< f(#@),

which along with (5.28) and the relation §x = f(Zx) — fins > 0 implies that
rellg™ (@)1 < 30k

As k — 400, 8 — 0 and 7, > 1/y/8; — oo, the above inequality leads to
9" (Tk,r,) — 0, that is,

limsup g;(zk,r,) <0, i =1,2,...,m.

k—o0
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Also, from the condition (5.28),
f(xk,rk) < fznf and kh—>n<’>lo f(xk,rk) = fznf

Thus, the condition (ii) is satisfied by the sequence {zy .} C X, thereby
yielding the desired result. O

Under the Slater-type constraint qualification, the multiplier Ay can be
ensured to be nonzero and hence can be normalized to one.

5.5 Enhanced Dual Fritz John Optimality Conditions

In this chapter we emphasize the enhanced Fritz John conditions. As observed
in Section 5.4, we dealt with the situation where the infimum of the original
problem (CP1) exists but is not attained. Those results were extended to
the dual scenario where the dual problem has a supremum but not attained
by Bertsekas, Ozdaglar and Tseng [14]. Now corresponding to the problem
(CP1), the associated dual problem is

sup w(A) subject to A€ RT (DP1)
where w(\) = iniL(x,)\) with
(S

—00, otherwise.

Before presenting the enhanced dual Fritz John optimality condition, we
first prove a lemma that will be required in establishing the theorem.

Lemma 5.14 Consider the convex programming problem (CP1) where the
functions f and g;, i = 1,2,...,m, are Isc and conver on the convex set
X C R"™ and (DP1) is the associated dual problem. Let fi,y < +oo be the
infimum of (CP1) and for every 6 > 0, assume that

= inf .
f6 zeX,gliI(lz)gé,Vi f(l‘)

Then the supremum of (DP1), wsyp, satisfies fs < weyp for every § >0 and
Wsup = %1{18 fé'

Proof. For the problem (C'P1), as the infimum f;, s exists and fi,; < 400,
the feasible set of (C'P1) is nonempty, that is, there exists Z € X satisfying
9i(Z) <0, i=1,2,...,m. Thus for § > 0, the problem
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inf f(z) subjectto gi(x) <4, i=1,2,....,m, z€X, (CP1y)

satisfies the Slater-type constraint qualification as £ € X with g¢;(Z) <,
i=1,2,...,m. Therefore, by Theorem 5.11, there exist )\f > 0,
i=1,2,...,m, such that

s

inf {f(x +ZA5% - 6fA?}
i=1

< 1nf {f )+ Z A‘ng

= w(Xs)

< sup ’lU()\) = Wsup-
AERT

Therefore, for every 6 > 0, fs < wsyp and hence

i < . .
%FOI f§ S Wsup (5 35)

Now as § — 0, the feasible region of (C'Pls) decreases and thus f5 is
nondecreasing as 0 | 0 and for every 0 > 0, f5 < finy. This leads to two cases,
either limg_.g fs > —oo or limg_,¢ fs = —o0.

If limg_.¢ f5 > —o0, then f5 > —oco for every § > 0 sufficiently small. For
those 6 > 0, choosing zs € X such that g;(zs) < 9§, i = 1,2,...,m, and
f(zs) < fs + 0. Such x5 are called almost 0-solution of (CP1), the concept
that will be dealt with in Chapter 10. Therefore for A € R,

w(})

Jnf {f(2) + Z Aigi(a

< flws) + Z Aigi(zs)

i=1

fs+6+08> A

=1

IN

Taking the limit as 6 — 0 in the above inequality leads to
w(A) < gir% fs, YV AERT,

which implies wgyp < lims_o f5.
If lims_¢ fs = —oo, then for § > 0, choose x5 € X such that g;(xs) < 9,
1=1,2,...,m, and f((Eg) —1/6. As in the previous case, for A € R'?,
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which leads to w(\) = —oo for every A € R} as ¢ | 0 and hence,
Weyp = —00 = lims_,o f5. From both these cases along with the condition
(5.35), the requisite result is established. O

Finally, we present the enhanced dual Fritz John optimality conditions
obtained by Bertsekas, Ozdaglar, and Tseng [14], which are expressed with
respect to the supremum of the dual problem (DP1).

Theorem 5.15 Consider the convex programming problem (CP1) where the
functions f and g;, i = 1,2,...,m, are Isc and conver on the closed convex
set X C R™ and (DP1) is the associated dual problem. Let fin; < +00 be the
infimum of (CP1) and wsy, > —oo be the supremum of (DP1). Then there
exist \; > 0 fori=20,1,...,m, not all simultaneously zero, such that

() dowsup = inf {Aof(z) + Z Xigi(x)}-

(ii) Consider the index set I = {i € {1,2,...,m} : X\; > 0}. If [ # 0, then
there exists a sequence {xx} C X such that

lim f(xp) =wsup and limsupg;(zg) <0, i=1,2,...,m,
k—o0 k—o00

and for all k sufficiently large

flzg) <wsyp and  gi(zy) >0, Viel

Proof. By the weak duality, wsu, < finf, which along with the hypothesis
implies that f;,s and wsy, are finite. For k = 1,2, ..., consider the problem:

1
min f(xz) subject to gi(m)éﬁ, i=1,2,....m, ze€X. (CPl)

By Lemma 5.14, the infimum fnf of (CP1g) satisfies the condition

il 5 < Wsyp for every k. For each k, consider £ € X such that

) 1 . 1
f(Zr) < wsup + e and  g;(3g) < 0= 1,2,...,m. (5.36)

Now consider another problem:

1 A N
min f(x) subject to g;(z) < e 1=1,2,....m, x€ Xy, (CPly)
where X = X N {z € R" : ||z < k(maxj—,__||Z;] + 1)} is a compact
set. By the lower semicontinuity and convexity of f and g;, i = 1,2,...,m,

over X, the functions are lsc convex and coercive on Xj. Therefore, by the
Weierstrass Theorem, Theorem 1.14, (C'P1;) has a point of minimizer, say
Zg. From (5.36), &y is feasible for (C'P1y) which leads to

f(@k) < f(@k) < wsup + % (5.37)
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For every k, define the Lagrangian function as

IIOéH2
Lk( +Zalgl

and the set
Xp=XpN{zeR":gi(z) <k, i=1,2,...,m}. (5.38)

For a fixed o € R, Ly(., ) is Isc convex and coercive on Xj, by the lower
semicontinuity convexity and coercivity of f and g;, ¢ = 1,2,...,m, on X,
whereas for a given « € Xy, Li(z,.) is quadratic negative definite in «. Then
by the Saddle Point Theorem, Proposition 4.1, L; has a saddle point over
X x R, say (zx, o), that is,

Li(vg, o) < Li(vg, ap) < Lz, o), Vo € X, VaeRY.

Because Ly(xg,.) is quadratic negative definite, it attains a supremum over
R’ at

of = kg (xp), i=1,2,...,m. (5.39)
Also, as Ly (., ) attains the infimum over Xy, at xj, which along with (5.37),
(5.38) and (5.39) implies

Li(zk,ar) = flag +ZC¥ gi(w |;]!2
< flaw) + Zafgi(xk)
= inf {f( +ngz 1) gi(x
= zeXk,gj%f;Sk%’Vi{f(x) i kégj(xk)%(m)}

As zp € Xy, gi(z) < k for i = 1,2,...,m. Therefore, the above inequality
leads to

. m
Ly(zg, o) < inf {f(x)+ 5}
€ Xk, gi(2) < Vi k
_ m
= f(@) + w2
m+1

Due to the finiteness of wyy, there exists a sequence {jx} C R satisfying

s
2k

w(pg) — Wsyp and — 0, (5.41)
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which is ensured by choosing uj as the point of maximizer of the problem
max w(a) subject to |a] < kY3, ae R7.

Thus for every k,

Li(zg, ) = asellRpmmlen)gkLk(x Q)
> sup inf Ly(x,«
- aERIZ'_LwEX k( )
S ||0l||
= f
Jup (il (S Z; o)
2
«
= sup (o) - 121
a€RT
s
> - . 5.42
> wym) - 1 (5.42)
From the conditions (5.40) and (5.42),
w(u )_ ||:uk||2 < I +§:O& g ||akH
O o S ) ' 2k

< flaw) + Z afgi(ar)
i=1
m+1
k2
Taking the limit as k — +o0 in the above inequality, which along with (5.41)
implies that

< Weup + (5.43)

leII;O{f(xk) — Weyp + ; afgi(xk)} =0. (5.44)

Define

1
M=— and M=

k
—+,1=1,2,...,m. (545)
Tk %

As oy € R7, from the above condition it is obvious that v, > 1 for every k
and thus dividing (5.44) by v yields

060500~ ) + 35 (5.46)
As xj, minimizes Ly/(., o) over X,

fla +Zaglmk < f(x +Zagz , ¥V z € Xy,

i=1
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which on dividing throughout by 7, leads to

AEf(an) +Z>\ gi(ze) < NE£( +Z)\kgl , V2 € Xy
i=1

From the condition (5.45),

m

A+ (AP =1,

i=1

which implies that the sequences {\F} C Ry, i = 0,1,...,m, are bounded and
thus by Bolzano—Weierstrass Theorem, Proposition 1.3, have a convergent sub-
sequence. Without loss of generality, let AF — \; with \; >0, i =0,1,...,m,
not all simultaneously zero. Therefore, as k — +oo in the preceding inequality,
which along with (5.46) yields

)‘Owsup < )\Of + Z)\Zgl V S )(7

which leads to
Aowsup < inf {dof (z) + ZAZgZ (5.47)

If A\ > 0, then from the above inequality (5.47),

m

Wayp < mf {f Z } = ’LU()\/)\()) < Wsup,

thereby satisfying condition (i).
If Ao = 0, then the relation (5.45) reduces to

m

0<
inf > Aigi(w).
1=1
As fin exists and is finite, the feasible set of (C'P1) is nonempty, which implies
that there exists x € X satisfying g;(z) < 0, ¢ = 1,2,...,m. Therefore, the
above condition becomes

m

0= ok 2 Alo)

Therefore for both cases, condition (i) holds, that is,

)\Owsup - lnf {)‘Of + Z )\zgz
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Now suppose that the index set [ = {i € {1,2,...,m} : \; > 0} is non-
empty. Dividing the condition (5.39) throughout by v and using (5.45),

+
e Bo @)

i 5 ,2,...,m.

As k — +o0, )\i? — A, © = 1,2,...,m, thereby reducing the above equality
to

For any i € I, \; > 0, which implies for sufficiently large k, g; (z;) > 0, that
is,

gi(zr) >0, Viel
From the inequalities (5.43), for every k,

m+1
k

k(f(xk) - wsup) + kzafgl(xk) <

i=1

1
By the condition (5.39), >°i", a¥gi(zy) = %HakHz. Therefore, the above in-

equality becomes

i=1

Dividing the above inequality throughout by ’y,%, which along with (5.45) im-
plies that

k(f(xk) B wsup) - kN2 m+1
- 5 + >\ é T 9
7 ;( ) ki

which as k£ — +oo yields

lim sup M;wsup) < - Z D (5.48)
k—oo "Yk i1

As T is nonempty, the above inequality leads to

k(f(xr) — wsup)

lim sup ALl
k—oo Vi

which for sufficiently large k implies that f(zr) < wsup.
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Now from (5.41) and (5.43),

: g 7
klin;o{f(xk) — Weyp + Zl %) gi(xk)} - leH;o T =0,
which by the condition (5.44) implies that
7
klirrgo T 0. (5.49)

The condition (5.39) along with (5.41) and (5.43) leads to

lin (£ (1) — wpup) + 12415
k—oo sup 2k

0,

which together with (5.48) implies that f(zx) — weup. Also, (5.49) along with
(5.39) and (5.48) yields

: + 2 _
klggok;(gi ())* =0,

which shows that

limsup g;(x) < 0.

k—oo

Thus for nonempty I, the sequence {z;} C X satisfies condition (ii), thereby
establishing the desired result. g



Chapter 6

Optimality without Constraint
Qualification

6.1 Introduction

In the last few chapters we saw how fundamental the role of constraint qual-
ification is like the Slater constraint qualification in convex optimization. In
Chapter 3 we saw that a relaxation of the Slater constraint qualification to
the Abadie constraint qualification leads to an asymptotic version of the KKT
conditions for the nonsmooth convex programming problems. Thus it is inter-
esting to ask whether it is possible to develop necessary and sufficient opti-
mality conditions for (C'P) without any constraint qualifications. Recently a
lot of work has been done in this respect in the form of sequential optimality
conditions. But to the best of our knowledge the first step in this direction
was taken by Ben-Tal, Ben-Israel, and Zlobec [7]. They obtained the necessary
and sufficient optimality conditions in the smooth scenario in the absence of
constraint qualifications. This work was extended to the nonsmooth scenario
by Wolkowicz [112]. All these studies involved direction sets, which we will
discuss below. So before moving on with the discussion of the results derived
by Ben-Tal, Ben-Israel, and Zlobec [7], and Wolkowicz [112], we present the
notion of direction sets. Before that we introduce the definition of a blunt
cone.
A set K C R™ is said to be a cone (Definition 2.18) if

Ar € K whenever A>0andx € K,
whereas K is a blunt cone if K is a cone without origin, that is,
0¢K and MeK if z€ KandA>0.

For example, R% \ {(0,0)} is a blunt cone while the set K C R? given as
K = {(z,y) € R? : 2 = y} is not a blunt cone.

Definition 6.1 Let ¢ : R — R be a given function and let z € R™ be any
given point. Then the set

Dgf/l“tw"(f) = {d € R" : there exists @ > 0 such that
&(z + ad) relation ¢(z), V a € (0,al},

243
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where the relation can be =, <, <, >, or >.

In particular, the set D is called the cone of directions of constancy that was
considered by Ben-Tal, Ben-Israel, and Zlobec [7]. The other direction sets
were introduced in the work of Wolkowicz [112]. We present certain examples
of computing explicitly the set D () from Ben-Tal, Ben-Israel, and Zlobec [7].
For a strictly convex function ¢ : R" — R, D (z) = {0} for any z € R".
Another interesting example from Ben-Tal, Ben-Israel, and Zlobec [7] is the
cone of the directions of constancy for the so-called faithfully convez function
given as

¢(x) = h(Az +b) + (a,z) + 5,

where h : R™ — R is strictly convex, A is an m X n matrix, b € R™, a € R",
and 3 € R. The class of faithfully convex functions is quite broad, comprising
all the strictly convex functions and quadratic convex functions. See Rockafel-
lar [98] for more details. In the case of faithfully convex functions,

D;@):NUUQ e D —{deR": Ad=0, {a,d) = 0},

where Null(S) is the null space of the matrix S. It is obvious that the null
space is contained in Dy. For the sake of completeness, we provide an expla-
nation for the reverse containment. We consider the following cases.

1. Ad = 0: Then by the definition of direction of constancy, (a,d) = 0.

2. {(a,d) = 0: Suppose that d € Dy (), which implies there exists a > 0
such that

hAZ + aAd + b) = h(AZ + b), ¥V o € (0, a].

Suppose Ad # 0, then AT + a«Ad+b # Az + b for every a € (0, @]. Now
two cases arise. If h(AZ + &Ad + b) = h(AZ + b) for some & € (0,4a],
then by the strict convexity of h, for every A € (0,1),

h(AZ + MaAd +b) < (1 — Mh(AZ + b) + \h(AZ + &Ad + b),

which implies

h(AZ + aAd + b) < h(AZ 4+ b), ¥V a € (0,&)

and hence, d ¢ D (Z).

The second case is that h(AZ+aAd+b) # h(AZ+b) for every a € (0, @).
Then again it implies that d ¢ D7 (z), which violates our assumption.
Therefore, for d to be a direction of constancy, Ad =0 .
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3. Ad # 0, (a,d) # 0: This implies d # 0. We will show that ¢ is strictly
convex on the line segment [z, Z + ad]. Consider z; = T + a;d, i = 1,2,
where «; € [0,a] and o1 # ag. Therefore 1 # xo. By the strict convex-
ity of h, for every A € (0,1),

h(A(Az1 + (1 — Naz2) +b) < Mh(Azy +b) + (1 — \)a(Azs + b),
and by linearity of (a,.),
(a, Az + (1 = Nz2) = Ma, z1) + (1 — M){a, z2).
Combining the above two conditions,
(A1 + (1= Naz) < Ag(z1) + (1 = A)d(x2), VA € (0,1).

This condition holds for every x1,z2 € [Z,Z + ad] and thus ¢ is strictly
convex on [z, + ad]. Hence as mentioned earlier, D (7) = {0} for the
strictly convex function ¢. But this contradicts the fact that d # 0.

Combining the above cases, we have
Dy (z) ={d€R": Ad=0, (a,d) = 0}.

Below we present some results on the direction sets that will be required
in deriving the optimality conditions from Ben-Tal, Ben-Israel, and Zlobec [7],
Ben-Tal and Ben-Israel [6], and Wolkowicz [112].

Proposition 6.2 (i) Consider a function ¢ : R™ — R and £ € R™. Then
Dy (z) C {d e R" : ¢/(Z,d) = 0}.

(i) Consider a differentiable convex function ¢ : R® — R and T € R™. Then
D7 (z) is a conver cone.

(iii) Consider a convex function ¢ : R — R and £ € R™. Then Dg () is a
convex cone while D; (Z) is a convex blunt open cone. Also

D3 (z)={de€R": ¢'(z,d) <0} and Dj(z)={deR":¢(z,d)<0}.

(iv) Consider a convex function ¢ : R" — R and = € R". Assume that
D3 (z) # 0 (equivalently 0 ¢ 0p(z)). Then

(D3 (x))° = cone d¢(x).
Proof. (i) Consider d € D7 (Z), which implies there exists & > 0 such that

o(T + ad) = ¢(7), ¥V a € (0,a].
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Therefore, from the above condition,

i 80+ 0d) = 6(2)
al0 «

=0,
which implies ¢'(Z,d) = 0, thereby yielding the desired result.
(ii) Consider d € D (z), which implies there exists & > 0 such that
d(T+ ad) = ¢(z), ¥V a € (0,a].
The above condition can be rewritten as
Pz +a'd)=¢(z), Vo e (0,a],

where d' = M\, o/ = % and @ = % for any A > 0. Also 0 € D7 (7). Therefore,

Ad € Dy (z) for every A > 0 and hence D (Z) is a cone.
Now consider dq,ds € D;(a’c) Then for i = 1,2, there exists @; > 0 such
that

(T + audy) = p(T), YV ay € (O,@i].
Taking @ = min{@;, &z} > 0, for ¢ = 1,2 the above condition becomes
AT+ ad;) = ¢(z), V a € (0,a]. (6.1)

For any A € [0, 1], consider d = Ady + (1 — A\)d3. The convexity of ¢ along with
(6.1) on dy and dy yields

d(Z + ad)

AN T + ady) + (1 — \)(Z + ads))
AO(T + ady) + (1 — N)op(T + ads), ¥V a € (0,a],

IN

that is,
d(T + ad) < ¢(z), ¥V a € (0,al. (6.2)

Again, by the convexity of ¢ for the differentiable case, for every « € (0, @],

(T +ad) = ¢(T)+al(Ve(T),d)
= ¢(T) + aMVo(T),dr) + a(l = A\)(Ve(T),da).  (6.3)

For a differentiable convex function, ¢'(z,d) = (V¢(Z),d) for any d € R".
Thus the relation in (i) becomes

Dy (z) c {d e R": (V¢(z),d) = 0},
which reduces the inequality (6.3) to

P(T +ad) = ¢(z), ¥V a € (0,qa]
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as di,dz € Dy (7). This inequality along with the condition (6.2) implies that
d € Dy (z), thereby leading to the convexity of D

(iii) We will prove the result for D (). Consider d € D3 (Z), which implies
there exists @ > 0 such that

d(T + ad) < ¢(Z), ¥V a € (0,a].
As done in (ii), the above inequality can be rewritten as

&+ 'd) < ¢p(z), Vo e (0,a],

where d' = \d, o/ = % and &' = % for any A > 0. Note that 0 ¢ D;(a?)
Therefore, \d € D () for every A > 0 and hence D (Z) is a blunt cone.
Now consider di,dy € D (). Working along the lines of the proof in (ii),
fori=1,2,
d(T + ad;) < ¢(7), ¥ a € (0,a]. (6.4)
For any A € [0,1], let d = Ady + (1 — A)da. The convexity of ¢ along with the
condition (6.4) on dy and ds yields

(T +ad) < A(TH+ ad)+ (1 —N)p(Z + ads)
< ¢(@), Vae(0,al],

thereby implying the convexity of D;. From Definition 6.1, it is obvious that
D; is open by using the continuity of ¢.
Consider d € D; (Z), which implies that there exists & > 0 such that

d(T + ad) < ¢(z), ¥V a € (0,a].
By the convexity of ¢, for every a € (0, @],
ol d) < (T +ad) — ¢(z) <0, V § € 0¢(2).

As dom ¢ = R™, by Theorem 2.79 and Proposition 2.83, the directional deriv-
ative is the support function of the subdifferential, which along with the com-
pactness of 0¢ is attained at some & € 9¢(Z). Thus ¢'(Z,d) < 0, which leads
to

D3 (z) c {d € R": ¢'(7,d) < 0}. (6.5)

Now consider d € R™ such that ¢'(Z,d) < 0, that is,

i 2@ + ad) — 6(2)

al0 o

< 0.

Therefore, there exists & > 0 such that

o(T + ad) < ¢(7), ¥V a € (0,a],
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which implies d € D; (Z), thereby establishing the equality in the relation
(6.5). Working along the above lines of proof, readers are advised to prove the
result for Dg(jz)

(iv) As Dj () is nonempty, (iii) implies that
¢'(z,d) <0, Vde Dj(z)

Because dom ¢ = R", by Theorem 2.79, the directional derivative acts as a
support function of the subdifferential, which along with the above relation is
equivalent to 0 € 9¢(Z). Therefore, by Proposition 3.4, cone 0¢(Z) is closed.
The proof can be worked along the lines of Proposition 3.9 by replacing S(Z)
by Dq% (z) and ¢l 5(z) by the closed set cone d¢(z). O

Note that unlike (iii) where the relation holds as equality, one is able to
prove only inclusion in (i) and not equality. For example, consider the strict
convex function ¢ : R — R defined as ¢(x) = z*. For = 0, D3 (Z) = {0} and
V¢(z) = 0. Observe that

{deR: (Vo(&),d) = 0} = R # {0} = D3 ().

Hence, the equality need not hold in (i) even for a differentiable function. Also,
for a differentiable function ¢ : R®™ — R, if there are n linearly independent
vectors d; € D;(a’a), i=1,2,...,n, then V¢(Z) = 0. Observe that one needs
the differentiability assumption only in (ii). A careful look at the proof of (ii)
shows that to prove the reverse inequality in (6.2), we make use of (i) under
differentiability. So if ¢ is nondifferentiable, to prove the result one needs to
assume that for some § € 9¢(7), ¢'(z,d) = ({,d) = 0 for every d € Dy ().
For a better understanding, we illustrate with an example from Ben-Tal, Ben-
Israel, and Zlobec [7]. Consider a convex nondifferentiable function ¢ : R? — R
defined as

d(x1, x9) = max{zy, z2}.
For z = (0,0), 06(z) = co {(1,0), (0,1)} and
D3 (z) ={(d,0) e R* : d < 0} U{(0,d) € R* : d < 0},
which is not convex. Note that ((¢1,&2),(d,0)) = 0 for £ = (0,1) whereas
((£1,€2),(0,d)) = 0 for € = (1,0), that is, ¢/(z,d) = 0 for &, £ € () with

§£F#¢.

With all these discussions on the direction sets, we move on to study the
work done by Ben-Tal, Ben-Israel, and Zlobec [7].
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6.2 Geometric Optimality Condition: Smooth Case

Ben-Tal, Ben-Israel, and Zlobec [7] established the necessary and sufficient
optimality conditions for (CP) with the feasible set C' given by (3.1), that is,

C={zeR":g(x)<0,i=1,2,...,m},

in the absence of any constraint qualifications in the smooth scenario. The
result relates the point of minimizer of (CP) with the inconsistency of a
system. We present the result below. Throughout we will assume that the
active index set I1(Z) = {i € {1,2,...,m} : g;(Z) = 0} is nonempty.

Theorem 6.3 Consider the convex programming problem (CP) with C given
by (3.1). Let f and g;, i = 1,2,...,m, be differentiable convex functions. Then
Z is a point of minimizer of (CP) if and only if for every subset Q C I(Z),
the system

(Vf(z, d) <0,
(Vgi(z),d) <0, i€, (CPq)
d € D7 (7), 1€ =1(z)\Q

is inconsistent where D7 (Z) = Dy (Z) for i € Q*. It is important to note that
for Q= 1(z), Q* =0 and then by convention we will consider d € R™.

Proof. We will prove that the negation of the result, that is, Z is not a point of
minimizer of (C'P) if and only if there exists some subset @ C I(Z) such that
the system (C'Pq) is consistent. Suppose that Z is not a point of minimizer
of (CP), which implies that there exists a feasible point & € C of (CP) such
that f(Z) < f(z). Therefore, by the convexity of the differentiable functions
f and g;, i € I(Z), Theorem 2.81,

(Vf(@), % - 1)
(Vgi(z), 2 — )
which implies for d = & — Z, the system

(Vf(@),d) < 0,
(Vgi(z),d) < 0,i€l(z)

Define the subset Q of I(Z) as
O ={iel(z):(Vg(x),d) <0}.

f(@) = f(z) <0,
gz(j) - gz(i') <0, i€ I(j)v

IAINA

Therefore, d satisfies the system

(Vf(z),d) < 0,
(Vgi(z),d) < 0,i€Q,
(Vgi(z),d) = 0,i€Q*".
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We claim that for every i € %,
D7 (z) = {d € R" : (Vgy(a), d) = 0}.
By Proposition 6.2 (i),
D7 (z) C {d€R": g{(z,d) =0} = {d € R" : (Vyg;(z),d) =0}.  (6.6)

Thus, to establish our claim, we will prove the reverse inclusion in the con-
dition (6.6). Consider any i € Q*. Define a differentiable convex function
G; : R — R as G;(\) = gi(Z + Ad). Therefore,

Gi(A+6) —Gi(N)

VGi(\) = lim

510 )
— lim gi(Z+ A+ 0)d) —gi(T+ Ad)y
510 1)

which for A = 0 along with the fact that i € Q* implies that

(T 4+ (A+9)d
VG = lim EEFAFID Gy iy o,

510 )
By Proposition 2.75, VG, is a nondecreasing over A > 0, that is,

Therefore, G; is a nondecreasing function over A > 0, which implies that A = 0
is a point of minimizer of ;. Hence,

9i(Z + M) = Gi(\) > Gi(0) =0, Y A>0 (6.7)

asi € Q* C I(Z). As & = T + d is feasible to (CP), for i € Q*, g;(z + d) < 0.
Thus, for A = 1, the condition (6.7) reduces to g;(Z+d) = 0. By the convexity
of 9i,

9+ M) = g:i((1 =T+ Az +d))
< (1—=XNgi(®)+Agi(z+d) =0, VAe(0,1),
which by (6.7) yields
gi(Z+Ad) =0, V Xe (0,1].
Thus, d € D (Z). Because d € {d € R" : (Vg;(Z),d) = 0} was arbitrary,
D7 (z) D {d € R" : (Vg;(Z),d) = 0},

thereby proving the claim. As the claim holds for every i € Q*, Z is not a
point of minimizer of (C'P) implies that the system (CPq) is consistent.
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Conversely, suppose that the system (C'Pq) is consistent for some subset
Q C I(z), that is,

(Vf(z,d) <0, (6.8)
(Vgi(z),d) <0, i€Q, .
de D (z), ie€Q*=I(z)\Q. (6.10)

From the inequality (6.8),

lim <0,
al0 «
which implies there exists ay > 0 such that
f(@+ad) < f(z), Vae(0,ay. (6.11)

Similarly, from the condition (6.9), there exist @; > 0, i € Q such that
9i(T+ad) < gi(Z) =0, Vaec(0,al ic. (6.12)

From (6.10), d € D7 (z), i € Q*, which by Definition 6.1 implies that there
exist @; > 0, i € Q* such that

gi(i‘ + Oéd) = gl(i‘) =0,Vac (0,6&i], 1€ Q" (613)

For i ¢ I(Z), ¢:(Z) < 0. As g;, i ¢ I(Z) is continuous on R", there exist
a; > 0, i € I(Z) such that
9i(T+ad) <0, Vae (0,a], i € I(z). (6.14)

Define & = min{ay, &, . . ., &n }. Therefore, the conditions (6.12), (6.13), and
(6.14) hold for & as well, which implies Z + ad € C, that is, feasible for (CP).
By the strict inequality (6.11),

f(Z+ad) < f(7),

thereby leading to the fact that Z is not a point of minimizer of (CP), as
desired. 0

We illustrate the above result by the following example. Consider the con-

vex programming problem

min —x1 + X9
subject to x1 + a2+ 1 <0,
x% < 0.

Observe that Z = (—1,0) is the point of minimizer of the above problem. The
KKT optimality condition at T is given by

e e [e] =[]
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which is not satisfied by any \; > 0, i = 1,2. For z, I(Z) = {1,2} with

DT (z) = {(dy,dy) € R?:dy +dy =0},
D3 (z) = {(di,ds) € R*:dy=0}.

=

Now consider the following systems as in Theorem 6.3:

—di 4+ ds <0,
dy +dy =0, (CP@)
doy = 0.

—dy +ds <0,
di+dy <0, (CPy)
dy = 0.

—d1 +ds < 0,
0<0, (CP)
diy + dos = 0.

—di + ds <0,
dy + dy <0, (CP](;C))
0 <0.

Observe that all four systems are inconsistent. Therefore, by the above theo-
rem, T is the point of minimizer of the problem.

Now if we consider & = (—2,0), which is feasible for the problem,
I(z) = {2} with D3 (2) = D5 (Z). For Z, the system
—di; +doy < 0,
0<0. } (CPrez)
is inconsistent whereas
—dy +dy < 0,
dy = 0. } (Ch)

is consistent. Thus, by Theorem 6.3, Z is not the point of minimizer.

Theorem 6.3 was expressed in terms of the inconsistency of a system for
every subset 0 C I(Z). Next we present the result of Ben-Tal, Ben-Israel, and
Zlobec [7] in terms of the Fritz John type optimality conditions. But before
establishing that result, we state the Dubowvitskii—Milyutin Theorem, which
acts as a tool in the proof.

Proposition 6.4 Consider open blunt convex cones C1,Cs, ..., Cy, and con-
ver cone Cpy1. Then

m—+1

(Ci=0
=1
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if and only if there exists y; € C7, i =1,2,...,m, not all simultaneously zero
such that

y1+y2+ ...+ Ym +Ym+1 =0.

Theorem 6.5 Consider the convex programming problem (CP) with C given
by (3.1). Let f and g;, i = 1,2,...,m, be differentiable convex functions. Then
Z is a point of minimizer of (C'P) if and only if for every subset Q C I(Z) the
system

0 € XVF(@)+ Y A\Vai(a) + (D5 ()°,
ien (CF))
A >0, A >0, i €Q, not all simultaneously zeros

18 consistent, where

- () D (@), if Q #0,
Dg-(z) = § ico-
R™, if QF =0.

Proof. From Theorem 6.3, Z is a point of minimum of (C'P) if and only
if for every subset  C I(Z), the system (C'Pq) is inconsistent, which by the
differentiability of f and g;, i € 2, along with Proposition 6.2 (iii) is equivalent
to

) N (ﬂ Df(x)) N Dg5. (%) =0,
1€Q

where D~(z) = D (), i € Q. By Proposition 6.2 (c), D} (z) and Dy (%),
i € Q are open blunt convex cones while Dg. (%), being the intersection of
convex cones, is itself a convex cone. Applying Propositions 6.2 (iv) and 2.80,

(D5 (#)° = {y € R" : y = uV(), > 0}.

Now applying the Dubovitskii-Milyutin Theorem, Proposition 6.4, is equiva-
lent to the existence of multipliers Ag > 0, A; > 0, ¢ € , not all simultane-
ously zero such that

0€ V(@) + D A\iVei(z) + (Dg-(2))°,
1€Q
thereby leading to the requisite result. O

Ben-Tal, Ben-Israel, and Zlobec [7] also dealt with the strictly convex case.
For more details, one can go through [7]. Observe that taking Q = I(Z) in
Theorem 6.5, the system (C'P,) reduces to the standard Fritz John optimality
condition. Similarly in Theorem 6.3, the system (CP) becomes

(Vf(2),d) <0,
(Vgi(z),d) <0, iclI(z).
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Similar to the notion of constraint qualification, they define the following
concept of regularization condition under which the result holds for 2 = I(z),
and the other subsets of I(Z) need not be considered.

Definition 6.6 A condition is called a regqularization condition at a point T
if, when assumed along with the convexity and differentiability conditions of
fand g;, i =1,2,... ,m, the family {(CPq) : Q C I(Z)} can be replaced by a
single system (CPy(z)). Thus, Z is a point of minimum of (CP) if and only if
(CPy(z)) is inconsistent or (C'Pj ;) is consistent. In this case, the Fritz John
optimality condition is necessary as well as sufficient to characterize the point
of minimum of (CP).

In the example considered in this section, there is no regularization con-
dition because in the case of £ we need to verify the inconsistency, all the
possible systems other than (CPj)) only to check that Z is not the point of
minimizer.

As observed in Chapter 3, under the Slater constraint qualification, the
KKT optimality conditions is necessary as well as sufficient to check whether
a point is optimal or not. It has been shown in Ben-Tal, Ben-Israel, and
Zlobec [7] that the Slater constraint qualification acts as a regularization con-
dition for (C'P). We present the result below.

Proposition 6.7 Consider the convex programming problem (CP) with C
given by (3.1). Let f and g;, i = 1,2,...,m, be differentiable convex functions.
Then the Slater constraint qualification, that is, there exists & € R™ such that
gi(%) <0, i=1,2,...,m, is a reqularization condition for (C'P).

Proof. We prove the result by establishing the negation. From the definition
of regularization condition, it is equivalent to verifying that Z is not a point of
minimizer of (C'P) if and only if the system (C Py (z)) is consistent. If (C'Pr(z))
is consistent, then by Theorem 6.3, Z is not a point of minimizer of (C'P).
Conversely, suppose that Z is not a point of minimizer for (C'P). Again, by
Theorem 6.3, there exists a subset 2 € I(Z) and d € R™ such that the system

(Vf(z),d) <0,

(Vgi(z),d) <0, i€, (CPg)
de

D (z), i€Q* =1I(z)\Q
By Proposition 6.2 (i),
(Vgi(z),d) =0, i € Q. (6.15)

As  satisfies the Slater constraint qualification, applying Theorem 2.81 to
i, 1€ I({f),

(Vgi(Z), 2 —7) < g:(%) — g:(T) <0, i € I(T).

Define d = d + a(# — z) for o > 0 sufficiently small. Then using the condition
(6.15), the system
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(Vf(z,d) <0,
- CP;i-
(Voi(@).d) <0, i€ I(z). (CPiw)
is consistent for d, thereby leading to the desired result. (|

Note that in the example considered in this section, the regularization
condition did not hold. As a matter of fact, the Slater constraint qualification
was not satisfied.

6.3 Geometric Optimality Condition: Nonsmooth Case

The work of Ben-Tal, Ben-Israel, and Zlobec [7] was extended by Wolkow-
icz [112] to nonsmooth convex scenario. The latter not only studied the op-
timality conditions by avoiding constraint qualifications, but also gave a geo-
metrical interpretation to what he termed as badly behaved constraints. Before
discussing the contributions of Wolkowicz [112] toward the convex program-
ming problem (CP) with the feasible set C' given by (3.1), we will define some
notations. The equality set is given by

I=={ie{1,2,...,m}:gi(x) =0, Ve C}
For & € C, define
I=(z) =I(@)\I~,

where I(Z) is the active index set at Z. Observe that while I<(Z) depends on
z, I~ is independent of any = € C. Using the direction notations presented in
the beginning of this chapter, Wolkowicz [112] defined the set of badly behaved
constraints.

Definition 6.8 For & € C, the set of badly behaved constraints is given by
I"(z) = {i e I= : (D7 (@) N S(@)\el (1) D7 () # 0},
iel=
where
S(z)={deR":gi(z,d) <0, Viel(z)}

Recall that we introduced the set S(Z) in Section 3.3 and proved in Proposi-
tion 3.9 that

~

(S(2))° =l S(z),
where

S@) ={Y N&:Ai>0, &€dg(a), i € I(@)}.

i€l(x)
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The set I°(z) is the set of constraints that create problems in KKT conditions.
A characterization of the above set in terms of the directional derivative was
stated by Wolkowicz [112] without proof. We present the result with proof for
a better understanding.

Theorem 6.9 Consider the convex programming problem (CP) with C' given
by (3.1). Let i* € I=. Then i* € I°(Z) if and only if the system

gi-(Z,d) =0,
(CPh)

1§ consistent.
Proof. Suppose that i* € I?(Z), which implies there exists d* € R™ such that

d* € D (),

d* e S(z),

d* ¢l () D7 ().
iel=

As d* € D;.(z), d* ¢ D (z), which along with the last condition implies

d* ¢ D7 (z)Ud () D (). (6.16)

iel=
Also, as d* € D7 (z), by Definition 6.1 there exists a* > 0 such that
9+ (T + ad™) > g+ (Z), Va € (0,a"].

Therefore,

lim >0,
«l0 «
which implies
g+ (z,d") > 0. (6.17)
Because d* € S(z),
gi(z,d*) <0, VieI(z). (6.18)

In particular, taking i* € I= C I(Z) in the above inequality along with (6.17)
yields
gis (Z,d*) = 0. (6.19)

Combining the conditions (6.16), (6.18), and (6.19) together imply that d*
solves the system (CF,), thereby leading to its consistency.
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Conversely, suppose that (C'P,) is consistent, which implies there exists
d* € R™ such that

95 (Z,d*) =0,
gi(&,d*) <0, Vie I(@)\i*
d* ¢ Dz(z)Ud () D (2).

icl=
The first equality condition can be expressed as two inequalities given by
gix(Z,d*) <0 and gl (z,d") > 0. (6.20)
As i* € I= C I(z) along with the above condition yields
d* € S(z). (6.21)
Also, from the inequality (6.20), there exists a* > 0 such that
i~ (T + ad*) > g;«(T), V a € (0,a"].
As d* ¢ D7 (Z), the above inequality holds as a strict inequality and hence
d* € D7 (%). (6.22)
The conditions (6.21) and (6.22) along with the fact that d* ¢ cl (;c;= Di (%)

implies that d* € I°(z), thereby establishing the desired result. O

Observe that if D (Z) = {d € R™ : ¢.(z,d) = 0}, then by the above
characterization of the badly behaved constraints, i* ¢ I°(z). The class of
functions that are never badly behaved includes the class of all continuous lin-
ear functionals and the classical distance function. For more on badly behaved
constraints, one can refer to Wolkowicz [112].

Before moving any further, we present a few results from Wolkowicz [112]
that act as a tool in the derivation of the characterization for the point of
minimum.

Proposition 6.10 Consider the convex programming problem (CP) with C
given by (3.1). Suppose that T € C. Then

() () Di@) = ()Di@n [\ DF@.

iel(z) iel= ieI<(z)
(i) () DF@n () D@ #0.
iel= ieI<(z)

Furthermore, suppose that the set Q satisfies I°(Z) C Q C I=. If

either  co m D7 (z) is closed or Q=17
ieQ

then
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(iii) Te(z) =c ﬂ

i€I(x)
(iv) ¢l co () Dy (z)NS(x) =cl (| Dy (x)NS(x) =cl (| Dy (z)NS(x).
i€Q i€Q iel=
(v) To(Z) =dl co ﬂ D7
1€Q
(vi) —co U dg:(Z) N (ﬂ D; (7))
i€I<(x) i€Q

Proof. (i) Observe that I(z) = I~ U I<(z), which implies

ﬂ D=(z) = {deR": there exists @ > 0 such that
iel(z)

For any d € D= (z), there exists @ > 0 such that
9i(T + ad) < g;(Z) =0, a € (0,a],

which implies Z + ad € C for every a € (0,@a]. As for every i € I=, g;(x) =0
for every feasible point « € C of (CP), thereby implying that for every i € 1=,

9i(T+ ad) =g;(Z) =0, a € (0,a],
which implies D; (z) = D (z) for every i € I=. Therefore, by this condition,
() pi@ = () Di@n (] Dia),
iel(x) iel= ieI<(z)
as desired.

(i) If I(x) = 0, the result holds trivially by (i). Suppose that I= and I<(Z)
are nonempty. Then corresponding to any ¢ € I<, there exists some & € C
such that ¢;(Z) < 0. By the convexity of g;, for every A€ (0,1],

which implies that d = & — & € D (z). Also, suppose that there is some
j € I<(Z), j # i, then corresponding to j there exists some Z € C' such that
g;(%) < 0. Then as before, d =  — z € D5 (). Now if i and j are such that

9i(%)=0 and g;(z)=0,
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then by the convexity of g; and g;, for every A € (0,1),

gi(\E + (1= N)) < Agi(@) + (1 = N)gs(@) < 0,
9i(AZ + (1 = A)&) < Ag; () + (1 = A)g;(z) <0,

which implies for A € (0,1), (A& 4 (1 — \)#) — Z = Ad + (1 — \)d such that
A+ (1-XNdeDf(z) and A+ (1-Nde D5 (a).
Proceeding as above, there exists d € R™ such that
de D (z), Viel~(z) (6.23)

with corresponding & > 0 such that Z+ad € C for every a € (0, a]. Therefore,
for every i € I~

9i(Z+ad) =0=g;(Z), Vae(0,al],

that is,

de D (z), Viel,
which along with the condition (6.23) proves the desired result.
(iii) Consider a feasible point z € C of (C'P) that implies

gi(z) <0, Viel(x).
By the convexity of g;, i € I(Z), for every A € (0,1],

Gi(Z+ Mz —17)) < Agi(x) + (1 = N)gi(T) <0=g;(T), VielX).

Therefore, x — 2 € ;¢ () DZ(z) for every x € C, which implies

(C-z)c () D@).

iel(@)

As Nier@ DiS (Z) is a cone,

cone (C —Z) C m DE(Z). (6.24)
1€I(Z)

Suppose that d € ﬂiel(j) DiS (Z), which implies there exists @ > 0 such that

9i(Z+ad) <g(z)=0,Vaec(0,a], VielI(z).

For i ¢ I(Z), g:(Z) < 0 and thus, there exists some o’ > 0 such that for any
deR",

gi(Z+ad) <0, Vae (0,d), VidgI(z).
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Therefore, by the preceding inequalities, ' = Z + ad € C for a € (0,a*],
where o* = min{a,a’}, which implies ad € C — Z, thereby leading to
d € cone (C — z), which along with the condition (6.24) yields

ﬂ DE(z) = cone (C — ).

i€l (z)

By Theorem 2.35,
Te(z) =cl cone (C—2Z) =cl m DE(z)
i€l(x)
hence establishing the result.

(iv) By the given hypothesis Q C I=, which implies that the containment
relation

cd () D(@)nS@) cd)Df(z ) Cclco() D (z)NS(x) (6.25)

iel= 1€Q 1€
holds. To establish the result, we will prove the following:
clcoﬂD ) Ccl conD )N S(T)).

1€EQ 1€Q
If co ;cq Di (Z) is closed, then
clcoﬂDi:(f) —coﬂD yCd ( coﬂD )N S(z)),
1€Q 1€Q i€Q
thereby establishing the above condition.

If Q = I=, we prove

cl co ﬂ D7 (z)nS(z) Cdl (co ﬂ D7 (z)NS(x)). (6.26)

i€l= i€l=

As S(z) is a closed convex set and (,.,- Di (%) C S(z),

cl co () Dy (z) C S().

iel=
Also S(z) = ;= Si(Z) N Nier<(z) Si(Z), where
Si(z) ={d e R" : g{(z,d) < 0}.

Therefore, establishing (6.26) is equivalent to proving

clcoﬂDi:(:f)ﬁ m Si(z) C (conDi: m Si(Z

iel= i€I<(z) iel= i€I<(z)
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By condition (ii), there exists d € R™ such that
dGﬂDi:(i)ﬂ ﬂ CcoﬂD ) Nint ﬂ Si(Z
iel= 1€I<(T) iel= 1€I<(T)

which yields the above condition.

2) co () D ()N S(x) = () Dy ()N S(x

i€Q i€Q
By Proposition 6.2 (i) and (iii),
(D5 (@) c [ Di)
i€ ieQ

</—_\ -
Because D;*(Z) is convex,

co (| Di (z) C () D5 (). (6.27)

1€Q i€Q

As Q C I7, for every feasible point € C, g;(z) = 0, i € Q. For any
de D<( ), i € Q, there exists @; > 0 such that

9:i(Z+ ad) < g;(z) =0, Va e (0,a],
which implies  + ad € C. Therefore, for any i € €,
gi(Z+ad) =0, Vae (0,a],

thereby implying that d € D=(z), i € €. Thus, the condition (6.27) becomes

co (| Di (z) € () D7 (z) C co () D ().

ieQ ieQ i
The above relation implies that (), ., D; (%) is convex, thereby leading to
co (| Di ()N S(x) = ()| Di (z) N S(x)
ieQ ieQ

as desired. Note that, in particular, for Q = I=, [, ;= D7 (Z) is convex.

3) c ((\DF (@) NS(@) Cc [ Dy (x)NS(@)

ieQ iel=
Suppose that Q@ C I=. We claim that

(D7 (@)nS@) cd () Di(z)nS(@).
i€Q iel=
Assume on the contrary that there exists d € R™ such that

de (D (z)nS@)\ (cd () Di (z)nS(x)).

1€Q iel=
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By the given hypothesis, there exists Q C I= \ Q such that
de S(x), de () Di(z)
ieI=\Q
but
d¢ Di(z)Uc () Di(z), Vie
iel=
By the hypothesis I°(Z) ¢ Q ¢ I=, Q ¢ I=\ Q c I= \ I’(Z), which implies

Q ¢ I"(z). By invoking Theorem 6.9, the system (CP,) is inconsistent and
thus

gi(z,d) <0, VieQ.
Therefore,
de (\DF@n () Df(a). (6.28)
i€ ieI=\Q
By (ii), as
(N bi@n [ Di@) #0,
iel= ieI<(z)
there exists d € R™ such that

de (Y Di@n () D). (6.29)

iel= i€I<(z)

Define dy = Ad + (1 — \)d. By condition (6.28), for i € Q there exists @; > 0
such that
gi(T + ad) < g;(Z), V a € (0,q]. (6.30)

As Q € I=, by condition (6.29), for i € Q there exists &; > 0 such that

Denote a; = min{a;, &; }. By the convexity of g;, i € Q along with conditions
(6.30) and (6.31), for A € (0, 1],

9i(Z + ady) <Agi(Z+ad) + (1 —N)gi(Z + ad) < g;(Z), ¥V a € (0,q],
which implies
dy € (| Dy (x), ¥V A€ (0,1]. (6.32)
i€Q
Again from (6.28),
de () D@ c () Dia),

ielI=\Q ieI=\Q
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and from (6.29),

S
3
&
N
D)
3
o
N
D
)
<A
o

iel= icI=\Q ieI=\Q
Because DiS (z), i € I=\ Q are convex sets,
dye (] Di(@), YAe(0,1). (6.33)
ieI=\Q

By Theorem 2.69, g;, i € I<(Z), is continuous on R™, which along with con-
dition (6.29) implies that there exists 3 € (0, 1) such that

dye () Di@), A€ (0,8 (6.34)

ieI<(2)
Observe that
I(Z)=I<(@)ul~\QuqQ,
which along with (i) leads to
(| pF@n(\Df@= () DE@n () D@ N () D5 ()
iel(z) i€ i€l<(2) ieI=\Q i€Q

Therefore, combining (6.32), (6.33), and (6.34) along with the above relation
yields

dy € ﬂD ﬂD<

i€l(Z) i€Q

As Q C I=, which along with (i) implies

() pF@)= () DFf@n () Di@c () Di@n()Di(@).

i€l(z) i€l<(z) i€l= 1€l<(x) icQ
Thus,
i€Q

which is a contradiction to
dy € (| Di(2).
ieQ
Therefore,

(D7 (@)nS@) cd () Di(z)nS@).

1€Q i€l=
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Because ¢l m D7 (z) and S(Z) are closed sets,
iel=

d ((\ D (@)nS(@) Cd () Dy (@)nS@),
ieQ iel=
thereby establishing the desired result when Q C I=.
IfQ=1I=,
() Di(z)nS(z) ce () Df(z)NS(x),
iel= iel=

thus yielding the desired condition as before.

From the conditions (1) through (3), it is easy to observe that

cleo(\DF(3)NS(@) C d(co ) D7 (z)NS(z))

1€EQ 1EQ
= d((\ D7 @) NS@) C d () Df(x) NS,
1€ iel=

which along with (6.25) yields the requisite result.
(v) Using (iii) and (iv), it is enough to show that

cl ﬂ DE(z) =l ( ﬂ Dy (z) N S(x)).
iel(@) iel=
From (ii) and Proposition 6.2 (iii), it is obvious that
d () Di(x)cd () Di(z)nS(@)). (6.35)
i€l(®) iel=

To prove the result, we claim that

() Di@nS@ cd (| DE@). (6.36)
iel= e 1(3)
Suppose that d € (,c;= D (Z) N S(Z). By (ii), there exists d € R™ such that
de (Y Di@n (| D).
iel= ie1<(z)
Denote dy = Ad+ (1 — X
for every £ € U g (

i€I<(z)

. Therefore, by Theorem 2.79 and Proposition 6.2,

);

<§ad)\> - /\<§7d> + (1 - )‘)<§ad> < 07 VAE [07 1)3
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which again by Theorem 2.79 implies that for every i € I<(Z),
gi(z,dy) <0, VAe0,1).
Therefore, by Proposition 6.2 (iii),

dye () Di(x), YAelo1). (6.37)
i€I<(z)

Also, by the convexity of ;.= D (Z),

dye () Di(z), VA€ (0,1). (6.38)
iel=
Thus, by the relations (6.37) and (6.38), along with (i), we obtain
dye () Di@n () Di@@ c () Di@), VAae(on).

1€I<(z) i€l= i€1(x)

As the limit A — 1, d) — d, which implies d € ¢l )
(6.36), which yields that

il (x) D; (Z), thus proving

d () D) NnS@) cd () D).

iel= i€l (z)
The above condition along with (6.35) establishes the desired result.
(vi) Define
F=—co U 0g;(T).
i€I<(z)

We will prove the result by contradiction. Assume that

F([Dr(@)° #0,
icQ
which implies there exists
¢e P () Df (@)
icQ

As € € F, there exists &; € dg;(Z) and \; > 0, 7 € I<(Z) with ZieK(i) =1
such that

E=— Y A

i€I<(z)
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By Proposition 2.31,

(D@ c {&°={deR":(d) <0},
1€Q)
—F° c —{&°={deR": ({,d) >0}

Therefore,

—F°n (| Di(z) C{d € R™: (¢, d) = 0}.

By (ii), there exists

d € (Di@n () D@

iel= ieI<(z)
c [ Di@n-F°c{deR":(d) =0},
i€Q

that is, (£,d) = 0. As d € Nicr<z) D5 (%), there exists a; > 0, i € I<(z),
such that

9i(Z + oyd) <0, Y oy € (0,@], Viel<(z)
By the convexity of ¢;, i € I<(Z), for every «; € (0, &;],
ai(&,d) < g;(T + qid) — g;(T) < 0, Vi € I<(z),
which implies

Edy= > Nl d) <0,
i€I<(z)
which is a contradiction, thereby leading to the requisite result. O

Wolkowicz [112] derived a certain characterization in form of the KKT
type optimality conditions. But before presenting that result, we present a
lemma that will be required to prove the result.

Lemma 6.11 Consider the convex programming problem (CP) with C' given
by (3.1). Suppose that T € C and F C R™ any nonempty set. Then the
statement

Z s a point of minimizer of (CP) if and only if the system

i€l(z) (6.39)
A >0, i€ l(x)

s consistent
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holds for any objective function f if and only if F' satisfies
Ne(z) = S(z) + F. (6.40)

Proof. Suppose that the statement is satisfied for any fixed objective func-
tion. We will prove the condition (6.40). Consider £ € N¢(Z) and define the
objective function as f(z) = —(¢,x). Then & € —0f(Z) N N¢(Z), which implies

0€df(z)+ Nc(z).

By the optimality conditions for (C'P), Theorem 3.1 (ii), Z is a point of min-
imizer of (C'P). Therefore, by (6.39) along with 0f(Z) = {—¢} leads to

¢ e 5(z)+ F,

that is, R
Nec(z) C S(z)+ F. (6.41)

Now suppose that ¢ € S(z) + F, which implies there exist & € dg;(z) and
A; > 0 for i € I(Z) such that

€— > N&GEF.
i€I(Z)
Again define the objective function as f(x) = —(£,x), which implies

Of(z) = {—¢&}. By the above condition it is obvious that the condition (6.39)
is satisfied and thus by the statement, Z is a point of minimizer of (CP).
Applying Theorem 3.1, —¢ € N¢(Z), which implies

o~

S(Z) + F C N¢(Z).

The above containment along with the relation (6.41) yields the desired con-
dition (6.40).

Conversely, suppose that (6.40) holds. By Theorem 3.1 (ii), & is a point of
minimizer of (C'P) if and only if

0€9f(z)+ Ne(@),
which by (6.40) is equivalent to
0€df(z)+5()+F,
that is, the system (6.39) is consistent, thereby completing the proof. O

As mentioned in the beginning of this section, (5(z))° = ¢l 5(z) by Propo-
sition 3.9. Therefore, if S(Z) is closed, condition (6.40) becomes

Ne(®) = ($(2))° + F.
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A similar result as the above theorem was studied by Gould and Tolle [53]
under the assumption of differentiability of the functions but not necessarily
convex.

Applying the above lemma along with some additional conditions, Wolkow-
icz [112] established KKT type optimality conditions. We present the result
below.

Theorem 6.12 Consider the convex programming problem (CP) with C
given by (8.1) and T € C. Suppose that the set Q satisfies

rEcQciIs
and both the sets
COﬂDi:(i‘) and S(z ﬂD (7))
i€Q i€Q
are closed. Then T is a point of minimizer of (CP) if and only if the system

0€df(@+ > Xdgi(®) + ([ DI (=

i€l(z) ieQ (6.42)
X >0, i€ I(i‘),

18 consistent.

Proof. Observe that the system (6.42) is obtained, in particular, by taking
F = (Njcq Dy (%))° in Lemma 6.11. Thus, to establish the result, it is suffi-
cient to prove that

Ne(z) = S(z) + () D (6.43)
i€Q
By Proposition 6.10 (v),
To(z) = S(z) Nl co ) Df ()
ieQ
which by Propositions 2.31 and 3.9 imply that
Ne(@) = o ((S(&)° 4+ (cl co ﬂ D7 (%))°)
i€Q

= o (S@ + () D7 (@)°)

i€Q

The closedness assumption leads to the condition (6.43), thereby yielding the
requisite result. O

In the above theorem, the closedness conditions on the sets

comDi:(:f) and S mD

1€Q i€
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act as a constraint qualification. If, in particular, we choose {2 = I—, then the
closedness conditions are no longer needed. In fact,

Ne(7) = 8@) + () D (®@)°
iel=

is always satisfied. Below we present the result for this particular case.

Theorem 6.13 T is a minimum of (CP) if and only if the system

0€df(@+ > Nogi(x)+ () Di(@)
1€I(x) iel=
Ai >0, 1€ I(z),
s consistent.
Proof. By Theorem 3.1 (ii), Z € C is a point of minimizer if and only if

0 € df(Z) + Nc (7).

In order to establish the result, it is enough to show that

Ne(z) = 5(@) + () DF ()" (6.44)

Observe that int D=(&) = DS (z) for every i € I<(&). Thus, invoking Propo-
sitions 2.31 and 6.10 implies

Ne(®) =Te(@® = Y (D) +(() DF@)°.

Again by Proposition 6.10 (i), DS(z) # 0, which along with Proposi-
tion 6.2 (iv) yields

2)={ D N0gi(@): X >0, i I<(@)}+([) D (@)
i€I<(z) icr=
Choosing \; =0, i € I, the above condition leads to
Ne(z) € S(z) + () Di (2))°. (6.45)
iel=

By Propositions 3.9, 2.31, and 6.10 imply that

S(@) C (5@)° = ( () D5 (@)° = No(@). (6.46)

icl(z)

Again, by Proposition 6.10,

() br c() pF Ne(Z).

iel= 161(1)
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As N¢(Z) is a closed convex cone, the above relation along with (6.46) leads
to

S(@)+ ([ D7 (@))° € No(@),

iel=
which together with (6.45) yields the desired condition (6.44). O

In all these discussions, the notion of constraint qualification was not con-
sidered. Observe that in Theorem 6.13, instead of the standard KKT opti-
mality conditions, Wolkowicz [112] derived KKT type optimality conditions
involving the set ;. ;= D" (). The system reduces to the standard KKT op-
timality conditions if ((,.,= D; (7))° = {0}, that is, F' = {0} in system (6.39)
of Lemma 6.11. Similar to the regularization condition of Ben-Tal, Ben-Israel,
and Zlobec [7], Wolkowicz [112] introduced the notion of regular point and
weakest constraint qualification.

Definition 6.14 A feasible point Z € C of (CP) is a regular point if for
any objective function f, the system (6.39) holds for F' = {0}. A constraint
qualification that is satisfied if and only if T is a regular point is known as the
weakest constraint qualification.

For the differentiable case, Gould and Tolle [52, 53] showed that the Abadie
constraint qualification, that is,

Tc(z) = S(7)

is a weakest constraint qualification. Under the differentiability of the func-
tions g;, @ € I(Z), the set S(Z) is closed, which along with the Abadie con-
straint qualification is equivalent to

~

Ne(z) = S(x),

which is a weakest constraint qualification. For the nonsmooth case, as dis-
cussed in Theorem 3.10, the Abadie constraint qualification along with the
assumption that S(Z) is closed leads to the standard KKT conditions. In fact,
the Abadie constraint qualification is equivalent to the emptiness of the class
of badly behaved constraints I°(z). We present the result below.

Proposition 6.15 Let z € C. Then Tc(z) = S() if and only if I°(z) = 0.

Proof. Suppose that I°(z) = (). Therefore by Proposition 6.10 (iii) and (v),
it is obvious that T¢(Z) = S(Z).

Conversely, let I°(z) # (), which implies there exists i* € I°(Z) such that
1* € I~ and there exists

€ (D7(z) N S(x)\c () D; (@)

iel=
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Again by Proposition 6.10,
vt ¢l () D (z)NS(x) =Tc(z),
iel=
which implies To(Z) # S(Z), thereby proving the result. O

Now we illustrate by examples the above result. Consider
C:{xeR":xQSO, x <0}

with g1(z) = 2% and ga(z) = z. Observe that C = {0}. For 7 = 0,
Tc(Z) = {0}, and I(z) = I= = {1, 2}. Here,

S5(z) {veR:g1(7,v) <0, g5(%,v) <0}
{veR: (Va(z),v) <0, (Vga(T),v) <0}
= {veR:v <0}

Thus, Te(Z) # S(Z), thereby showing that the Abadie constraint qualification
is not satisfied. Also by the definitions of the cones of directions, we have

D7 (z) ={veR:v#0},
D>(g:~):{veR;v>0},
() = {0} = D5 (2).
Observe that I°(Z) = {1}, that is, the set of badly behaved constraints is

nonempty.
Next let us consider the set

C={zeR:|z| <0, z <0}

Recall from Chapter 3 that the Abadie constraint qualification is satisfied at
Z = 0 with S(z) = {0}. Here also, the cones of directions are the same as that
of the previous example but now D>( )NS(Z) = 0, thereby showing that the
set of badly behaved constraints I°(Z) is empty.

Wolkowicz [112] gave an equivalent characterization of the regular point
with Abadie constraint qualification and the set of badly behaved constraints
I°(z). We state the result below. The proof can be worked out using Theo-
rem 3.10 and Proposition 6.15.

Theorem 6.16 Consider the convex programming problem (CP) with C
given by (3.1) and let T € C. Then the following are equivalent:

(i) T is a reqular point,
(i) Abadie constraint qualification holds at T and §(f) is closed,

(iii) 1°(Z) is empty and S(z) is closed.
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In Chapter 3 we derived the optimality conditions not only under the
Abadie constraint qualification, but also the Slater constraint qualification.
It was observed by Wolkowicz [112] that the Slater constraint qualification is
a weakest constraint qualification with respect to the Fritz John optimality
condition, which we present below.

Theorem 6.17 Consider the convex programming problem (CP) with C
given by (3.1). Then the Slater constraint qualification is a weakest constraint
qualification.

Proof. By Definition 6.14, the Slater constraint qualification is a weakest
constraint qualification if and only if Z is a regular point. Consider the Fritz
John optimality condition for (C'P); that is, if Z € C is a point of minimizer
of (C'P), then there exist A; > 0, i € {0} U I(Z), not all simultaneously zero
such that

0 € X0f(Z) + Z Xi09; (T).
icl(z)

Suppose that the Slater constraint qualification is satisfied, that is, there exists
% € R™ such that ¢;(2) < 0, i = 1,2,...,m. We claim that Ay # 0. On the
contrary, assume that Ao = 0. Then the above condition implies that there
exist \; > 0, i € I(Z), not all simultaneously zero, such that

0e Z )\ﬁgl(a’c)7
i€l(x)
which implies that there exist &; € 9¢;(Z), i € 1(Z), such that
0= > N (6.47)
icl(x)
By the convexity of ¢;, ¢ € I(Z),
(&, —7) < gi(2) — gi(T) <0, V& € 0gi(T),

which along with the condition (6.47) leads to a contradiction. Thus, Ag # 0
and hence can be normalized to one, thereby leading to the KKT optimality
conditions.

Observe that the KKT optimality condition holds at Z if the system

0€df(@)+ Y Xdgi(x),
i€I(x)
AN >0, i€ I(f),

is consistent for any f, which is equivalent to the inconsistency of the system
0€ > Xdgi(z),

i€I(T)
Ai >0, i € I(Z), not all simultaneously zero.
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Thus, the inconsistency of the above system is equivalent to
0 & cone co U 0g;(Z). (6.48)
i€l(x)

We claim that the above condition is equivalent to the Slater constraint
qualification. Suppose that the condition (6.48) holds. Because dom g; = R",
i € I(Z), by Proposition 2.83, dg;(T) is a nonempty compact set. As
I(z) C {1,2,...,m} is finite, Uiel(i) 0g;(Z) is also nonempty compact. Also,
as

U 0g:(Z) C cone co U 0g;(T),
iel(z) i€l(z)
the condition (6.48) implies that
0¢ | 90(a).
icl(x)
Invoking Proposition 3.4,
cone co U 0g:(T)
iel(z)

is a closed set. Invoking the Strict Separation Theorem, Theorem 2.26 (iii),
there exists d € R™ and d # 0 such that

(z,d) <0, ¥ z € cone co U 0g:(Z).
1€I(Z)

In particular, for & € dg¢;(Z), @ € I(Z), the above inequality leads to

(€,d) <0.
As dom g; =R"™, i € I(Z), by Theorem 2.79, for i € I(Z),

max (&,d) = g.(z,d) <0,

£i€0g:(T)
which implies
im 9:(7 + Ad) — g:(7) = lim 797:(1: +Ad) < 0.
Al0 A AL0 A

Therefore, for every A > 0,

9i(T+Xd) <0, Viel). (6.49)
For i ¢ I1(Z), ¢;(Z) < 0. Because dom g; = R™, ¢ € I(Z), by Theorem 2.69,

gi, © & I(Z) is continuous over R™. Thus, there exists A > 0 such that

gi(T +Xd) <0, VdeR"
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In particular, for d = d, the above inequality becomes
gi(T+Xd) <0, VidglIz). (6.50)
Combining (6.49) and (6.50), for # + A\d € R",
gi(T+ M) <0, Vi=1,2,...,m,

which implies that the Slater constraint qualification holds.

Conversely, suppose that the Slater constraint qualification holds, that
is, there exists & € R™ such that ¢;(Z) < 0, ¢ € I. By Definition 2.77 of
subdifferentiability, for any &; € dg;(Z), i € I(Z),

(€2 —17) <gi(2) — g:(T) = 9a(2) <O,
which implies that

(2,2 — &) <0, V z € cone co U 0g;(T).
iel(z)

Therefore, z # 0 for any z € cone co Uz‘el(z) 0g;(Z), thereby establishing
(6.48). Hence, the Slater constraint qualification is a weakest constraint qual-
ification. O

In both these approaches, one makes use of the direction sets to establish
optimality conditions in the absence of any constraint qualification for the
convex programming problem (CP). More recently, Jeyakumar and Li [69]
studied a class of sublinear programming problems involving separable sub-
linear constraints in the absence of any constraint qualification, which we
discuss in the next section.

6.4 Separable Sublinear Case

As already mentioned, the sublinear programming problem considered by
Jeyakumar and Li [69] involved separable sublinear constraints. So before
moving ahead with the problem, we state the concept of separable sublinear
function.

Definition 6.18 A sublinear function p : R™ — R is called a separable sub-
linear function if

p(x) = ij (z5)

with each p; : R = R, j =1,2,...,n being a sublinear function.
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The sublinear programming problem studied by Jeyakumar and Li [69] is

min po(z) subject to pi(z) <b;, i=1,2,...,m (SP)
where pg : R™ — R is a sublinear function, p; : R* - R, i =1,2,...,m, is a
separable sublinear function and b; € R, i = 1,2,...,m. Before establishing

the optimality conditions for (SP), we first present the Farkas’ Lemma derived
by Jeyakumar and Li [69]. Farkas’ Lemma acts as a tool in the study of
optimality conditions for (SP) in the absence of any constraint qualification.

Theorem 6.19 Consider the sublinear function py : R — R and separable
sublinear functions p; : R® — R, ¢ = 1,2,...,m. Then the following are
equivalent:

(i) x e R™, pi(x) <0, i=1,2,...,m = po(z) >0,

(i) There exist \; >0, i =1,2,...,m, such that

po(z) + Z)\iﬁi(x) >0, VoeR"
i=1

Proof. Suppose that condition (i) holds. We claim that condition (ii) is also
satisfied. On the contrary, assume that (ii) does not hold, which along with
the fact that for a real-valued sublinear function p : R" — R, p(0) = 0 implies
that for any A\; > 0, i =1,2,...,m, £ = 0 is not a point of minimizer of the
unconstrained problem

min po(x) + Z AiDi(z) subject to =z e R™
i=1

As sublinear functions are a special class of convex functions, the sublinear
programming problem (SP) is also a convex programming problem for which
the KKT optimality conditions are necessary as well as sufficient for the point
of minimizer. Therefore, the KKT optimality condition does not hold at z = 0,
that is,

0 ¢ 9(po + zm: Aipi)(0).

As dom p; = R™, i =0,1,...,m, by Theorem 2.69, p;, ¢ = 0,1,...,m, are
continuous on R™. Applying the Sum Rule, Theorem 2.91, the above condition
becomes

0 ¢ 9po(0) + Y _ Xidpi(0),
i=1



276 Optimality without Constraint Qualification

thereby implying 9p(0) N (—P) = (), where
P={> Xopi(0): \i >0, i=1,2,...,m}.
i=1
As p;, i =1,2,...,m, are separable sublinear functions,
n
]57,(13) = Zﬁij(scj), = 1,2, e,y
j=1
where p;; are sublinear functions on R. Thus,
P ={> Xi(0pin(0) x 9pi2(0) x ... x pin(0)) : X >0, i =1,2,...,m}.
i=1
As p;; : R — R, by Proposition 2.83, 9p;; is a nonempty convex and compact
set in R, that is,
8}5”(0) = [lij7uij]7 1= 1,2,. .o,m, j = 1,2, ooy

for some [l;;, u;; € R with l;; < u;;. Therefore,

m

P = {Z /\z ([lil,u“] X [lig,uig] X ... X [lm,um]) : )\z Z 0, 1= 1,2,...,77?,}

i=1

= cone co U ([lil,uﬂ] X [lig,uig] X ... X [lm,um])
=1

m

= cone co {U (@i1, Qigy - o ain) * aij € [lij,ug], 7=1,2,...,n}.
i=1

Note that [l;1,u;1] X [li2, wiz] X ... X [lin, win] forms a convex polytope in R”
with 2" vertices denoted by

_ T r r s _ n
(/UiT‘)*(vilﬂviQ?"'?vin)? 1*1727"'7m7 7’—172,...,2 )

where vj; € {lij,ui;}. Also, any element in the polytope can be expressed as
the convex combination of the vertices. Therefore,

(a1, @iy - -y ain) = co{(vi1), (Vi2), - ., (Vsan) },

which implies that

m

P = cone co U{(v“), (Vi) -« (Vian) }.

i=1

Hence, P is a finitely generated convex cone and thus, by Proposition 2.44, is
a polyhedral cone that is always closed.
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As sublinear functions are convex, by Proposition 2.83, dpo(0) is a com-
pact convex set and, from the above discussion, P is a closed convex cone.
Therefore, by the Strict Separation Theorem, Theorem 2.26 (iii), there exists
a € R™ with « # 0 such that

sup (@, &) < 1nf (a,@ = —sup(a, §). (6.51)
£€050(0) £ep

Consider

sup{a, &) = sup{(a,f):fG{Z/\iaﬁi(O):)\iz(),z'1,2,...,m}}

£ep i—1

Y

sup{{a, &) : 562)\8]91 )}, VAERT

=1
= Y Nipi(e), VAERT.
From the preceding relation and condition (6.51),
po(a) = sup (o, §) < —sup a,§) < Z)‘lp’ , VAERTY, (6.52)
£€0p0(0) §EP

which implies
> Aii(a) < —po(a), ¥ A € R

This inequality holds for every A € R if 5;(a) <0, i = 1,2,...,m. Otherwise,
if for some i € {1,2,...,m}, §;(a) > 0, then choosing the corresponding
A; — +oo, we arrive at a contradiction. Also, as P is a closed convex cone,
from (6.52),

Po(a) < —sup (a,§) <0
£ep

Therefore, for a € R™,
po(a) <0 and pi(a) <0, i=1,2,...,m,

which contradicts (i). Thus condition (ii) is satisfied.
Conversely, suppose that condition (ii) holds, which implies for some
\>0,i=1,2,...,m

—Z)\zpl < po(z), ¥V z € R™.
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If for some z € R", p;(x) < 0, i = 1,2,...,m, from the above inequality
po(x) > 0, thereby establishing condition (i) and hence the desired result. O

We end this chapter by deriving the constraint qualification free optimality
condition for the sublinear programming problem (SP) from Jeyakumar and
Li [69].

Theorem 6.20 Consider the sublinear programming problem (SP). Then T
is a minimizer of (SP) if and only if there exist \; > 0,1 =1,2,...,m, such
that

m m

0e 8])0(0) + Z /\16])1(0) and po(i‘) + Z A;b; = 0.
=1

Proof. Observe that Z is a minimizer of (SP) if and only if
pi(x)—b;<0,i=1,2,....m = po(x)—po(Z) > 0. (6.53)

But Theorem 6.19 cannot be applied directly to the above system as the
theorem is for the system involving sublinear functions, whereas here neither
pi(x) —b;, i = 1,2,...,m, nor po(z) — po(Z) is positively homogeneous and
hence not sublinear functions. So define p; : R* xR — R, ¢ =0,1,...,m, as

Po(z,t) =po(x) —tpe(Z) and  pi(x,t) = pi(x) —th, i =1,2,...,m.

Because p;, i« = 1,2,...,m, are separable sublinear functions on R", p;,
i1=1,2,...,m, are also separable sublinear functions along with the sublin-
earity of pg on R™ x R. Now consider the system

pi(z,t) <0, i=1,2,....,m = pola,t)>0. (6.54)

This system is in the desired form needed for the application of Farkas’
Lemma, Theorem 6.19. To establish the result, we will first establish the equiv-
alence between the systems (6.53) and (6.54).

Suppose that the system (6.53) holds. We claim that (6.54) is also satisfied.
On the contrary, assume that the system (6.54) does not hold, which implies
there exists (%,#) € R™ x R such that

Po(Z,8) <0 and p;(%,1) <0, i=1,2,...,m.
For ¢ > 0, by positive homogeneity of the sublinear function and the con-
struction of p;, i =0,1,...,m,
po(Z/t) = po(T) = po(Z/t,1) <0,
pi(Z/1) —b; = pi(7/t,1) <0, i=1,2,...,m,

thereby contradicting (6.53).
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Now, in particular, taking £ = 0,
p(](i):ﬁo(i.70) <0 and pl(‘%):ﬁl(‘%vo) SO? 7::1,27...7771

For t > 0, consider Z + t& € R™. Therefore, by the feasibility of z for (SP)
and the above condition,

po(Z + %) — po(T) < tpo(F) <0,
Pi(T +1tT) —b; < pi(T) —b; +tpi () <0, i=1,2,...,m,

which is again a contradiction of the system (6.53).
If ¢ < 0, then by construction of p;, 1 =0,1,...,m,

po(:%)—fpo( ) < and  p;(Z )—fbiSO, 1=1,2,....,m

Consider & + (—t + 1) € R™. By the sublinearity of p;, i =0,1,..

po(@ + (=t +1)z)

"m’

< po(aé)+<—f+ 1)po(Z)
< ipo(2) + (—t 4 1)po(Z) = po(%),

and

pi(@+ (—t+1)7) < pi(@) + (=t +1)p;(2)
< thi+ (—t+ )b =b;, i=1,2,...,m,

which contradicts (6.53). Thus from all three cases, it is obvious that our
assumption is wrong and hence the system (6.54) holds.

Conversely, taking ¢ = 1 in system (6.54) yields (6.53). Hence, both systems
(6.53) and (6.54) are equivalent. Applying Farkas’ Lemma, Theorem 6.19, for
the sublinear systems to (6.54), there exist \; > 0,4 =1,2,...,m, such that

Pol,t) + > Aipi(,t) > 0, V (2,t) ER" x R,
i=1

which implies (0,0) € R™ x R is a point of minimizer of the unconstrained
problem

min po(x,t) + Z XiDi(z,t)  subject to  (z,t) € R™ x R.
i=1

By the KKT optimality condition for the unconstrained problem, Theo-
rem 2.89,

i=1

= P0+Z/\zpz ) X V(tpo(x +Z)\tb
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where the subdifferential is with respect to x and the gradient with respect to
t. Therefore, a componentwise comparison leads to

m

0 € d(po+ Aip;)(0)  and  po(Z) + Z Aib; = 0.

i=1
As dom p; = R", i = 0,1,...,m, by Theorem 2.69, p;, i = 0,1,...,m, are

continuous on R™. Thus, by the Sum Rule, Theorem 2.91, the first relation
yields

0 € Ipo(0) + Z Aidpi(0),
i1

thereby establishing the desired result. (]



Chapter 7

Sequential Optimality Conditions

7.1 Introduction

In this chapter we are going to look into a completely different approach to
develop optimality conditions in convex programming. These optimality con-
ditions, called sequential optimality conditions, can hold without any qualifica-
tion and thus both from a theoretical as well as practical point of view this is
of great interest. To the best of our knowledge, this approach was initiated by
Thibault [108]; Jeyakumar, Rubinov, Glover, and Ishizuka [70]; and Jeyaku-
mar, Lee, and Dinh [68]. Unlike the approach of direction sets in Chapter 6,
in the sequential approach one needs calculus rules for subdifferentials and -
subdifferentials, namely the Sum Rule and the Chain Rule. As the name itself
suggests, the sequential optimality conditions are established as a sequence
of subdifferentials at neighborhood points as in the work of Thibault [108] or
sequence of e-subdifferentials at the exact point as in the study of Jeyakumar
and collaborators [68, 70]. Thibault [108] used the approach of sequential sub-
differential calculus rules while Jeyakumar and collaborators [68, 70] used the
approach of epigraphs of conjugate functions to study the sequential optimal-
ity conditions extensively. In both these approaches, the convex programming
problem involved cone constraints and abstract constraints. But keeping in
sync with the convex programming problem (C'P) studied in this book, we
consider the feasible set C involving convex inequalities. The reader must have
realized the central role of the Slater constraint qualification in the study of
optimality and duality in optimization. However, as we have seen, the Slater
constraint qualification can fail even for very simple problems. The failure of
the Slater constraint qualification was overcome by the development of the
so-called closed cone constraint qualification. It is a geometric qualification
that uses the Fenchel conjugate of the constraint function. We will study this
qualification condition in detail.

281
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7.2 Sequential Optimality: Thibault’s Approach

We first discuss the approach due to Thibault [108]. As already mentioned,
he makes use of sequential subdifferential rules in his work. As one will observe,
the Sum Rule and the Chain Rule are expressed in terms of the sequence
of subdifferentials at neighborhood points. We present below the Sum Rule
from Thibault [108] which involves the application of the Sum Rule given by
Hiriart-Urruty and Phelps [64].

Theorem 7.1 (:S’equential Sum Rule) Consider two proper lsc convex func-
tions ¢; : R® - R, i =1,2. Then for any T € dom ¢1 N dom ¢2,

O(¢1 + ¢2)(x) = limsup {9¢1 (1) + O¢2(22)},

x1—>¢7 Oz

where limsupzi_m_mf{@(bl(zl) + O¢a(x2)} denotes the set of all limits

limy oo (EF + €5) for which there exists ¥ — z, i = 1,2 such that
€F € 0¢i(aF), i =1,2, and
¢i(zf) — (& af —T) — ¢il@), i =1,2. (7.1)

Proof. Suppose that £ € 9(¢1 + ¢2)(Z). By Theorem 2.120,
g€ ﬂ cl{O1/k1(T) + O01/kP2(7) },
keN

which implies for every k € N,
§ €cl {01/x91(Z) + 01/ b2(T)}-

From Definition 2.12 of the closure of a set, for every k € N,

£ € 01yh1(T) + 01 /kd2(T) + kIB%

Therefore, there exists &* € 01/10:(Z), i = 1,2, and b* € B such that
1
E=gr g+ 0k (72)
Applying the modified version of the Brgndsted—Rockafellar Theorem, Theo-

rem 2.114, there exist z¥ € R™ and &F € d¢;(2¥) such that for i = 1,2,

[E

, 2
f H§ ng — \/* |¢Z( ) < i %y > ¢z( )| S E7 (73)

which implies £/F = ¢k + 1/\/% b¥ for some bF € B for i = 1,2. Therefore, the

condition (7.2) becomes

k - k 1 k
§ fl +£2 ( b +\/Eb \/Eb2)7
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that is,
€= lim (€ +¢b),

which along with (7.3) yields the desired inclusion.
Conversely, suppose that

¢ € limsup {0¢1(x1) + Op2(x2)},

z;—% =Gz

which implies for i = 1,2, there exist ¥ — =z, &8 € 9¢;(2F) satisfying
¢i(af) — (€ af — 7) — ¢i(T) and

€= lim (b +¢b).
— 00
As &F € 0¢;(2F), i = 1,2,
( f,a: - xf) < ¢i(x) — (bz(a:f), VxeR"
Also, for every x € R™,
<f,$—i‘> = <zkvx_mf>+< f?q"f—j>
< ¢1($>_¢1(xf)+<f’xf_f>’ 1=1,2,
thereby yielding

(+ 8,0 —1) < d1(x) + pa(a) — 1 (af) — pa(ah)
+(&F, 2t — ) + (&5, a8 — )

for every x € R™. Taking the limit as ¥ — +o00 and using the condition (7.1),
the above inequality reduces to

(€2 =) < (01 + ¢2)(2) — (¢ + ¢2)(T), V z € R,

which implies £ € 9(¢1 + ¢2)(Z), thereby establishing the requisite result. [

Using a very different assumption, the Moreau—Rockafellar Sum Rule, The-
orem 2.91, was obtained by Thibault [108].

Corollary 7.2 Consider two proper lsc conver functions ¢; : R* — R,
i=1,2. If

0 € core(dom ¢1 — dom ¢2),

then for every T € dom ¢1 N dom ¢2,

(1 + ¢2)(T) = 0¢1(T) + 0h2(T).
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Proof. By Definition 2.77 of the subdifferentials, it is easy to observe that
the inclusion

I(p1 + ¢2)(T) D 0¢1(T) + Opa(T) (7.4)

always holds true.

To prove the result, we will show the reverse inclusion in relation (7.4).
Consider € € 9(¢1 + ¢2)(Z). Then by Theorem 7.1, for i = 1,2, there exist
z¥ — 7 and &F € 0¢;(x¥) such that

i

€= lim (65 +&) and  Af = ¢i(af) — (&7 —2) > ¢i(2). (T5)
Denote ¢F = ¢k + €5, As 0 € core(dom ¢y — dom ¢2), by Definition 2.17, for
any y € R™ and y # 0, there exist @« > 0 and z; € dom ¢;, ¢ = 1,2, such that

ay = x1 — x9. By the convexity of ¢;, i = 1,2 along with (7.5),

(ehay) = (e, o —ab) + (eh,ok —7) + (&b, 7 —m2)

< 1(xr) — B(ah) + (€F,af — 7) + (€], 7 — 22)
= ¢1(z1) —f + (€5, & — 22) + (6§, 20 — 28) + (&5, 25 — 2)
< dr(@r) —F 4 (€5, — ma) + da(w2) — da(ah) + (€5, 25 — 7)

(P1(21) — %) + (da(x2) — 75) + (€%, 7 — 20).

As the limit k£ — 400, using the conditions (7.5),

(¢1(21) — 1) + (Pa(@2) —75) + (€5, 7 — 22)
— (p1(21) — ¢1(Z)) + (P2(22) — $2(T)) + (§, T — @2).

Therefore,

) M,
<§f7y> < 7117 VkeN,

M,
that is, {(¢F,y)} is bounded above by j‘g which is independent of k. Simi-

larly, the sequence {(£¥, —y)} is bounded above. In particular, taking y = e;,
i=1,2,...,n, where e; is a vector in R™ with i-th component 1 and all other
zeroes,

€ lloo = max [{&F,e)] < max [M;].
1=1,2 n =1 n

S L EIERE] 1Ly

Thus, {¢F} is a bounded sequence. As &F + &5 — ¢, {¢4} is also a bounded se-
quence. By the Bolzano—Weierstrass Theorem, Proposition 1.3, the sequences
{¢F}, i = 1,2, have a convergent subsequence. Without loss of generality,
assume that §f — &, © = 1,2, such that & + & = & By Theorem 2.84,
& € 0¢;(T), i = 1,2, thereby yielding

0(p1 + ¢2)(T) C 9¢1(Z) + Oa(T),
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which along with (7.4) leads to the desired result. O
Consider the convex optimization problem
min f(z) subject to x € C, (CcP)

where f : R® — R is a proper lsc convex function and C' C R” is a closed
convex set. We shall now provide the sequential optimality condition for (C'P)
as an application to Theorem 7.1.

Theorem 7.3 Consider the conver optimization problem (CP) where
f:R* =R is an extended-valued proper lsc convexr function. Then T is a
point of minimizer of (CP) if and only if there exist ¥ — Z, i = 1,2, with
EF € Of(a%) and €5 € No(25) such that

G+& =0, fa)) = (2 —7) = f(2) and (&0 —7) = 0.
Proof. Observe that (C'P) is equivalent to the unconstrained problem
min (f +dc)(x) subject to =z € R"™

By the optimality condition for the unconstrained programming problem, The-
orem 2.89, 7 is a minimum to (C'P) if and only if

0€d(f+dc)(z).

Applying Theorem 7.1, there exist sequence {z¥} C R” with 2% — z,i=1,2,
EF € Of (aF) and €5 € 5o () = No(28) satisfying

f@h) = (€, af —2) — f(2) and (&,25—3) =0

such that
lim (¢ + €5) =0,
k—oo
thereby yielding a sequential optimality condition. O

It is important to note that the conditions on the problem data of (C'P) was
minimal. The importance of the Sequential Sum Rule becomes clear because
under the assumptions in (C'P), it is not obvious whether the qualification
conditions needed to apply the exact Sum Rule holds or not.

For the convex programming problem (C'P) with C given by (3.1), that is,

C={zeR":¢(x)<0,i=1,2,...,m},

it was discussed in Chapter 3 how the normal cones could be explicitly
expressed in terms of the subdifferentials of the constraint functions g;,
i=1,2,...,m, in presence of the Slater constraint qualification. But if the
Slater constraint qualification is not satisfied, then how would one explicitly
compute the normal cone. For that we first present the sequential Chain Rule
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from Thibault [108] in a finite dimensional setting, a corollary to which plays a
pivotal role in deriving the sequential optimality conditions, when C' is explic-
itly given by convex inequalities. Note that in the following we will consider
a vector-valued convex function ® : R® — R™. This means that each compo-
nent function of ® is a real-valued convex function on R™. Equivalently, ® is
convex if for every x1,x9 € R™ and for every A € [0, 1],

(I =XN)®(z1) + AP(22) — D((1 = M)zt + Az2) € R (7.6)
The epigraph of @, epi @, is defined as
epi @ = {(z,p) € R" x R™ : € ®(x) + R}

A function ¢ : R™ — R is said to be nondecreasing on a set F C R™ if for
every yi1,y2 € F,

d(y1) < ¢(y2) whenever  y, —y; € RT.

Consider a vector-valued convex function ¢ and let ¢ be nondecreasing convex
function on ®(R"™) 4 R’". By the convexity of ®, for every x1,x2 € R and for
every A € [0, 1], the condition (7.6) leads to

(1 =X)®(z1) + AP(22) € O((1 — N)x1 + Axg) + R € (R™) + R
Also,
Q((1 = Nz + Azg) € P(R™) C &(R"™) + RY.

As ¢ is a nondecreasing function on ®(R™) + R, by the convexity of ®, (7.6)
implies that

P(O((1 = N)z1 + Arg)) < o((1 = A)®(21) + AD(22)).
By the convexity of ¢, for every x1,z9 € R™,
P(((1 = N)z1 + Azz)) < (1= A)p(D(x1)) + Ap(D(22)), ¥V A € [0,1],
that is, for every A € [0,1],
(@0 @)((1 = A)z1 + Azz) < (1= A)(po P)(21) + A(¢ 0 @) (x2).

Hence, (¢ o @) is a convex function.
Below we present the Sequential Chain Rule from Thibault [108].

Theorem 7.4 (Sequential Chain Rule) Consider a vector-valued convex func-
tion ® : R™ — R™ and a proper lsc convex function ¢ : R™ — R that is non-
decreasing over ®(R™) + R, Then for y = ®(z) € dom ¢, £ € d(po ®)(Z) if
and only if there exist xx — T, yp — ¥, & — &, T — 0, yj, € ®(zx) + RY
with y), — ®(z) and n, € R such that

Nk + 7k € 00(yk), &k € O®)(2r), (ks yk) — (k> B(21))

and

(k) — (e, ye — ¥) — ¢(¥)  and (g, ®(z) — ) — 0.
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Proof. Define ¢1(z,y) = ¢(y) and @2(z,y) = depi o(z, y). We claim that
£€0(¢po®)(z) ifandonlyif (&£0)€ (P + d2)(7,7) (7.7)

Suppose that £ € 9(¢ o ®)(Z), which by Definition 2.77 of the subdifferential
implies that

P(2(z)) — ¢(®(7)) = (¢ o ®)(x) — (¢ o ®)(7) = ({,x — T), Ve R™
Consider (x,y) € epi ®, which implies y — ®(x) € R, that is, y € ®(x) + R

Because ¢ is nondecreasing over ®(R™) + R, ¢(y) > ¢(®(x)) for every
(z,y) € epi ®. Therefore, the above condition leads to

¢(y) - ¢(g) 2 <€,LL‘ - f>7 v (ZL"y) € epz (I)a

where § = ®(Z). From the definition of ¢; and ¢s, for every (z,y) € R x R™
the above condition leads to

¢1(£B,y) + ¢2($,y) - ¢1(E7g) - QZ)Q(i’ag) 2 <£,(£ - i'> + <O7y - g>7
thereby implying that (£,0) € 9(é1 + ¢2)(Z, 7).

Conversely, suppose that (£,0) € 9(¢1 + ¢2)(Z, §), which by the definition
of subdifferential implies that for every (z,y) € R® x R™,

(¢1 + ¢2)($,y) - ((bl + ¢2)(£ag) 2 <€,l‘ - j> + <07y - g>

The above inequality holds in particular for every (z,y) € epi ®. As
(x,®(x)) € epi D, the above inequality reduces to

¢(®(2)) — ¢(®(2)) = (§, 2 —T), VR,

which implies that £ € 9(¢ o ®)(Z), thereby establishing our claim (7.7).
Now by Theorem 7.1,

(0, Br) + (&, 0k) — (£,0),

where
Br € 06(yr), (ks Ok) € Odepi @ (2k, y3,),
Yk — 7, (Tx, yp) — (Z,9),
d(yr) — (Br,yx — ) — o(¥),
¢2(xk7y;g) - <0k7y;{) - y> - <£k7xk - f> - ¢2(j7g) =0.
Set 0, = —mn, and define 7, = [r — nx. Observe that § — ¢ and

Tk = B + 0 — 0. The preceding facts can thus be written as

(0,76 + %) + (§s —n1) — (£,0),
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with

Nk + Tk € 0P(yx), (& =) € Ddepi o (Tk,Yp),

Y — gv (mkvy;q:) - (£7g)a
d(yk) — (M + T Yk — Y) — (1), (7.8)
b2(Tr, Yi) + (s Y — ) — (Eks Tk — T) — G2(T,7) = 0. (7.9)

As (xg,y;,) € epi @, ¢po(xk,y;,) = 0, which along with & — £ and z, — %
reduces (7.9) to

(s Y — ) — 0. (7.10)
Also, (&, —nk) € Odepi o (zk,y;,) implies that
(ks — x) = (M, y — i) <0, V (7,y) € epi . (7.11)

Observe that (xy,y).) € epi @, which implies that
Yy, — P(xx) € R
Therefore, for any y' € R,
Y +yi, — (k) € RY,

that is, (zx, ¥’ +y),) € epi ®. In particular, taking « = zj, and setting y = y; +y/
for any ¢’ € R in (7.11) yields

(e, y') >0, Vo € RY,

which implies that 7, € R7. Taking 2 = x, and y = ®(x;) in
(7.11), (e, yy, — ®(zx)) <0 which along with the facts that 7, € R7* and
Yy, — ®(xy) € R leads to (ng, y;, — ®(ax)) = 0. Therefore, (7.11) is equivalent
to

<§k7$ - $k> S <nkay> - <7]k7 q)(mk)>7 v (xay) S epl .
In particular, for y = ®(x),
(€ — ) < (Me®)(2) — (@) (21), ¥V 2 € R™.

Observe that as . € R, (nx®) is a convex function and thus the above
inequality implies that (7.11) is equivalent to & € O(n;®)(xy). Also from the
condition (ng,y;, — ®(zx)) = 0, we have (i, y;,) = (M, P(zx)). Inserting this
fact in (7.10) leads to

(Mg, ®(2x) — y) — 0.

Because 7, — 0, (7.8) is equivalent to

o(yr) — (ks ye — §) — 0(7),
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thereby establishing the result. |

Next we present the Sequential Chain Rule in a simpler form using the
above theorem and a lemma for which one will require the notion of the Clarke
subdifferential. Recall that at any « € R"™ the Clarke generalized gradient or
Clarke subdifferential is given as

0°¢(x) =co{{ eR" : { = klirr;o Vé(xy) where 2, — z, x;, € D},

where D denotes the set of points at which ¢ is differentiable. The Sum
Rule from Clarke [27] is as follows. Consider two locally Lipschitz functions
¢1,¢2 : R™ — R. Then for A1, Ao € ]R,

0°(M¢1 + Aaa)(x) C X\0°¢1(x) + A20° P2 (7).

For a convex function ¢, the convex subdifferential and the Clarke subdiffer-
ential coincide, that is, 9¢(Z) = 9°¢p(Z). Now we present the lemma that plays
an important role in obtaining the Sequential Chain Rule.

Lemma 7.5 Consider a locally Lipschitz vector-valued function ® : R™ — R™.
Suppose that there exist {\p} CR™ and {z} C R™ with A\, — 0 and 2, — T
such that

wi € 0°( A\ ®@)(zk), VkEN.
Then wy, — 0.
Proof. By the Clarke Sum Rule,
wp € 0°(M®)(z1) C i Ao g(xr), YV k€N,
i=1

where ®(z) = (¢1(z), Pp2(2),...,om(z)) and ¢; : R® - R, i = 1,2,...,m,
are locally Lipschitz functions. From the above condition, there exist
wk € 0°¢;(zr), i =1,2,...,m, such that

m
Wi = E APk,
i=1

Therefore,
m m
lowll = 1> AFwf Il < D7 I I -
i=1 i=1
Because the Clarke subdifferential 0°¢;(zx), ¢ = 1,2,...,m, are compact,
{wkY, i = 1,2,...,m, are bounded sequences and hence by the Bolzano-

Weierstrass Theorem, Proposition 1.3, have a convergent subsequence. With-
out loss of generality, assume that w® — w;, i = 1,2,...,m. Because the
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Clarke subdifferential as a set-valued map has a closed graph, w; € 9°¢;(Z),
i=1,2,...,m. Also, as \y — 0, |[\¥| — 0. Hence, by the compactness of the
Clarke subdifferential, for i = 1,2,...,m, |jw;|| < M; < +00. Therefore,

DIl = Y 0() =0,
i=1 i=1

thus implying that w; — 0. ]

Theorem 7.6 (A simpler version of the Sequential Chain Rule) Consider
a vector-valued convex function ® : R™ — R™ and a proper lsc convex
function ¢ : R™ — R that is nondecreasing over ®(R™) + R, Then for
g =®(Z) € dom ¢, £ € (P o D)(T) if and only if there exist

Ne € 0¢(yx) and & € O(nk®)(wk)
satisfying

T — j7 Y — (I)(j)7 é-k - €7
oY) — (s yk — §) — ¢(y)  and (g, ®(z) — ) — 0.

Proof. Consider £ € (¢ o ®)(z). Suppose that x, Yk, Yy, &k, Mk, and 7, are
as in Theorem 7.4. Denote (x = nx + 7. Observe that for every k € N,

§p € O ®)(zx)  and  mp® = G® + (m — (k) P,

with 9y — (x = —7r — 0. Because ® is convex and every component is
locally Lipschitz, it is simple to show that & is also locally Lipschitz. As
x — T, for sufficiently large k, ), € N(Z) where N (Z) is a neighborhood of
% on which ® satisfies the Lipschitz property with Lipschitz constant L > 0.
Hence, (ng — (k)@ is also locally Lipschitz over N (zy) with Lipschitz constant
L|mx — k|| > 0. This follows from the fact that for any z,2’ € N (zy),

(ke — Ce)@ () — (m — )@ (2")| = [{(mk — Ck), ®(2) — @(2))],

which by the Cauchy—Schwarz inequality, Proposition 1.1, implies that

(e — G)@(2) — (e — G)@(2)] < e — Gl |@(2) — @(2) ||
< Line = Gl lz — ']

From Theorem 7.4, n;, € R?, which implies (7, ®) is convex. However, ((;®)
and ((ng — (x)®) need not be convex. Thus, &, € I(n,®P)(zx) implies

& € 0° (@) (wk) = °{C® + (i — )P} ().
By the Clarke Sum Rule,

§k € 0°(Ce®) (k) + 0°((mk — Cu) @) (i),
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which implies that there exist pi € 9°((:®)(xx) and ¢ € 0°((nk — Ck)P)(zk)
such that & = px + 0k- As N — ¢ — 0 and x, — &, by Lemma 7.5, g — 0.
Settlng Ok = 7ﬁk7

P =&k + Br € 0°(Cu®) ().

As the limit & — 400, pr. — &, Gp = Nk + Tk € 0(Yk), (Cr, P(2k) —7) — 0,
and

d(yr) — (Cr>yr — 1) — 6(9),

thereby yielding the desired conditions.
Conversely, suppose that conditions are satisfied. As n, € 9¢(yx),

o(y) — d(yk) > (k¥ — yi), Yy €R™,

which implies that

o) > d(yr) — s ye — ) + (e, y — 9), Yy € R™.

In particular, for y = ®(x) for every z € R", the above inequality yields that
for every z € R",

(po®)(z) > &(yx) — (M, Yk — Y) + (i, ®(z) — )
= oY) — ks Yk — G) + (e, ©(2) — P(x1)) + (M8, P(71) — 7)
= O(yk) — ks Y — §) + (e 0 @) () — (n o @) (2k) +
(Mg, ®(2x) — 7).

Because & € d(ng o @)(xy), for every x € R™,

(po®@)(x) > dyr) — (s ke — U) + (ks T — T) + (M, (1) — 9),

which as the limit & — 400 reduces to

(po®@)(x) > o(7)+({,z—2)
= (¢po®@)(z)+ ({,z—a), VaeR"

Thus, £ € 9(¢ o ®)(Z), thereby completing the result. O

Now we move on to establish the sequential optimality condition for (C'P)
with the real-valued convex objective function f : R™ — R obtained by
Thibault [108] using the above theorem. To apply the result, we equivalently
expressed the feasible set C' as

C={zeR":G(x) € R},

where G(x) = (g1(z),g2(x),...,gm(x)). Observe that G : R” — R™ is a
vector-valued convex function as g;, ¢ = 1,2,...,m, are convex. Now using
the sequential subdifferential calculus rules, Theorems 7.1 and 7.6, we present
the sequential optimality conditions for the constrained problem (CP).
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Theorem 7.7 Consider the convex programming problem problem (CP) with
C given by (3.1). Then T € C is a point of minimizer of (CP) if and only if
there exist x, — T, yr, — G(Z), A\ € R, £ € 0f(z), and & € O(AG) ()
such that

£+& —0, (A, yr) =0,
Mg,y — G(T)) — 0, Mk, G(z) — G(z)) — 0.

Proof. Observe that the problem (C'P) can be rewritten as the unconstrained
problem

min(f + (6-ryp 0 G))(x) subject to z € R".
By Theorem 2.89, Z is a point of minimizer of (CP) if and only if
0 € 9(f + (0—rp 0 G))(2).
As dom f = R", invoking the Sum Rule, Theorem 2.91,
0€9f(z)+0(0-ry 0 G)(T),
which is equivalent to the existence of € € 9f(Z) and £ € 9(0—prm 0 G)(Z) such
that
E4+E=0.
As G is a convex function and the indicator function (LRZL is a proper lsc con-
vex function nondecreasing over G(R™) + R, thereby applying Theorem 7.6,

e 9(0—prm o G)(Z) if and only if there exist ), — @, yp — G(2), & — £
such that

Ak € 00_ry(yr) and & € O(MeG)(z),
satisfying
S—rrp (Yr) — (A Yk — G(2)) = (6—ryp 0 G)(Z) and (A, G(z) — G(Z)) — 0.
As )\, € 86—RT (yr) = N_grp (yx), the sequence {y;} C —R’" with
(M, y —yr) <0, Vye—RY.
In particular, taking y = 0 and y = 2y in the above inequality leads to
(ks yr) = 0.
Thus,
(Ar,y) <0, Vye-RT,
which implies {\x} C R7". Using the fact that {y;} C —R’", the condition
o—ry (Yk) — (A, yr — G(2)) — (6-ryp 0 G)(Z)
reduces to
(A yr — G(Z)) — 0,
thereby leading to the requisite result. O
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7.3 Fenchel Conjugates and Constraint Qualification

Observe that in the previous section, the sequential optimality conditions are
obtained in terms of the subdifferentials that are calculated at some neigh-
boring point rather than the exact point of minimum, as is the case in the
standard KKT conditions. But this can be overcome by using the Brgndsted—
Rockafellar Theorem, Theorem 2.114, thereby expressing the result in terms of
the e-subdifferentails at the exact point. To the best of our knowledge this was
carried out by Jeyakumar, Rubinov, Glover, and Ishizuka [70] and Jeyakumar,
Lee, and Dinh [68]. In their approach, the epigraph of the conjugate function
of the objective function and the constraints play a central role in the charac-
terization of the optimality for the convex programming problem (CP). The
proof is based on the result in Jeyakumar, Rubinov, Glover, and Ishizuka [70].

Theorem 7.8 Consider the convex programming problem (CP) with C' given
by (3.1). Then T is a point of minimizer of (CP) if and only if
(0,—f(z)) €epi f*+cl U epi (Z Xigi)*. (7.12)

AERT i=1

Proof. Recall that the feasible set C' of the convex programming problem
(CP) is given by (3.1), that is,

C={zeR":g(x)<0,i=1,2,...,m},
which can be equivalently expressed as
C={zeR":G(x) e R},

where G : R™ — R™ is defined as G(z) = (g1(2), g2(), ..., gm(z)). Because
gi, © =1,2,...,m, are convex functions, G is also a convex function. T is a
point of minimizer of (CP) if and only if

f(x) = f(z), Vo el,
that is,
o(x) +dc(z) >0, Vo eR",
where ¢(z) = f(x) — f(Z). By Definition 2.101 of the conjugate function,

(¢+0c)"(0) = sup{(0,z) — (¢ +dc)(x)}

z€R™

= sup —(¢+6c)(z) <0.
reR™
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This shows that
(0,0) € epi (¢ +dc)”,

which by the epigraph of the conjugate of the sum, Theorem 2.123, implies
that

(0,0) € cl{epi ¢* + epi 65}

As dom ¢ = R™, by Theorem 2.69, ¢ is continuous on R™. Hence, by Propo-
sition 2.124, epi ¢* 4 epi 4 is closed, which reduces the above condition
to

(0,0) € epi ¢" + epi Of. (7.13)

Consider
(AG)(z) = (A, G(x)).
For z € C, G(x) € =R, which implies (AG)(x) < 0 for every A € RY". Thus,

sup (AG)(z) = 0. (7.14)
AERT

If ¢ C, there exists some i € {1,2,...,m} such that g;(z) > 0. Hence, it is
simple to see that
sup (A\G)(z) = +o0. (7.15)
AERT
Combining (7.14) and (7.15),

dc(x) = sup (AG)(z).

AERT
Applying Theorem 2.123, relation (7.13) along with Proposition 2.103 yields

(0,0) € epi f*+ (0, f(Z)) +cl co U epi(AG)*.
AERT

By Theorem 2.123, UAeRﬁf epi(AG)* is a convex cone and thus, the above
relation reduces to

(0,0) € epi £ +(0,f() +c | epi(AG)*
AERT

= epi [*+(0,f(Z))+d U ept Z)\zgz ,

A€RT

thereby leading to the requisite condition (7.12).
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Conversely, suppose that condition (7.12) holds, which implies there ex-
ist £ € dom f*, o >0, ap > 0, {M} C R, {&} C dom (Efll Aegi)*,
i=1,2,...,m, such that

m

(0, (@) = (& F*(&) + ) + Jim (&5, > (Nig)" (&) + )
i=1
Componentwise comparison leads to
0 = £+klim &k, (7.16)
~f@ = (€ +a+t lim (;(Afg»*(ﬁk) tag). (T17)

By Definition 2.101 of the conjugate functions, the condition (7.17) implies
that for every x € R”,

m

f@) = f@) < —(ga)—a— lim (3 (\g)"(€) + )

i=1

_ —a— 1 k
<£,(E> « kli)m §k7 ZA gz +ak

IN

In particular, taking x € C, that is, g;(z) <0, i = 1,2,...,m, in the above
inequality along with the nonnegativity of a, g, ¥, i = 1 2 ,m, and the
condition (7.16) yields

(2

f(@) < f(z), Ve el
Therefore, Z is a point of minimizer of (CP), as desired. O

As one can express the epigraph of conjugate functions in terms of the
e-subdifferential of the function, Theorem 2.122; Jeyakumar et al. [70, 68]
expressed the above theorem in terms of the e-subdifferentials, thus obtaining
the sequential optimality conditions presented below. We present the same
using the condition (7.12) obtained in Theorem 7.8.

Theorem 7.9 Consider the convex programming problem (CP) with C' given
by (3.1). Then T is a point of minimizer for (CP) if and only if there exist
E€of(x), e >0, N\ >0, €0.49:(2), i =1,2,...,m, such that

£+Zz\f§f—>0, ZAfgi(f)—»O and Z)\feflo as k — +oo.

i=1 =1 i=1

Proof. Consider Theorem 7.8, according to which z is a point of minimizer
of (CP) if and only if the containment (7.12) is satisfied. By Theorem 2.122,
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there exist £ € 9. f(Z), \F > 0 and & € 0., (> 1o, AFgi)(2), i = 1,2,...,m,
with €, €, > 0 such that

(0, =f(@)) = (& (& @) +& = f(7)) + lm (&, (&, ) + e — (i AF9i)(%))-
Componentwise comparison leads to _
0 = &+ lim &,
— = (&2)+ lim ({6, 2) +ex — (i A9i)(T)),

i=1

which together imply that

—c = klingo(ék - (Z Afgl)(j))

i=1
This equation along with the nonnegativity of ¢, e, and )\57 1=1,2,...,m,
implies
m
=0, & 10 and > Ng(z)—0. (7.18)
i=1

As dom g; = R™, ¢ = 1,2,...,m, by Theorem 2.115, there exist sf >0,
i =1,2,...,m, such that

& € 234; (Meg) (@) and e = Zsf
i=1 i=1
Define I}, = {i € {1,2,...,m} : \¥ > 0}. By Theorem 2.117,

Oer (AF9:)(T) = Nz 9i(), Vi € I,

k
where ¢ = % > 0. Therefore,
& €Y NO49:(T) + Y 0.4 (N9:)(®). (7.19)
iEfk igfk

As discussed in Chapter 2, the e-subdifferential of zero function is zero, that
is, 0.0(x) = {0}. Thus,

0o (Veg)(@) = 0 = NeO.ugi(@), Vi ¢ T
The above relation along with the condition (7.19) yields that

ey, N O 9i(T) + > X0k i(%). (7.20)

’LEI_k 'Lgl_k
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Also,
e = Z )\fé?f + Z )\fsf,

which along with (7.20) leads to the desired sequential optimality conditions.
Conversely, suppose that the sequential optimality conditions hold. From
Definitions 2.77 and 2.109 of subdifferentials and e-subdifferentials,

f(x)ff(i’) 2 <€7$7‘i>7
gi(x) —gi(®) > (EFae—3)—eF i=12,...,m,
respectively. The above inequalities along with the sequential optimality con-
ditions imply that

m

f@) = f(@) + Y Agi(x) >0, Vz €R",
=1

where {)\f} C Ry, i = 1,2,...,m. In particular, taking = € C, that is,
gi(x) <0, i =1,2,...,m, which along with the condition on {\;} reduces
the above inequality to

flx) > f(z), Va e,

thereby establishing the optimality of z for (CP). |

Observe that not only is the optimality condition sequential, but one ob-
tains a sequential complementary slackness condition. Note that we are work-
ing in a simple scenario with a convex inequality system. This helps in ex-
pressing the condition (7.12) derived in Theorem 7.8 in a more relaxed form.
By applying Theorem 2.123, the condition becomes

(0,—f(z)) €epi f*+cl U cl(z epi (Nigi)¥). (7.21)
AERT =1

By the closure properties of the arbitrary union of sets, the condition (7.21)
leads to

(0,—f(@)) € epi f*+cl U Zepz’ (Nigi)™. (7.22)

AERT i=1
Define Iy, = {i € {1,2,...,m} : \; > 0}. Again by Theorem 2.123,
epi (Nigi)* = N\ epi gF, Vi€ I,.
For i ¢ I, with \; =0,

07 5 = 07
400, otherwise,

(Migi)*(€) = 0°(€) = {
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epi ()\zgz)* = {O} X R+, Vi ¢ I}.
(7.23)

AERT 4eTy

epi f*+cl U (Z Aiepi gf + {0} x Ry).

Using the preceding conditions, the relation (7.22) becomes
0,—f(@) € epi f*+c |J O Mepi gi + ) _{0} xRy)
ig¢ Ty
AERT i€l

Now consider (§, a) € Ziel} A\iepi g¥, which implies that for i € I, there exist

(&, a4) € epi g; such that
(€a) =D Nil&, ).
iely

Therefore, for any element (0, @) € {0} x Ry,
(at+a)= Z Ailis i +af/N),
i€l

> 0. As (&, ;) € epi g,
. Hence (§,a+a) € > 7, Niepi gf

gf(fi)ﬁaiﬁaﬂr%, Viel,

>

where

which implies that (&;, «; +@/\;) € epi gF
for every & > 0. Therefore, (7.23) reduces to
m
(0,—f(z)) € epi f*+¢l U Z)\iepi g5
AERT i=1

m
U epi g;.
i=1

It is quite simple to see that
(7.24)

m
cl U Z Aiepi gF = cl cone co

AERT i=1
We leave this as an exercise for the reader. Hence,
m
(0,—f(z)) € epi f* + ¢l cone co U epi g;
i=1

.,m, such that

The condition (7.24) implies that there exist & € dom f*, a > 0, ¢F € dom g7,
(0, =f(2)) = (& (&) + ) + lim Y NF(e, g7 (&) + ).
i=1

ok, A >0, i=1,2,



7.8 Fenchel Conjugates and Constraint Qualification 299

Componentwise comparison leads to

0=£ﬁ?iﬁ$ (7.25)
=1
—f(@) = O +a+ lim > N (g () +a). (7.26)
i=1

By Definition 2.101 of the conjugate functions, the condition (7.26) implies
that

f@) = f@) = —(&2)—a— lim 3 (g (&) +af)
< —(&a)—a— lim 3 ON((E2) - gi(@) + af).

In particular, taking z € C' along with the nonnegativity of a, af, and ¥,

t=1,2,...,m, and the condition (7.25) yields
f(@) < f(z), Ve el

Therefore, Z is a point of minimizer of (C'P) under the relation (7.24). This
discussion can be stated as the following result.

Theorem 7.10 Consider the convex programming problem (CP) with C
given by (3.1). Then T is a point of minimizer of (CP) if and only if

(0,—f(x)) € epi f*+ ¢l cone co U epi g;. (7.27)
i=1

Using the above result, we present an alternate proof to the sequential

optimality conditions, Theorem 7.9.

Alternate proof of Theorem 7.9. According to the Theorem 7.10, Z is
a point of minimizer of (CP) if and only if the containment (7.27) is satis-
fied. By Theorem 2.122, there exist £ € 0. f(z), ¥ € 0..g;(Z) and \¥ > 0,

i=1,2,...,m, withe, e¥ >0,i=1,2,...,m, such that
(0,~F(2)) = (&, (&) += — F(2)) + lim " NF(E, (€5, ) + &k — gi(2).
i=1

Componentwise comparison leads to

m

= li kek
0 §+k5rolo;)\’“

—e = (&2)+ lim Y Ml D) + e - 0:(2)),
i=1
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which together imply that
—5—hm Z)\k — g:(T)).

This equation along with the nonnegativity of €, ef and \¥, i = 1,2,.

implies ¢ = 0, Y.7", A¥gi(z) — 0 and 7", Akel l 0 as k — +oo, thereby
establishing the sequential optimality conditions. The converse can be verified
as in Theorem 7.9. O

As already discussed in the previous chapters, if one assumes certain con-
straint qualifications, then the standard KKT conditions can be established. If
we observe the necessary and sufficient condition given in Theorem 7.8 care-
fully, we will observe that the term cl U)\ERT epi (3i-, Xigi)* prevents us

from further manipulation. On the other hand, one might feel that the route
to the KKT optimality conditions lies in further manipulation of the condition
(7.12). Further, observe that we arrived at the condition (7.12) without any
constraint qualification. However, in order to derive the KKT optimality con-
ditions, one needs some additional qualification conditions on the constraints.
Thus from (7.12) it is natural to consider that the set

U epi (i Xigi)* s closed.
i=1

AERT

This is usually known as the closed cone constraint qualification or the Farkas—
Minkowski (FM) constraint qualification. One may also take the more relaxed
constraint qualification based on condition (7.27), that is,

cone (co U epi gf) is closed.
i=1

We will call the above constraint qualification as the relaxed FM constraint
qualification. Below we derive the standard KKT conditions under either of
the two constraint qualification.

Theorem 7.11 Consider the convex programming problem (CP) with C
given by (3.1). Assume that either the FM constraint qualification holds or
the relaxed FM constraint qualification holds. Then T is a point of minimizer
of (CP) if and only if there exist \; > 0,4 =1,2,...,m, such that

0€df(z +ngl and  Ngi(z) =0, i=1,2,...,m.

Proof. From Theorem 7.8, we know that Z is a point of minimizer of (CP)
if and only if the relation (7.12) holds. As the FM constraint qualification is
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satisfied, (7.12) reduces to
0, —f@) epi £+ |J epi O Nig)".
AERT i=1
By the e-subdifferential characterization of the epigraph of the conjugate func-

tion, Theorem 2.122, there exist £ € J.f(Z), A; > 0,4 = 1,2,...,m, and
¢ €037 Xigi)(z) with e, ¢ > 0 such that

(0, =1 (@) = (& (&,@) + e = f(@) + (€, (€, 2) +& = (D Nigo)(@)).
i=1

Componentwise comparison leads to

0 = ¢+¢, (7.28)

—f(z) <§a57>+5—f(55)+<f/a55>+5/_(Z)\igi)(f)- (7.29)

By the feasibility of T € C along with the nonnegativity of ¢, ¢, and A;,
i=1,2,...,m, the condition (7.29) leads to

e=0, =0 and Y Ngi(x) =0
i=1
Because € = 0 and &’ = 0, the condition (7.28) lead to the fact that
0€0f(x)+ Y Nidgi(2). (7.30)
i=1

Further, >, A\;g;(Z) = 0 implies that
Xigi(Z)=0,i=1,2,...,m. (7.31)

The conditions (7.30) and (7.31) together yield the KKT optimality condi-
tions.
Now if the relaxed constraint qualification is satisfied, (7.27) reduces to

(0,—f(z)) € epi f* + cone co U epi g;.
i=1

By the e-subdifferential characterization of the epigraph of the conjugate
function, Theorem 2.122, there exist £ € 0. f(Z), & € 0, 9:(T) and \; > 0,
i=1,2,...,m,withe, ¢, >0,i=1,2,...,m, such that

m

(07 _f<§3)) = (57 <£aj> +e— f(i')) + ZAi(gi’ <€17‘i‘> +e&i— gz(i'))

i=1
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Componentwise comparison leads to

=1
—f(@) = <£,:f>+sff(f>+_ZAi<<fi,f>+afgi@))- (7.33)

By the feasibility of £ € C along with the nonnegativity of €, &;, and A,
i=1,2,...,m, the condition (7.33) leads to

m m
e=0, Z Aigi=0 and Z Aigi(Z) = 0.
=1 =1

Let us assume that I = {i € {1,2,...,m} : X\; > 0} is nonempty. Then
corresponding to any ¢ € I, e; = 0 and ¢;(Z) = 0, imply that

¢ e 8f(§?)7 & € agi(i’) and )\igi(j) =0, 7€ I (734)
Therefore, from (7.32) and (7.34),

0=¢4> N&G€ef(T)+ ) Nidgi(2).

icl iel

For i & I, choose ¢; = 0, the above condition leads to
0€0f(x)+ Y Nidgi(2),
i=1

along with the complementary slackness condition \;g;(Z) = 0,7 =1,2,...,m
and thereby establishing the standard KKT optimality conditions. The reader
should try to see how to arrive at the KKT optimality conditions when I is
empty. The sufficiency can be worked out using Definition 2.77 of subdiffer-
entials, as done in Chapter 3. O

The proof of the KKT optimality conditions under the FM constraint
qualification was given by Jeyakumar, Lee, and Dinh [68] and that using
the relaxed FM condition is based on Jeyakumar [67]. It has been shown by
Jeyakumar, Rubinov, Glover, and Ishizuka [70] that under the Slater con-
straint qualification, the FM constraint qualification holds. We present the
result below proving the same.

Proposition 7.12 Consider the set C' given by (3.1). Assume that the Slater
constraint qualification holds, that is, there exists & € R™ such that g;(%) < 0,
i1=1,2,...,m. Then the FM constraint qualification is satisfied, that is,

U epi (i Aigi)* s closed.
i=1

AERT
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Proof. Observe that defining G = (g1, 92, - -, Gm),
U eri O Ng)*= | eri 0G)".
AERT i=1 AERT

Suppose that

(Erar) = () e | epi (A\G)

AERT

with (ArG)*(§x) < ai for some A\p € R7'. As int R’ is nonempty, one can
always find a compact convex set R C R’ such that 0 ¢ R and cone R = R
Thus, Ay = Vb, where v > 0 and by € R. Assume that v, > 0 for every k
and by, — b € R by the compactness of R. We consider the following cases.

(i) v — 7 > 0: Consider

(MG) (&) o = (mbG)" < oy,
= (0nG)"(Er/r) < ar/Tr-

Because biG — bG, & /v — &/~ and o /v — a7,
(bG)*(€/7) < liminf(beG)™ (Ek/7k) < /7.

Therefore, (§/7,a/v) € epi (bG)* and hence (£, a) € U)\GRZL epi (AG)*.

(ii) v, — +oo: Then & /vx — 0 and ay /v, — 0. Therefore,
(bG)*(0) < lim inf (by G)* (€ /7x) < 0,
which implies

- iann(bG)(x) = sup (—(bG)(z)) <0,
z€ zER™

that is, (bG)(z) > 0 for every x € R™. But by the Slater constraint qual-
ification, G(#) € —int RT and b # 0. Therefore, (bG)(Z) < 0, which is a
contradiction.

(iii) % — 0: This implies that Ay, — 0 and thus (AyG) — 0. Therefore,
0%(6) < liminf (A G)* (&) < o

Observe that

0*(6/) — { Oa 5, =Y,

400, otherwise,
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which leads to £ =0 and « > 0. Thus,

(0,c) € epi (0G)* C U epi (AG)*.
AERT
Therefore, the closed cone constraint qualification is satisfied. O

Next we present some examples to show that the FM constraint qualifica-
tion is weaker in comparison to the Slater constraint qualification. Consider
C={zeR:g(x) <0}, where

xz, <0
g(x) = z, x>0.

Observe that C = {0} and hence the Slater constraint qualification is not
satisfied. Also T¢(0) = {0} while

S(0) = {deR:g(0,d) <0}
— {deR:d<0},

which implies that the Abadie constraint qualification is also not satisfied. For
£eR,

X 0, 0<¢€<1,
9(5)2{52/4’ £<0.

Observe that as only one constraint is involved,

U epi (Ag)* = U A epi g* = cone epi g*.
A>0 A>0

Therefore, the FM constraint qualification reduces to the set cone epi g* being
closed, which is same as the relaxed FM constraint qualification. Here,

cone epi g* ={(£,a) ER?*: £ <0, a>0}U{(£,a) eR?*: £ >0, a>0}

is not closed and hence the FM constraint qualification is not satisfied.
Now suppose that in the previous example,

—2z, x <0,
g(z) = T xz > 0.

Again, C = {0} and the Slater constraint qualification does not hold. But
unlike the above example, T (0) = {0} = S(0) which implies that the Abadie
constraint qualification is satisfied. For £ € R,

g (€) =0, —2<¢E<1.
Observe that the set

cone epi g* = {(£,a) €eR?: £ €R, a >0}
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is closed. Thus, the FM constraint qualification also holds.

Observe that in the above examples, either both the Abadie constraint
qualification and the FM qualification are satisfied or neither holds. Now let
us consider an example from Jeyakumar, Lee, and Dinh [70] showing that the
FM constraint qualification is weaker than the Abadie constraint qualification
as well. Consider a convex function g : R? — R defined as

g(z1,m2) = \/2? + 2% — 29.

Here C' = {(x1,72) € R? : 1 = 0, 3 > 0}. Observe that the Slater con-
straint qualification does not hold as for any (z1,x2) € C, g(x1,22) = 0. For
(0,x2), x2 > 0, g is differentiable at (0,x3) and hence

S(0,22) =R?  while Tg(0,22) = {(0,23) : 29 € R}.

Thus the Abadie constraint qualification is also not satisfied. Now, for any
(&1, &) € R?,

g*(§1a§2) — { 0, 51 = 52 =0,

400, otherwise.
Therefore,
cone epi g* = {(0,0)} x Ry,

which is closed. Hence, the FM constraint qualification holds, thereby showing
that it is a weaker constraint qualification with respect to the Slater and
Abadie constraint qualifications.

Until now we considered the convex programming problem (C'P) with a
real-valued objective function f. This fact played an important role in the
derivation of Theorem 7.8 as the continuity of f on R™ along with Proposi-
tion 2.124 leads to the closedness of

epi f* + epi 3.

But if f : R® — R is a proper Isc convex function and C involves inequality
constraints and additionally an abstract constraint, that is,

C={zeR":g;(z)<0,i=1,2,...,m, x € X} (7.35)

where X C R"™ is a closed convex set, then one has to impose an additional
condition along with the closed cone constraint qualification to establish the
KKT optimality condition, namely the CC qualification condition, that is,

m
ept f*+ U epi (Z Xigi)" +epi 0% is closed.
AER™T i=1
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Next we present the KKT optimality condition in the presence of the CC
qualification condition from Dinh, Nghia, and Vallet [34]. A similar result was
established by Burachik and Jeyakumar [20] under the assumption of CC as
well as FM constraint qualification.

Theorem 7.13 Consider the conver programming problem (CP) where
f:R™ =R is a proper Isc convex function and the feasible set C is given
by (7.35). Assume that the CC qualification condition is satisfied. Then
Z €dom fNC is a point of minimizer of (CP) if and only if there exist
A >0,i=1,2,...,m, such that

0€0f(z)+ > Ndgi(#) + Nx(z) and Xigi(z) =0, i=12,...,m.
=1

Proof. Suppose that z € dom f N C is a point of minimizer of the problem
(CP). Then working along the lines of Theorem 7.8, we have

(0,0) € cl {epi ¢* + epi 05},

where ¢(z) = f(z) — f(Z). Expressing C = C'N X implies that ¢ = dz+ dx,
where

C={reR":g(x)<0,i=1,2,...,m}.
From the proof of Theorem 7.8,
epi 65 = cl U epi (Z Xigi)*.
AER™ i=1

Therefore, by Theorem 2.123 and Propositions 2.102 and 2.15 (vi), the above
condition becomes

(0,0) € el {epi ¢" +cl (epi 0% + epi 0% )}

C d{epi ¢*+cl (| epi O Nigi)" +epi 6%)}

)\ERT i=1

C ol {epi ¢* + U epi (Z Xigi)* +epi 0% }.
AERT i=1

By Propositions 2.103 and 2.15 (vi), the above yields

0,—f(@) €cl {epi f*+ |J epi O Nigi)® + epi 0%},

AERT i=1
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which under the CC qualification condition reduces to
(0,—f(@) €epi f*+ | epi (O Nigi)* + epi 0%
AERT i=1

Applying Theorem 2.122, there exist &¢ € 0, f(2), & € 9-, (3771 Xigi) (@),
and &, € 0.,0x(Z) = Nx ¢, (Z) with 7,4, > 0 such that

0 = & +&+&, (7.36)
—f@) = (&2 - f(2) +€f)
gga ZAzgi +5g <£T,i‘> + €&z. (737)

Condition (7.36) leads to
0 €0, f(T)+ 0., Z Xigi)(2) + Nx ., (7). (7.38)

Condition (7.37) along with (7.36) and the nonnegativity conditions yields

m

eftegtex— ZAiQi(jf) =0.

i=1
From the above condition it is obvious that
ef=0,e=0,e,=0, and Ngi(Z)=0,i=1,2,...,m

Therefore, the condition (7.38) reduces to
0 € df(z)+ d( ZAzgz )+ Nx (7).

As dom g; = R™, i = 1,2,...,m, by Theorem 2.91, the above condition
becomes

m

0€df(z +Z/\ dgi(z) + Nx (%),

which along with the complementary slackness condition yields the desired
optimality conditions.

Conversely, suppose that the optimality conditions hold. Therefore, there
exist £ € 0f(Z) and &; € 0g;(T) such that

—£ =) N € Nx (@),

i=1
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that is,

€+ N&,z—2)>0, Vo e X.
i=1

The convexity of f and g;, ¢ = 1,2,...,m, along with Definition 2.77 of the
subdifferentials, imply that

f(z) - f(z) +Z>\igi($) - Zx\igi(i‘) >0, VzreX.

In particular, for € C, that is, g;(z) < 0, i = 1,2,...,m, along with the
complementary slackness condition, reduces the above condition to

f(z)> f(z), VxeC.

Thus, Z is a point of minimizer of (CP). O

7.4 Applications to Bilevel Programming Problems
Consider the following bilevel problem:
min f(z) subject to z € C, (BP)

where C' is given as
C = argmin{¢(z) : z € O},

f,6 : R — R are convex functions, and ©® C R" is a convex set. Thus
it is clear that C is a convex set and hence the problem (BP) is a convex
programming problem. As C' is the solution set to a subproblem, which is
again a convex optimization problem, here we call (BP) a simple convez bilevel
programming problem. In particular, (BP) contains the standard differentiable
convex optimization problem of the form

min f(z) subject to g;(x) <0, i=1,2,...,m, Az =0,

where f,g; : R" — R, i=1,2,...,m, are differentiable convex functions, A is
an [ X n matrix, and b € R'. This problem can be posed as the problem (BP)
by defining ¢ as

o(x) = || Az —b|* + ) _ || max{0, g;(x)}|I%,

i=1

and the lower-level problem is to minimize ¢ over R™.
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The bilevel programming problem (BP) can be equivalently expressed as
a convex programming problem by assuming C' to be nonempty and defining

a = inf ¢(x).

TEO
Then the reformulated problem is given by
min f(z) subject to ¢(z) <a, x€0O. (RP)

Observe that (RP) has the same form as the convex programming problem
(CP) studied in the previous section. From the definition of «, it is easy to
see that there does not exist any & € © such that ¢(Z) < «, which implies
that the Slater constraint qualification does not hold for (RP). We present
the KKT optimality condition as a consequence of Theorem 7.13.

Theorem 7.14 Consider the reformulated problem (RP). Assume that
{cone {(0,1)} Ucone [(0,a) + epi ¢*]|} + epi 6§

is closed. Then T € © is a point of minimizer of (RP) if and only if there is
A > 0 such that

0 € 9f(7) + \(7) + No(z) and Ao(F) —a) = 0.

Proof. Observe that the problem (RP) is of the type considered in The-
orem 7.13. We can invoke Theorem 7.13 if the CC qualification condition
holds, that is,

epi f*+ | epi(u(g() — )" + epi 65
n=0

is closed. As dom f = R™, by Theorem 2.69, f is continuous on R"™ and
thus the CC qualification condition can be replaced by the FM constraint
qualification, that is,

U epi (u(6() = )" + epi 65 (7.39)

n=>0

is closed. For o > 0, by Proposition 2.103,

(o) — @)™ (§) = pa + (ug)*(§),
which along with Theorem 2.123 leads to

epi (u(o(.) =) = (0, pa) +epi (ug)*
pw((0, @) + epi ¢*), ¥V u > 0. (7.40)
For =0,

0’ 5 = 07
oo, otherwise,
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which implies
epi (u(e(.) —a))* =0 x Ry = cone {(0,1)}, p=0. (7.41)

Using (7.40) and (7.41), the condition (7.39) becomes

cone{(0,1)} U { U p((0, @) + epi &™)} + epi 65
>0

Observe that cone{(0,1)}U{(0,0)} = cone{(0,1)} and thus the above becomes
cone{(0,1)} Ucone ((0,a) + epi ¢*) + epi 5. (7.42)

By the hypothesis of the theorem, (7.42) is a closed set and thus the reformu-
lated problem (RP) satisfies the FM constraint qualification. Now invoking
Theorem 7.13, there exists A > 0 such that

0€0f(z)+X0(¢(.) —a)(Z)+ Ne(Z) and Ao(T)—a)=0.
As 0(¢(.) — «)(T) = Oh(Z), the optimality condition reduces to
0 € 9f(Z) + X0o(Z) + No(Z),

thereby establishing the desired result. The converse can be proved as in Chap-
ter 3. ]

For a better understanding of the above result, consider the bilevel pro-
gramming problem where f(z) = 22+ 1, © = [~1,1], and ¢(z) = max{0, z}.
Observe that C' = [—1,0] and « = 0. Thus the reformulated problem is

min 2 +1 subject to max {0,2} <0, x¢€[-1,0].
For € € R,

. | oo, £<0o0ré>1,
(“5)—{ 0, £€0,1],

which implies
epi 6" = {(€,7) R £€[0,1], £>0} = [0,1] x Ry
while epi §§ = epi |.|. Therefore,
cone epi ¢* + epi 6 =R U{(&,7) e R*: £ <0, v > —¢},

which is a closed set. Because cone{(0,1)} C cone epi ¢*, the reformulated
problem satisfies the qualification condition in Theorem 7.14. It is easy to see
that Z = 0 is a solution of the bilevel problem with Ng(0) = {0}, 9f(0) = {0},
and 0¢(0) = [0,1]. Thus the KKT optimality conditions of Theorem 7.14 are
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satisfied with A = 0. Note that the Slater condition fails to hold for the
reformulated problem.

We end this chapter by presenting the optimality conditions for the bilevel
programming problem

inf f(z) subjectto xze€C, (BP1)
where C' is the solution set of the lower-level problem

min ¢(x) subject to gi(z) <0, i=1,2,...,m, x € X.

Here, ¢ : R™ — R is a proper, convex, lsc function and g; : R* — R,
i=1,2,...,m, are convex functions, and X C R" is a closed convex set.
Define

a=inf{¢(z) : g;(x) <0, i=1,2,...,m, x € X} < +00.

Without loss of generality, assume that o = 0. This can be achieved by setting
¢(x) = ¢(x) — a. Then the bilevel programming problem (BP1) is equivalent
to the following optimization problem:

min f(x) subject to ¢(x) <0, gi(z) <0, i=1,2,...,m, € X. (RP1)

Below we present the result on optimality conditions for the bilevel program-
ming problem (BP1).

Theorem 7.15 Consider the bilevel programming problem (BP1). Assume
that

{ U epi Q_ Ng)yu{U doepi o™+ |J epi O Xigi)*} +epi 0%

AERT i=1 Ao>0 AERT i=1

is closed. Then T € C is a point of minimizer of (BP1) if and only if there
exist \g > 0 and \; >0, 1 =1,2,...,m, such that

m

Oe@f( )+)\08¢ Z Zgl +NX(j)
X¢(Z) =0 and /\igl() 1,2,...,m.

Proof. Observe that for any A = (Ag, A) € Ry x R,

(Xg)( - )‘0¢ + Z )\zgz

Therefore,

epi(Ag)* = cl{epi (Ao@)" + epi(d_ Nigi)"}

i=1
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Asdom g; =R™ i =1,2,...,m, dom (N\;g;) =R™, i =1,2,...,m, which by
Theorem 2.69 are continuous on R™. By Proposition 2.124,

m
epi(Ag)* = epi (Ao@)* + epi (Z Xigi)™. (7.43)
i=1
Now consider the two cases, namely \g = 0 and Ay > 0. For A\g = 0,

epi (Aop)* = cone {(0,1)}. Thus, the condition (7.43) reduces to

epi(Ag)* = cone {(0,1)} +epi (Y Xigi)”

i=1

Observe that for u > 0,

p(0,1) + (€0) = (€0 + ) € epi (3 Nigi)",

i=1

where (£, a) € epi ( Z Aigi)*. Because u > 0 was arbitrary,

cone {(0,1)} + epi (Z Aigi)* C epi (Z Aigi)*

i=1 =1

Also, for any (£, ) € epi Z)\zgz )

(Ev Oé) = (070) + (fa CM) € cone {(07 1)} + epi (Z Aigi)*

=1

m

As (&, a) € epi (Z Aig:)" was arbitrary,
i=1

epi (3 Nigi)* € cone {(0,1)} +epi (3 \ig)",
i=1 i=1
thereby implying that

cone {(0,1)} + epi Z)"gl = epi Z)\lg,

=1

Thus, for A\g = 0,

epi(Ag)" = epi O Nig)*
i=1
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For the case when \g > 0, the condition (7.43) becomes

m

epi(Ng)* = Xoepi ¢+ +epi (O Nigi)®
=1

Therefore,

U epihg) +epi 6% ={ |J epi 3 Nigi)")}u

Xeri ™ AERT i=1
m
{U epio"+ | epi O Nigi)} + epi 5%
Ao>0 AERT i=1
By the given hypothesis, the set
U epi(Ag)* + epi 6%
XerIT™

is closed. Hence, the FM constraint qualification holds for the problem (RP1).
Because dom f = R™, by Theorem 2.69 f is continuous on R™, CC qualification
condition holds for (RP1). As the bilevel problem (BP1) is equivalent to
(RP1), by Theorem 7.11, & € C' is a point of minimizer of (BP1) if and only

if there exists A = (Ao, A) € Ry x R such that

0€df(z)+0(\g)(Z) + Nx(z) and (Ag)(z)=0. (7.44)

As ¢ is proper convex, \g¢ is also proper convex. Therefore, dom (M\g¢) is
a nonempty convex set in R™. By Proposition 2.14 (i), ri dom (Ag¢) is non-
empty. Because dom g = R™, dom (Ag) = R™. Now invoking the Sum Rule,
Theorem 2.91,

O(\g)(T) = Xod(z) + O( ZAzgl
Thus the optimality condition in (7.44) becomes
0 € df(Z) + Xo0o(z) + 0 legl ) + Nx (). (7.45)
By the complementary slackness condition in (7.44),

(}"g)( - )\O(b + Z )‘zgz

As (Mo, A) € Ry x R, which along with the feasibility of Z yields that
Ad(Z) =0 and Ngi(Z)=0,i=1,2,....,m

The above condition together with (7.45) leads to the requisite conditions.
The converse can be proved as in Chapter 3. g






Chapter 8

Representation of the Feasible Set and
KKT Conditions

8.1 Introduction

Until now, we discussed the convex programming problem (CP) with the
convex feasible set C' given by (3.1), that is,

C={xeR":g(x)<0,i=1,2...,m},

where g; : R® — R, ¢ =1,2,...,m, are convex functions and its variations like
(CP1) and (CCP). But is the convexity of the functions forming the convex
feasible set C' important? For example, assume C' as a subset of R? given by

C = {(xl,xg) S R2 1l —x29 <0, 21 > O}

This set is convex even though g(z1,22) = 1—z122 is a nonconvex function. As
stated in Chapter 1, convex optimization basically means minimizing a convex
function over a convex set with no emphasis on as to how the feasible set is
obtained. Very recently (2010), Lasserre [74] published a very interesting paper
discussing this aspect of convex feasibility for smooth convex optimization.

8.2 Smooth Case

In this section, we turn our attention to the case of smooth convex optimiza-
tion studied by Lasserre [74]. From Chapter 2 we know that when a convex
function is differentiable, then d¢(x) = {V¢(z)} and its gradient is also con-
tinuous; thus any differentiable convex function is smooth. So one can obtain
the KKT optimality conditions at the point of minimizer from the subdif-
ferential optimality conditions discussed in Chapter 3; that is, if  is the
point of minimizer of (CP) with (C') given by (3.1), then there exist A; > 0,
i=1,2,...,m, such that

ViEz) + Z/\ngi(fc) =0 and Ngi(ZT)=0,i=1,2,...,m.
i=1

315
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Observe that the KKT conditions for smooth convex optimization problems
look absolutely the same as the KKT conditions for the usual smooth opti-
mization problem. As discussed in earlier chapters, under certain constraint
qualifications like the Slater constraint qualification, the above KKT condi-
tions are necessary as well as sufficient.

Lasserre observed that the convex feasible set C' of (C'P) need not always
be defined by convex inequality constraints as in the above example. The
question that Lasserre answers is “in such a scenario what conditions would
make the KK'T optimality conditions necessary as well as sufficient?” So now
the convex set C' given by (3.1) is considered, with the only difference that
gi, ¢ = 1,2,...,m, need not be convex even though they are assumed to
be smooth. Lasserre showed that if the Slater constraint qualification and
an additional nondegeneracy condition hold, then the KKT condition is both
necessary and sufficient. Though Lasserre defined the notion of nondegeneracy
for every point of the set C, we define it for a particular point and extend it
to the feasible set C.

Definition 8.1 The nondegeneracy condition is said to hold at z € C' if
Vgi(z) #0, Viel(z),

where I(z) = {i € {1,2,...,m} : g;(Z) = 0} denotes the active index set at Z.
The set C is said to satisfy the nondegeneracy condition if it holds for every
zeC.

The Slater constraint qualification along with the nondegeneracy condi-
tion gives the following interesting characterization of a convex set given by
Lasserre [74].

Theorem 8.2 Consider the set C given by (3.1) where g;, i = 1,2,...,m,
are smooth. Assume that the Slater constraint qualification is satisfied, that is,
there exists & € R™ such that g;(2) < 0,1 =1,2,...,m, and the nondegeneracy
condition holds for C. Then C' is convez if and only if

(Vgi(x),y—z) <0, Va,yeC, Viel(x). (8.1)

Proof. Suppose that C' is a convex set and consider = € C'. Therefore, for any
y € C, for every A € [0,1], T+ A(y — &) € C, that is,

Gi(Z+Ay—17)) <0, Vi=1,2,...,m.
Now for i € I(Z),

hmm@+kw—fﬂ—m@)gu
A0 A

that is, for every i € I(Z),
(Vgi(z),y —1) <0, VyeC.
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Because T € C is arbitrary, the above inequality holds for every & € C, thereby
establishing the desired inequality.

Conversely, suppose that the condition (8.1) holds. Observe that C has an
interior because the Slater constraint qualification holds. Further, (8.1) along
with the nondegeneracy condition of the set C' implies that each boundary
point of C' has a nontrivial supporting hyperplane. The supporting hyper-
plane is nontrivial due to the non-degeneracy condition on C. Using Proposi-
tion 2.29, C' is a convex set. O

Observe that the nondegeneracy condition of the set C' is required only in
the sufficiency part of the proof.

Till now in the book, we have mainly dealt with the Slater constraint
qualification and some others namely, Abadie, pseudonormality and the
FM constraint qualification. Another well known constraint qualification for
the convex programming problem (C'P) is the Mangasarian—Fromovitz con-
straint qualification. For (C'P) with C given by (3.1) in the smooth scenario,
Mangasarian—Fromouvitz constraint qualification is said to hold at £ € R™ if
there exists d € R™ such that

(Vgi(z),d) <0, Vi€l

One may observe that if this constraint qualification is satisfied for * € C,
then Vg;(z) # 0, for every i € I(Z), thereby ensuring that the nondegeneracy
condition at . But the converse need not hold, that is the nondegeneracy
condition need not imply the Mangasarian—Fromovitz constraint qualification.
We verify this claim by the following example. Consider the set C C R? given
by

C:{(xl,x2)€R2:1—xle§O, r1+x2—2<0, 1’120}

Here, g1(21,22) = 1 — 3122, g2(w1, ¥2) = @1 + 22 — 2 and gs(z1,32) = —a1.
Note that C' = {(1,1)} and thus trivially is a convex set. At Z = (1,1), the
active index set is I(Z) = {1,2} and

Va@=| ) |#0 ma Ve@-| |2

which implies that the nondegeneracy condition is satisfied for C' = {z}. But
observe that there exists no (dy,ds) € R? satisfying

—d1—dy <0 and di+dy<0

simultaneously, thereby not satisfying the Mangasarian—Fromovitz constraint
qualification at Z.

We end this section by presenting the result from Lasserre [74] establishing
the necessary and sufficient optimality condition for a minimizer of (C'P) over
C with g;, i = 1,2,..., m, nonconvex smooth functions. As one will observe
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from the result below, the nondegeneracy condition is required only for the
necessary part at the given point and not the set as mentioned in the statement
of the theorem in Lasserre [74]. Also in the converse part, we require the
necessary part of Theorem 8.2, which is independent of the nondegeneracy
condition.

Theorem 8.3 Consider the problem (CP) where f is smooth and C' is given
by (3.1), where g;, i = 1,2,...,m, are smooth but need not be convex. Assume
that the Slater constraint qualification is satisfied and the nondegeneracy con-
dition holds at & € C. Then T is a point of minimizer of (CP) if and only if
there exist \; >0, i =1,2,...,m, such that

VH@) + Y NiVgi(z) =0 and Ngi(z) =0, i=1,2,...,m.
=1

Proof. Let Z be a point of minimizer of f over C. By the Fritz John optimality
conditions, Theorem 5.1, there exist A\g > 0, A\; > 0, ¢ = 1,2,...,m, not all
simultaneously zero such that

MVF(E) + Y AVgi(@) =0 and  Nigi(z) =0, i =1,2,...,m.
i=1

Suppose that A\g = 0, which implies for some i € {1,2,...,m}, A; > 0. There-
fore, the set

I = {ie{1,2,....,m}: )\ >0}
is nonempty. By the complementary slackness condition,
gz(‘f) =0, Vie I_a
which implies I C I(z). By the optimality condition,
> AiVgi(x) =0,
i€l
which implies that
Z)\i<Vgi(a_:),x -z)=0,Vael.
iel

As the Slater constraint qualification is satisfied, there exists £ € R™ such
that g;(2) < 0 for every i = 1,2,...,m. As dom g; = R, i = 1,2,...,m,
by Theorem 2.69, g;, i = 1,2,...,m, are continuous on R™. Thus there exists
d > 0 such that for every x € Bs(Z) and every ¢ = 1,2,...,m, g;(x) < 0, that
is, Bs(Z) C int C. By the preceding equality,

> Xi(Vgi(@),z —x) =0, V 2 € Bs(2). (8.2)
iel
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AsTcI (7), along with the convexity of C' and Theorem 8.2, yields that for
every ¢ € I,

(Vgi(z),z—7) <0, Ve,
which along with the condition (8.2) implies that for i € I,
(Vgi(Z),x —Z) =0, ¥V z € Bs(). (8.3)
Because & € Bs(Z), the condition (8.3) reduces to
(Vgi(z),2 —z) =0, Viel (8.4)

For any d € R", consider the vector & + Ad such that for A > 0 sufficiently
small, & + Ad € Bs(&). Hence, by the condition (8.3), for each i € I,

(Vgi(Z),2+ Ad—z) =0,
which implies
(Vgi(),& — 7) + XVgi(2),d) = 0.
By condition (8.4), for every i € I,
(Vgi(z),d) =0, ¥V d e R"

Hence, Vg;(Z) = 0 for every i € I C I(z) and thereby contradicting the non-
degeneracy condition at Z. Thus, \g # 0. Dividing the Fritz John optimality
condition by g, the KKT optimality condition is established at z as

Vf(a’:)—i—z;\lng(f) =0 and ;\191(53) =0,:=1,2,...,m,
i=1

i

where N, = =, i=1,2,...,m.

0
Conversely, suppose that T satisfies the KKT optimality conditions. As-
sume that Z is not a point of minimizer of (C'P). Therefore, there exists x € C
such that f(x) < f(Z), which along with the convexity of f implies that

0> f(z) - f(z) 2 (Vf(2), 2 — z).

Therefore, by the KKT optimality conditions,

0> f(z) = f(z) > =Y Ni(Vgi(@),z — 7). (8.5)
i=1
If \; =0 for every i = 1,2,...,m, we reach a contradiction. Now assume that

I # (). By Theorem 8.2, for every i € I C I(z),

<v91(j)a‘r - j> > Oa Ve Ca
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which implies that

f: Ai(Vgi(@), 2 — ) = Y Ni(Vgi(z),2 — %) >0, Vz €C,
=1

iel

thereby contradicting the condition (8.5) and thus leading to the requisite
result, that is, Z is a point of minimizer of f over C. O

8.3 Nonsmooth Case

Motivated by the above work of Lasserre [74], Dutta and Lalitha [40] extended
the study to a nonsmooth scenario involving the locally Lipschitz function.
But before we move on with the work done in this respect, we need some tools
for nonsmooth Lipschitz functions.

Consider a locally Lipschitz function ¢ : R™ — R. The Clarke directional
derivative of ¢ at Z in the direction d € R" is defined as

o N1 P(z + \d) — ¢(x)
¢°(@,d) = mJ}cI,nAw A '

The Clarke directional derivative is a sublinear function of the direction d.
In Section 3.6 we defined the Clarke subdifferential using the Rademacher
Theorem. Here, we express the Clarke subdifferential of ¢ at  using the
Clarke directional derivative defined above as

°p(r) = {§ € R": ¢°(T,d) = (£, d), Vd e R"}.

The function ¢ is said to be regular at T if for every d € R", the directional
derivative ¢'(Z, d) exists and

¢°(z,d) = ¢'(z,d), Vd e R".

Every convex function is regular.

In the nonsmooth scenario, Dutta and Lalitha [40] considered the con-
vex feasible set C' of (C'P) to be defined by inequality constraints involving
nonsmooth locally Lipschitz functions that are regular. For example, consider

¢(x) = max{$1(z), P2(2), - .., dm(2)},

where ¢; : R® - R, 1 =1,2,...,m, are smooth functions. Then ¢ is a locally
Lipschitz regular function.

Now, similar to the nondegeneracy condition in the smooth case given by
Lasserre [74], Dutta and Lalitha [40] defined the notion for nonsmooth locally
Lipschitz scenario as follows.
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Definition 8.4 Consider the set C given by (3.1) where each g,
i=1,2,...,m is a locally Lipschitz function. The set C' is said to satisfy
the nondegeneracy condition at © € C' if

0¢0°:i(z), Vie @)

If the condition holds for every z € C, the nondegeneracy condition is said to
hold for the set C.

Before moving on to discuss the results obtained in this work, we present
some examples from Dutta and Lalitha [40] to have a look at the above non-
degeneracy condition.

Consider the set

C={zeR:go(r) <0},

where go(z) = max{z3 2} — 1. Hence C = (—o0,1]. At the boundary point
Zz = 1, I(x) = {0} where 0°go(Z) = [1,3], thereby satisfying the nonde-
generacy condition. Now if we define the function go(z) = max{z3,z}, then
C = (—00,0] with boundary point Z = 0 at which 9°go(Z) = [0, 1]. Thus, the
nondegeneracy condition is not satisfied at z. Observe that in both the cases
go is a regular function and the Slater constraint qualification is also satisfied.
Yet in the second scenario the nondegeneracy condition is not satisfied.

But if the functions g;, ¢ = 1,2,...,m, involved are convex and the Slater
constraint qualification holds for (C'P), then the Mangasarian—Fromovitz con-
straint qualification for the nonsmooth case is satisfied at £ € C, that is there
exists d € R™ such that

gi(z,d) <0, Viel(z).

As the directional derivative is a support function to the subdifferential set,
Theorem 2.79, the above condition is equivalent to

<€Z,d> <0,V¢ e 891-(9?), Vie I(f),

from which it is obvious that the nondegeneracy condition is ensured for the
convex nonsmooth scenario.

Next we present the equivalent characterization of the convex set C' under
the nonsmooth scenario.

Theorem 8.5 Consider the set C be given by (3.1) represented by nonsmooth
locally Lipschitz inequality constraints where g;, 1 = 1,2,...,m, are reqular.
Assume that the Slater constraint qualification holds and satisfies the nonde-
generacy condition. Then C' is convex if and only if

g (r,y—2) <0, Va,yeC, Viel(zx). (8.6)
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Proof. Consider the convex set C. Working along the lines of Theorem 8.2,
for arbitrary but fixed z € C, for A € (0,1),

gi(T+ ANy — 7)) — gi(7)

Y <0, Viel(x).

As the functions ¢;, i = 1,2,...,m, are locally Lipschitz regular functions,
g (@,y—2)=gi(z,y—7) <0, VyeC, Viel(a),

thus leading to the requisite result.

Conversely, suppose that (8.6) holds. As the Slater constraint qualification
holds, the set C' has an interior. Now consider any boundary point € C. By
the condition (8.6) along with the fact that the Clarke directional derivative
is the support function of the Clarke subdifferential, then for every y € C,

(Gy—x) <g(z,y—x) <0, V& edg(x), Viel(x).

As the nondegeneracy condition is satisfied, & # 0 for every & € 9°¢;(z) and
every ¢ € I(x), which implies that there is a nontrivial supporting hyperplane
to C' at x. Hence, by Proposition 2.29, C' is a convex set, as desired. O

Now we present the theorem establishing the necessary and sufficient op-
timality conditions for the class of problem (C'P) dealt with in this section.

Theorem 8.6 Consider the problem (CP) with C is given by (3.1), where
gi, 1 = 1,2,...,m, are locally Lipschitz regular functions. Assume that the
Slater constraint qualification holds and the mondegeneracy condition is sat-
isfied at T € C. Then T is a point of minimizer of (CP) if and only if there
erist \; >0, i =1,2,...,m, such that

0e af(.i') + Z )\iaogi(a’:) and Aigi(-'f) =0,7=1,...,m.
i=1

Proof. Suppose that Z is a point of minimizer of f over C. We know by
Theorem 2.72 that a convex function f is locally Lipschitz. Then by the op-
timality conditions for locally Lipschitz functions at Z, there exist A\; > 0,
1=20,1,...,m, not all simultaneously zero, such that

0€ XO°f(Z) + Z X:0°g;(Z) and  Ngi(Z)=0, i=1,2,...,m.
=1

Because f is convex, 0° f(Z) = Of(Z). Therefore, the optimality condition can
be rewritten as

0 € Xdf(T) + Y N0 gi(Z).
i=1
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We claim that A9 # 0. On the contrary, suppose that A\g = 0. As A;,
i=0,1,...,m, are not all zeroes, the set I = {i € {1,2,...,m} : \; > 0}
is nonempty. Then the above optimality condition reduces to

0e Z )\iaogi(f)7
iel
which implies there exist & € 9°g;(Z), i € I such that
0=> X\é&.
iel

From the definition of the Clarke subdifferential, the above condition leads to

> Xigh(@,d) = > A&, d) =0, VdeR" (8.7)

i€l iel

As the Slater constraint qualification is satisfied, there exists & € R™ such
that g;(2) < 0 for every i = 1,...m. Also, as g;, i = 1,2,...,m, are locally
Lipschitz, and hence continuous. Thus there exists 6 > 0 such that for every
x € Bs(2), gi(x) < 0,4 =1,...,m. In condition (8.7), in particular, taking
d =12 — T where x € Bs(&) C C,

> Nig(zx—7) 20,V x € By(d). (8.8)
iel

By the complementary slackness condition, g:(Z) = 0 for every i € I, that is,
I C I(z). Therefore, by Theorem 8.5, as C' is a convex set, we have

g (2 —7)<0,VaeBsa), Viel,
which along with the condition (8.8) implies that for every i € I,
97 (Z,x—%) =0, ¥V z € Bs(%). (8.9)
In particular, for & € Bs(&), the above condition reduces to
9 (z,2—7)=0,Viel (8.10)

Consider any v € R" and choose A > 0 sufficiently small such that
% 4 Av € Bs(Z). Hence, from the condition (8.9), for every i € I,

97 (Z, &+ v —%) =0, VveR"

As the Clarke generalized directional derivative is sublinear in the direction,
for every i € I, the above condition becomes

97(Z, 2 — )+ Ag{ (Z,v) >0, Vv eR",
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which by (8.10) leads to
g9 (z,v) >0, VoeR" Viel

From the definition of the Clarke subdifferential, 0 € 9°g; () for every i € I,
thereby contradicting the nondegeneracy condition. Therefore Ay # 0 and
dividing the optimality condition throughout by Ay reduces it to

0 e af(i‘) + Z Xi(’)ogi(ﬁc) and j\igi(i‘) =0,:=1,2,...,m,
i=1

where \; = —i, 1 =1,2,...,m leading to the requisite result.

0
Conversely, suppose that the conditions hold at Z. On the contrary, assume
that Z is not a point of minimizer of f over C. Thus, there exists z € C such
that f(z) < f(Z), which along with the convexity of f,

0> f(x) = f(z) 2 (&2 —x), VE€Of(T). (8.11)

Using the optimality conditions at Z, there exists § € 9f(Z) and &; € 9°¢;(Z),
i=1,2,...,m, such that

0="40+ Y Ak
=1

The above condition along with (8.11) leads to
0> —i)\i(fi,m — T,
i=1
which by the definition of Clarke subdifferential along with Theorem 8.5 yields
0> fi)\igf(i,xfi) >0,

i=1

thereby leading to a contradiction. Therefore, T is a point of minimizer of

(CP). O

We end this chapter with an example from Dutta and Lalitha [40] to
illustrate that in the absence of the nondegeneracy condition, even though the
Slater constraint qualification and the regularity of the constraint functions
hold, the KKT optimality condition need not be satisfied.

Consider the problem

min f(z) subject to g1(x) <0, g2(x) <0
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where

_ 3 _f —x—-1, <0,
fla) =2 om0 = and (o) ={ TP LD

Then the feasible set is C' = [—1,0] and the point of minimizer is Z = 0.
Also, C does not satisfy the nondegeneracy condition but the Slater constraint
qualification holds along with the constraint functions being regular. Observe
that 0f(z) = {—1}, 0°91(Z) = {0} and 0°g2(Z) = 0g2(Z) = [—1,0], and thus
the KKT optimality conditions are not satisfied. Now if in the above example
one takes the objective function to be f(z) = z, then the point of minimizer is
Z = —1 at which 0f(z) = {1}, 0°01(Z) = {3}, and 9°¢2(Z) = 0g2(Z) = {—1}.
Observe that the KKT optimality conditions hold with Ay =0 and Ay = 1.






Chapter 9

Weak Sharp Minima in Convex
Optimization

9.1 Introduction

In the preceding chapters we studied the necessary and sufficient optimality
conditions for Z € R™ to be a point of minimizer for the convex optimization
problem wherein a convex objective function f is minimized over a convex
feasible set C' C R™. From Theorem 2.90, if the objective function f is strictly
convex, then the point of minimizer Z is unique. The notion of unique mini-
mizer was extended to the concept of sharp minimum or, equivalently, strongly
unique local minimum. The ideas of sharp minimizer and strongly unique min-
imizer were introduced by Polyak [94, 95] and Cromme [29]. These notions
played an important role in the approximation theory or the study of pertur-
bation in optimization problems and also in the analysis of the convergence
of algorithms [1, 26, 56]. Below we define the notion of sharp minimum.

Definition 9.1 A function ¢ : R — R defined over a set F' C R” is said to
be sharp minima at T € I if there exists a > 0 such that

p(z) — () >a|r—z|, VeeF

From the above definition it is obvious that a point of sharp minimizer
is unique. This is one of the major drawbacks of the concept of sharp mini-
mum as it rules out the most basic optimization problem, namely the linear
programming problem. To overcome this difficulty, the notion of weak sharp
minimum was introduced by Ferris [46]. We study this notion for the convex
optimization problem

min f(x) subject to 1z € C, (CP)

where f : R™ — R is a convex function and C C R" is a closed convex set.
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9.2 Weak Sharp Minima and Optimality

We begin this section by defining the weak sharp minimum for the convex
optimization problem (C'P) from Ferris [46].

Definition 9.2 Let S C R™ denote the nonempty solution set of (CP). Then
S is said to be the set of weak sharp minimizer on C' if there exists a > 0
such that

f(@) = flprojs(x)) = a ||z — projs(z)|, vV« € C.
Observe that for any € C, projs(x) € S and as S is the solution set,
f(Z) = constant, V z € S.

Equivalently, S is the set of the weak sharp minimizer if there exists v > 0
such that

f@)— f(Z) > ads(z), Ve eC, VT eS.
The equivalent definition was given in Burke and Ferris [25].

Before moving on with the results on equivalent conditions for weak
sharp minimizers, we present some results from Aubin and Ekeland [4], Luc-
chetti [79], Luenberger [80], and Rockafellar [97], which act as a tool in proving
the equivalence.

Proposition 9.3 Consider nonempty closed convexr set I C R™.

(i) For every x € F,
Np(z) ={veR": (v,2) =0op(v)}.
(i) For every y € R™,

dr(y) = Urg%(<v7y> —or(v)).

(iii) If F' is a closed convex cone, then for everyy € R™,
dr(y) = e Bre (Y)-
(iv) For every y € R™,

dF(y) = sup dm+TF(z) (y)
zeF

(v) For every x € F, the subdifferential of the distance function dp is
ddp(z) = cl BN Np(z)
and the directional derivative is

le(l"a v) = dTF(a;)(U) = 0¢l BANFp(x) (v), Vv eR"
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Proof. (i) From Definition 2.36 of normal cone,
Np(@)={veR": (v,x—Z) <0, VzeF}.

Observe that any v € Np(Z) along with the fact that £ € F satisfies the
inequality

<Ua j> < UF(U) < <U’ j>7
that is, op(v) < (v, Z). Thus
Np(@) ={veR": (v,z) =0or(v)}.

(ii) By the definition of the distance function,

dr(y) = inf y =zl = inf sup (v, —2)
= sup {{v,y) + inf (—(v, 2))}
vecl B zeF
= sup {(v,y) —or(v)}.
vecl B

(iii) For a closed convex cone F', by Definition 2.30 of polar cone,
Fe={veR":(v,z) <0, VzeF}

Therefore,
0, veF°,

or(v) = { 400, otherwise. (9-1)

From (ii), which along with the above relation (9.1) yields that

dr(y) = sup (v,y), provided v € F°,
vecl B

which implies

dr(y) = sup (v,y) = oapnre(y),
vEcl BNF©°

as desired.

(iv) By Theorem 2.35, Tr(z) is a closed convex cone and hence x + Tr(x) is
also a closed convex cone. Invoking (iii) along with Proposition 2.37 leads to

dac—i—Tp(x) (y) = dTp(a:) (y - 1') =0¢ BﬂNp(x)(y - iL’)

Therefore,

sup dm+TF(z) (y) = sup Sup (v,y — ).
z€EF r€F vecl BNNp(z)
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By (i) and (ii), the above condition reduces to

SUP Aoy 7y (2) (¥) = sup {{(v,y) —or(v)} = dr(y),
zeF vEcl B

thereby establishing the result.

(v) As an example to inf-convolution, Definition 2.54,

dp(x) = (I B 0r)(2),

which is exact at every z € R"™. Invoking the subdifferential inf-convolution
rule at the point where the inf-convolution is exact, Theorem 2.98,

ddp(z) = 0| (y) N 06k (x —y).

For x € int F, taking y = 0,

I|.]/(0) =cl B  while 9ép(x) = Np(z)={0}.
Thus, ddp(z) = {0} for = € int F. For x € bdry F, again taking y = 0,

9).]I(0) =l B  while 9ép(x) = Np(z),
and hence ddp(x) = BN Ng(x). Therefore,
Odp(z) =c BN Np(x), Va € F. (9.2)

As dom dp = R"™, by Theorem 2.79 and the condition (9.2),

dp(2,0) = 09dy(2)(V) = Oct BANw(2) (V)

which by (iii) implies that

le(Ia ’U) = dTF (x) (U)
and hence the result. O

As we know, the convex optimization problem can be equivalently ex-
pressed as the unconstrained problem

min fy(xz) subject to 1z €R”, (CP,)

where fo(z) = f(z) + dc(x) is an Isc proper convex function. As (C'P) and
(CP,) are equivalent, the solution set of both problems coincide, which implies
that S is also the set of weak sharp minimizers of (CP,). Before moving on
to prove the main result on the characterization of the weak sharp minimizer,
we present the results in terms of the objective function fy of (CP,).

Lemma 9.4 Consider the unconstrained convex optimization problem (CPy)
and the set of weak sharp minimizers S. Let a > 0. Then the following are
equivalent:
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(i) acd BN Ns(z) C dfo(x) for every x € S,

(i) a cd BN U Ns(z) C U dfo(z).

zeS zeS

Proof. It is easy to observe that (i) implies (ii). Conversely, suppose that (ii)
holds. Consider Z € S with £ € a ¢l BN Ng(Z). As (ii) is satisfied, there exists
g € S such that & € 0fy(y). By Definition 2.77 of subdifferential,

f()(x) — f()(g) > <£71' — :Ij>, Ve R"™ (93)

In particular, for any « € S, fo(x) = fo(y), thereby reducing the above in-
equality to

<£,$—g>§0, VJTES,

which implies £ € Ng(g). By assumption, £ € Ng(Z). Thus, by Proposi-
tion 9.3 (i),
(6, 7) = 0s(8) = (£ 7). (9.4)
Asz €S, fo(Z) = fo(y), which along the conditions (9.3) and (9.4) leads to
fo(ﬂ?) - fo(f) > <£,IE - j>7 Ve Rna
thereby implying that £ € 9fy(Z). Because T € S was arbitrary, (i) holds. O

The above result was from Burke and Ferris [25]. The next result from
Burke and Deng [22] provides a characterization for weak sharp minimizer in
terms of fy.

Theorem 9.5 Consider the convex optimization problem (CP) and its equiv-
alent unconstrained problem (CP,). Let a > 0. Then S is the set of weak sharp
minimizers with modulus « if and only if

fo(Z,v) > adrgz)(v), VeS8, VoeR™ (9.5)

Proof. Suppose that S is the set of weak sharp minimizers with modulus
a > 0. Consider T € S. Therefore, by Definition 9.2,

flz) = f(Z) > ads(z), Vzel.

Asz e S CC, fo(z) = f(&). Also for x € C, fo(z) = f(z). Therefore, the
above inequality leads to

fo(x) = fo(2) 2 ads(z), Vo el (9.6)
For x ¢ C, fo(x) = +oo. Thus,

fo(x) = fo(Z) > ads(z), Vo ¢ C (9.7)
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trivially. Combining (9.6) and (9.7) yields
fo(x) = fo(Z) > ads(x), Vo e R"™.

In particular, taking z = Z + Av € R” for A > 0 and v € R" in the above
condition leads to

fo(@ + xv) — fo(Z) > ads(Z+ M), YA >0, VoveR",
which implies that for every A > 0,

fo(Z + M) — fo(T) S ads(:z + o)
A - A

, VveR™ (9.8)

Observe that

(z —T)
A ||7

ds(Z + M) = ;ggﬂm—i-)\v—a:H = Azlrelg\\v -

which by Definition 2.33 of tangent cone implies that
ds(T 4 \v) ,
—_ > f —y|l = drs@z (v)- 9.9
e it o=yl = drugey(0) 99)

Therefore, using (9.8) along with (9.9) leads to

fo(Z + Av) — fo(Z)
A

> adrg(z)(v), Vv eR™

Taking the limit as A — 0 in the above inequality reduces it to
f(z,v) > adrg () (v), VveR™

Because T € S was arbitrary, the above condition yields (9.5).
Conversely, suppose that the relation (9.5) is satisfied. Consider z € C and
T € S. Therefore,

fo(@) = fo(@) = fo(Z, 2 = &) 2 a dpg(a) (v = T) = @ darg(a) (2)-
By Proposition 9.3 (iv), the above inequality leads to

fo(z) = fo(Z) = Oé§lelgdaz+Ts(.i)(x) = ads(z).

Because z € C and & € S were arbitrary, the above condition holds for every
z € C and every T € S, and hence S is the set of weak sharp minimizers. O

We end this chapter by giving equivalent characterizations for the set of
weak sharp minimizers, S, for (C'P) from Burke and Deng [22].
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Theorem 9.6 Consider the convex optimization problem (CP) and its equiv-
alent unconstrained problem (CP,). Let a > 0. Then the following statements
are equivalent:

(i) S is the set of weak sharp minimizers for (C'P) with modulus o > 0.

(ii) For every T € S and v € To(T),
f(&,0) > a drgz)(v).
(iii) For every T € S,
acd BN Ns(Z) C 0fo(T).

() The inclusion

adBN | Ns@) c | of(@)

zes zes
holds.
(v) For every z € S and v € Te(Z) N Ns(Z),

F'(@v) Z vl
(vi) For every T € S,
aB Cof(z)+ (Tc(z) N Ns(T))°.
(vii) For every x € C,
f(@,x—2) > ads(x),
where T € projs(z).

Proof. [(i) = (ii)] Because S is the set of weak sharp minimizers, by Theo-
rem 9.5,
folz,v) > adrg)(v), Vo es, VveR" (9.10)

The above condition holds in particular for v € Te(x). As fo(z) = f(z) + dc(x),
which along with the fact that fi(z,v) = f'(z,v) for every z € § and
v € Te(x), and condition (9.10) yields

fl(x,0) > adrgm(v), Ve es, YoveTo(z),

thereby establishing (ii).
[(il)) = (iii)] As dom f = R™, by Theorem 2.79 and the relation (ii),

Uaf(l.)(v) >« de(z)(v)a VeeS, Vve Tc(z)
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By Theorem 2.35, T-(x) is a closed convex cone. Invoking Proposition 2.61 (v)
along with Proposition 2.37 yields

U{)f(m)+Nc(m)(U) > dTS(m)(U); VeeS, VveR"

By the fact that Neo(z) = 0d¢(z) and from the Sum Rule, Theorem 2.91,
df(z) + Ne(z) C O(f + dc)(xz) = Ofo(x), which is always true along with
Proposition 2.61 (i), the above inequality yields

T fo(2) (V) > adpgzy(v), Vo €8, VoeR" (9.11)
By Proposition 9.3 (v), for any z € S and v € R",

@ drg) (V) = @ 0 pans()(v) =a  sup (v, v).
v*€cl BNNg ()

As a > 0, the above condition becomes

adpg)(v) = sup (o v*,v)
v*€cl BNNgs(x)

= sup <Oé U*7 U> = Oa cl BNNs(z) (U) (912)
av*€a cl BNNgs(x)
Substituting the above relation in the inequality (9.11) leads to
Jafo(x)(”l)) > Oq el [BQNS(QC)(U), Yzxe S, VoveR" (9.13)

By Proposition 2.82, dfy(x) is a closed convex set which along with Proposi-
tion 2.61 (iv) and (ii) implies that

acd BN Ns(z) C dfp(x), V€S,

thereby proving (iii).

[(iii) = (i)] By Proposition 2.61 (i), relation (9.13) holds which along with
(9.12) implies that

08f0(a:)(v) >« de(x)(v)a Ve S, VoveR"™
By Theorem 2.79, the above inequality leads to
fo(z,v) > adpgn(v), Ve eS, YveR",

that is, (9.5) is satisfied. Therefore by Theorem 9.5, (i) holds.
[(iii) <= (iv)] This holds by Lemma 9.4.

[(v) = (vi)] Because dom f = R™, by Theorem 2.79, the relation (v) becomes

Tof)(v) > a sup (v*,v), VxS, VoveTe(r)n Ns(z).
v*ecl B
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As a > 0, for every x € S and every v € To(z) N Ns(z), the above inequality
is equivalent to

Oaf(x) (U) > sup <Oé U*a U) =0acl ]B(U)-

av*EaclB

Because T (z) N Ns(x) is a closed convex cone, by Proposition 2.61 (v), the
above condition yields that for every z € S,

acBCc{of(x)+ (Te(x) N Ns(z))°}.
Invoking Proposition 2.15,

aB=int (acdB) C int{0f(x)+ (Tc(z) N Ns(x))}
C Of(z)+ (Te(z)N Ns(x))°, Vz €S,

thereby leading to (vi).
[(vi) = (v)] Applying Proposition 2.61 (v) to condition (vi) leads to
0of(x) (V) = 0aB(v), V€S, Vv e Te(z) N Ns().
As dom f =R", by Theorem 2.79, the above inequality leads to
f(z,v)>alvl, Ve €S, VveTo(x)N Ns(x),
thereby establishing (v).
[(ii) = (v)] By Proposition 9.3 (vi), for every z € S,
de(a:)(U) =0c BmNs(z)(U)-

For every v € Ns(x),
drs () (v) = [[o]- (9.14)

Therefore, for every « € S and every v € To(z) N Ng(z), the relation (ii) along
with (9.14) leads to

fl@0) = ool

thereby deriving (v).

[(v) = (vii)] Consider z € C and let T € projs(z). By Theorem 2.35,
x—T €Te(Z). As T € projs(zx), by Proposition 2.52,

<l'—.’f,§_.f> SO; VQGSa
which by Definition 2.36 of normal cone, z — T € Ns(Z). Therefore,

r—I¢€ Tc(’i‘) N Ns(i‘)
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D=

TS

FIGURE 9.1: Pictorial representation of Theorem 9.6.

Now by relation (v),
f(zo—2)>alz—z|.
As T € projs(x), ds(z) = ||z — Z||. Thus the above inequality becomes
f(z,z2—7) > ads(x).
Because x € C and T € projs(x) were arbitrary, the inequality holds for every

z € C and T € projs(zx), thereby yielding the relation (vii).

[(vi]) = (i)] As dom f =TR", by Theorem 2.79 along with Definition 2.77 of
subdifferential and the relation (vii) leads to

f(x)—f(ff)Zf'(:f,x—a?)zads(x), V.’EGC, (915)

with Z € projs(x). Because for any § € S with § # Z, f(g) = f(Z). Thus,
(9.15) holds for every z € C and every & € S, thereby leading to (i). a

Figure 9.1 presents the pictorial representation of Theorem 9.6. We have
devoted this chapter only to the theoretical aspect of weak sharp minimizers,
though as mentioned in the beginning this notion plays an important role
from the algorithmic point of view. For readers interested in its computational
aspects, one may refer to Burke and Deng [23, 24] and Ferris [46].



Chapter 10

Approximate Optimality Conditions

10.1 Introduction

We have discussed the various aspects of studying optimality conditions for
the convex programming problem (C'P). Throughout, we concentrated on es-
tablishing the standard or the sequential optimality conditions at the exact
point of minima. But it may not be always possible to find the point of min-
imizer. There may be cases where the infimum exists but is not attainable.
For instance, consider

min e subject to x €R.

As we know, the infimum for the above problem is zero but it is not attainable
over the whole real line. Thus for scenarios we try to approximate the solution.
In this example, for a given &€ > 0, one can always find Z € R such that e® < ¢.
This leads to the notion of approzimate solutions, which play a crucial role in
algorithmic study of optimization problems. Recall the convex optimization
problem

min f(z) subject to x € C, (CP)

where f: R™ — R is a convex function and C' is a convex subset of R".

Definition 10.1 Let € > 0 be given. Then T € C' is said to be an e-solution
of (C'P) or an approzimate up to € for (CP) if

f(@) < f@)+e YaeC.

This is not the only way to study approximate solutions. In the literature,
one finds the notions of various approximate solutions introduced over the
years, such as quasi e-solution, regular e-solution, almost e-solution [76], to
name a few. We will define these solution concepts before moving on to study
the approximate optimality conditions. The classes of quasi e-solution and
regular e-solution are motivated by Ekeland’s variational principle stated in
Chapter 2.
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Definition 10.2 Let ¢ > 0 be given. Then & € C'is said to be quasi e-solution
of (CP) if

J(@) < f(2) + Velle 2], Va e

A point Z € C, which is an e-solution as well as a quasi e-solution of (CP), is
known as the regular e-solution of (C'P).

The class of almost e-solution, as the name itself suggests, seems to be
an approximation to the e-solution. Actually, it is the approximate solution
concept associated with the perturbed problem. Before defining the almost
e-solution, recall the feasible set C' given by (3.1), that is,

C={zeR":gi(z) <0, i=1,2,...,m},
where g; : R® = R, i =1,2,...,m, are convex functions.

Definition 10.3 Let € > 0 be given. The e-feasible set of (CP) with the
feasible set C' given by (3.1) is defined as

C.={zeR":gi(zx)<e, i=1,2,...,m}.
Then z € R™ is said to be an almost e-solution of (CP) if
z2€C: and f(Z) < f(z)+e VzeCl.

Observe that here the almost e-solution need not be from the actual feasible
set but should belong to the perturbed feasible set that is e-feasible set.

Now we move on to discuss the approximate optimality conditions for the
various classes of approximate solutions. In this chapter we concentrate on the
e-solution, quasi e-solution, and almost e-solution. We begin with the study
of e-solutions.

10.2 e-Subdifferential Approach
Consider the unconstrained convex programming problem (CP,)
min f(z) subject to x€R™ (CP,)
If £ € R™ is an e-solution, then by Definition 10.1,
f(z) — f(Z) > —e, V2 € R".

Using the definition of e-subdifferential, Definition 2.109, 0 € O, f(Z). The con-
verse can be established by directly applying the definition of e-subdifferential.
This has been stated as a result characterizing the e-solution in Theorem 2.121
as follows.
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Theorem 10.4 Consider the unconstrained problem (CP,). Then T € R" is
an e-solution of (CP,) if and only if 0 € 0. f ().

As the convex programming problem (CP) can be reformulated as an
unconstrained problem with the objective function f replaced by (f + d¢),
then from the above theorem one has that Z is an e-solution of (C'P) if and
only if

0€0-(f+dc)(x).

Observe that dom f = R"™. If in addition, the Slater constraint qualification,
that is, C' has a nonempty relative interior holds, then by invoking the Sum
Rule of e-subdifferential, Theorem 2.115, along with the definition of e-normal
set, Definition 2.110, leads to

0 € 0., f(T) + Nce,(7)

for some g; > 0, ¢ = 1,2, with £1 +e2 = €. This may be stated as the following
theorem.

Theorem 10.5 Consider the conver optimization problem (CP). Assume
that the Slater constraint qualification holds, that is ri C is nonempty. Let
€ >0 be given. Then T € C is an e-solution of (CP) if and only if there exist
€; >0, i =1,2, satisfying €1 + €2 = € such that

0e as1f(j) + NC,EZ(E)'

Note that for a nonempty convex set C, by Proposition 2.14 (i), ri C is
nonempty and hence the Slater constraint qualification holds. From the above
theorem it is obvious that to obtain the approximate optimality conditions in
terms of the constraint functions g;, ¢ = 1,2,...,m, N¢ < (z) must be explicitly
expressed in their terms. Below we present the result from Strodiot, Nguyen,
and Heukemes [106], which acts as the tool in establishing the approximate
optimality conditions. But before that, we define the right scalar multiplication
from Rockafellar [97].

Definition 10.6 Let ¢ : R® — R be a proper convex function and A > 0.
The right scalar multiplication, ¢, is defined as

A6(A1Z), A >0,
<¢A><x>={ A

A positively homogeneous convex function generated by ¢, 1, is defined as

P(z) = inf{(éN)(z) : A > 0}.

Proposition 10.7 Consider ¢ > 0 and g : R — R is a convex function. Let
zc(C={xcR":g(x) <0}. Assume that the Slater constraint qualification
holds, that is, there exist & € R™ such that g(Z) < 0. Then § € Ng (Z) if and
only if there exists A > 0 and £ > 0 such that

E<A\g(T) +e and £ € 9:(\g)().



340 Approximate Optimality Conditions
Proof. Using the definition of an e-normal set, Definition 2.110,

Ne (z) = {(€R":({,z—T)<e, Vael}
{EeR":00(5) < (&) +¢},

where 04 (€) denotes the support function to the set C' at & Observe that
dom g = R™ and hence by Theorem 2.69 continuous over the whole of R™.
Now invoking Theorem 13.5 from Rockafellar [97] (see also Remark 10.8), the
support function o5 is the closure of the positively homogenous function ¢
generated by ¢g*, which is defined as

6(6) = inf (9" N)(€) = inf Ag" (A1) = inf (Ag)*(©)-
Therefore,
Noo(#) = {E€R™: inf (M) (€) < (6,7) +¢}

= {£ € R": there exists A > 0 such that (Ag)*(§) < (£, Z) + ¢}
= {£ € R": there exists A > 0 such that
(Ag)"(§) + (Ag)(Z) < (€, 7) + e+ (Ag)(2)}
= {£ € R": there exists A > 0 such that
(Ag)(z) — (Ag)(z) =
(6,2 —7) —e—(Ag)(2), Vo eR"}L

From the above condition, there exists A > 0 such that £ € 0.1 (xg)(z)(Ag)(T).
As 0., ¢9(x) C 0O-,¢(x) whenever g1 < eg, there exists an & satisfying
0 <& <e+ (Ag)(Z) such that £ € 9:(Ag)(Z). Therefore,
Ne (T) = U {¢ € R™ : there exists A > 0 such that
pses e (A9)" () + (9)(@) < (€7) +¢)

0<e<e+(Ag)(Z) A>0
thereby leading to the desired result. O

Remark 10.8 We state Theorem 13.5 from Rockafellar [97].

Let ¢ : R™ — R be a proper lsc convex function. The support function
of the set C = {x € R™ : ¢(x) < 0} is then cl v, where ¢ is the
positively homogeneous convex function generated by ¢*. Dually, the
closure of the positively homogeneous convex function v generated by
@ is the support function of the set {z* € R™ : ¢*(z*) < 0}.

For more details, readers are advised to refer to Rockafellar [97].
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Next we present the approximate optimality conditions for the convex
programming problem (CP).

Theorem 10.9 Consider the convex programming problem (CP) with C
given by (8.1). Assume that the Slater constraint qualification is satisfied.
Let € > 0. Then T is an e-solution of (CP) if and only if there exist &y > 0,
>0, and \; >0, i=1,...,m, such that

0e 8g0f(:f) + Za‘él (5\191)(5‘) and ZE_‘i —e< ;\zgz(f) <0.
1=1 =0 1=1

Proof. Observe that (C'P) is equivalent to the unconstrained problem

min (f + Zéc)(x) subject to x € R",
i=1

where C; = {& € R" : g;(z) < 0}, i = 1,2,...,m. By the Slater constraint
qualification, there exist :i: € R™ such that g;(Z ) <O0foreveryi=1,2,...,m
which implies ri C;, ¢ = 1,2,...,m, is nonempty. Invoking Theorem 10 9,
there exist ¢; >0, i =0,1,...,m, Wlth g0+ Y i, €; = € such that

)

0e 350f ZNCuEz

Applying Proposition 10.7 to C;, i = 1,2, ..., m, there exist A\; > 0 and & > 0,
i =1,2,...,m, such that

0€d:f(z +Za€1 9)(
and & —¢&; < Nigi(T )<O i=1,2,...,m, (10.1)

where &g = £9. Now summing (10.1) over i = 1,2,...,m, and using the
condition e + Y"1, &; = ¢ leads to

Zm:a- —e< i?\igi(:z) <0, (10.2)

=0 i=1

as desired.

Conversely, define e; = & — X\;gi(%), i = 1,2,...,m. Applying Proposi-
tion 10.7, & € 0=, (N\igs) (%) is equivalent to & € Ng, ¢, (%) fori =1,2,...,m
Also, from the condition (10.2),



342 Approximate Optimality Conditions

which implies &0+ >, &; < €. Define g = £p+¢,, where e, = e—&g— v €.
Observe that 5, > 0. Therefore,

0€e aéof(i') + ZNcqaz(j) - aﬁof(:z) + ZNCz‘ﬁi(i)?
i=1 1=1

where g + >.*, &; = £. By Theorem 10.5, Z is an e-solution of (CP). |

Observe that in the above approximate optimality conditions instead of the
complementary slackness conditions, we have an e-complementary slackness
condition. Also, we derived the approximate optimality conditions in terms of
the e-subdifferentials of the objective function as well as the constraint func-
tions at the e-solution of (C'P) by equivalent characterization of e-normal set
in terms of the e-subdifferentials of the constraint functions g;, i = 1,2,...,m.

10.3 Max-Function Approach

As discussed in the Section 3.5, another approach that is well known in estab-
lishing the standard KKT optimality conditions is the maz-function approach.
Applying a similar approach for an e-solution, Z, of (CP) we introduce an un-
constrained minimization problem

min F(x) subject to z € R", (CPpax)

where F(z) = max{f(z)—f(Z)+e,g1(x), ..., gm(x)}. Using this max-function,
an alternative proof is provided to derive the approximate optimality condi-
tions. But before that we present a result to study the relation between the
e-solution of (C'P) and those of the unconstrained problem (CP,,q4).

Theorem 10.10 Consider the convex programming problem (CP) with C
given by (3.1). If T is an &-solution of (C'P), then T is an e-solution of the un-
constrained problem (C Pyqz) for every e > &. Conversely, if T is an e-solution
of (CPpaz), then it is an almost 2e-solution of (CP).

Proof. Because Z is an &-solution of (CP), € C with
f@) < f(x)+¢& Yzel. (10.3)

Observe that F(Z) = €. To show that for every € > &, Z € R™ is an e-solution
for (CPpaz), it is sufficient to establish that

F(z) < F(x)+¢&, VaxeR",

which is equivalent to proving that F(z) > 0 for every x € R™.
For z € C, g;(z) <0, i =1,2,...,m, while condition (10.3) ensures that
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f(z) = f(Z) + & > 0. Therefore, F(z) > 0 for every z € C. If x ¢ C, then for
some i € {1,2,...,m}, g;(x) > 0 and thus, F(z) > 0 for every = ¢ C. Hence,
Z is an e-solution of (C'Ppqz).

Conversely, as  is an e-solution of (CPyaz),

F(z) < F(x)+e, V2 eR™
Therefore,
0<e=max{e, 1(Z),92(Z),...,9m(T)} < F(z)+¢e, V2 eR".
The above condition yields
F(x) >0 and g¢;(z) <F(z)+e, i=12,...,m, VzcR"
From the first condition, in particular for z € C,
f(@) < flo)+e< flo)+2e
while in the second condition, taking x = ¥ leads to
9:i(T) <2, i=1,2,...,m,
thereby implying that Z is an almost 2e-solution of (C'P). O

Theorem 10.11 Consider the convexr programming problem (C'P) with C de-
fined by (3.1). Assume that the Slater constraint qualification is satisfied and
let € > 0. Then T is an e-solution of (CP) if and only if there exist &g > 0,
>0, and \; >0, i=1,...,m, such that

m

0€ 0, 1(@)+ 30 (hg)@)  and D E—e= > hgila) <0
=0 i=1

i=1

Proof. As Z is an e-solution of (CP), then by Theorem 10.10, Z is also an
e-solution of the unconstrained minimization problem (CP,,,.). By the ap-
proximate optimality condition, Theorem 10.4, for the unconstrained problem,

0 € 0-F(7).

By the e-subdifferential Max-Function Rule, Remark 2.119, there exist e; > 0,
Ai >0, 4=0,1,....m, with >}", \; = 1 and & € 9.,(A\of)(Z) provided
Ao > 0 and & € 0., (A\igi)(Z) for those i € {1,2,...,m} satisfying A; > 0 such
that

0=6+> & and > e +F(@) —doe— Y Nigi(@) =¢,  (10.4)
=0

iel il

where I = {i € {1,2,...,m} : \; > 0}. Now if Ay = 0, again invoking
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the e-subdifferential Max-Function Rule, Remark 2.119, there exists some
i € {1,2,...,m} such that \; > 0, which implies / is nonempty. Thus, corre-
sponding to i € I, there exist & € 0., (A;g;)(Z) such that

0=> & and Zsl—i—F =) Nigi(z) =e. (10.5)

icl iel

As F(z) = e, the second equality condition reduces to

Z => Xigi(@ (10.6)
=0

iel

By the definition of e-subdifferentiability, Definition 2.109,

)\Zgl(:v) > )\Zgz(ff) + <£Z,(E — f> — &4, Ve Rn, 1€ l.

Therefore, the above inequality along with (10.5) and the nonnegativity of
€i, 1=20,1,...,m, leads to

Do Nigi@) = Nigi(e) =Y Nigi(@) = Y e,
i=1 =0

il iel

which by the condition (10.6) yields
Z)\lgz ) >0, VreR™ (10.7)

As the Slater constraint qualification holds, there exists & € R™ such that
9i(%) <0, i=1,2,...,m. Thus,

i=1
thereby contradicting the inequality (10.7). Therefore, Ao # 0. Now divid-

ing both relations of (10.4) throughout by Ao > 0, along with F(Z) = ¢ and
Theorem 2.117, leads to

OGE()'FZ& and iEZ—E:zm:Lgl(f)g()
=0 =1

iel
where & € 0z, f(%), & € 0-,(Nigi)(Z), i € I, & = %, i =0,1,...,m, and
0
Y
i = —=, i € I. Corresponding to i ¢ I, \; = 0 with & = 0 € 0, (\igi)(T),

Ao
thereby leading to the approximate optimality condition

Oeaeof +Za zgz
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along with the e-complementary slackness condition. The converse can be
worked along the lines of Theorem 10.9 taking e, = 0. O

Note that in the e-complementary slackness condition of Theorem 10.9, we
had inequality whereas in the above theorem it is in the form of an equation.
Actually, this condition can also be treated as an inequality if for condition
(10.4) we consider F(Z) = max{e,0} > ¢ instead of F(Z) = ¢.

10.4 ¢-Saddle Point Approach

While studying the optimality conditions for the convex programming problem
(CP), we have already devoted a chapter on saddle point theory. Now to
derive the approximate optimality conditions, we make use of the e-saddle
point approach. Recall the Lagrangian function L :R™ x R* — R associated
with the convex programming problem (CP) with C given by (3.1), that is,
involving convex inequalities, introduced in Chapter 4, is given by

L(z,A) = f(z) + Z Aigi(z).
i=1
Definition 10.12 A point (Z,A) € R™ x R is said to be an e-saddle point
of (CP) if
L(z,\) —e < L(%,A\) < L(z,\) +¢, Vo €R”, VA€ RT.
Below we present a saddle point result established by Dutta [37].

Theorem 10.13 Consider the convex programming problem (CP) with C
given by (3.1). Let € > 0 be given and T be an e-solution of (CP).
Assume that the Slater constraint qualification holds. Then there exist
X >0, i = 1,2,...,m, such that (Z,)\) is an e-saddle point of (CP) and
e+ > Aigi(Z) > 0.

Proof. As 7 is an e-solution of (C'P), the following system

f(x) = f(Z) +e <0,
gi(x) <0,i=1,2,...,m,

has no solution x € R™. Define the set
A={(y,2) eRxR™: f(z)— f(Z)+e<vy, gi(zx) <z, i=12,...,m}.

The reader is urged to verify that A is an open convex set. Observe that
(0,0) ¢ A. Therefore, by the Separation Theorem, Theorem 2.26 (ii), there
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exists (Mg, A) € R x R™ with (Ag, A) # (0,0) such that
Mo(f(x) = f(&)+e)+ > Nigi(z) >0, Vo eR™ (10.8)

Working along the lines of proof of Theorem 4.2, it can be proved that
(Ao, A) € Ry x R

We claim that Ag # 0. On the contrary, suppose that A\ = 0. By the
Slater constraint qualification, there exists & € R™ such that ¢;(Z) < 0,
i =1,2,...,m which implies

zm: Aigi(E) <0,
i=1

thereby contradicting (10.8). Therefore, Ag # 0 and thus the condition (10.8)
can be expressed as

flx)— f(@) +e+ i Nigi(xz) >0, V2 e R™, (10.9)

_ by
where \; = /\—Z for i = 1,2,...,m. In particular, taking x = T, the above

inequality redlgces to .
e+ Nigi(z) > 0. (10.10)
As g;(2) <0, i=1,2,...,m, whi;h along with (10.9) leads to
+Zz\zgla’: < f(z —I-z:)\lgZ +e, VaeR",
i=1
which implies

L(z,)) < L(x,\) +¢, Vo €R™ (10.11)

For any \; > 0, ¢ = 1,2,...,m, the feasibility of  along with the nonnega-
tivity of € and (10.10) leads to

F@) 4D Xigi(@) —e < [(2) —e < f(z +szgz

that is,
L(z,\) —e < L(z,)\), VA € R

The above inequality along with (10.11) implies that (Z, \) is an e-saddle point
of (CP), which satisfies (10.10), thereby yielding the desired result. O
Using this e-saddle point result, we establish the approximate optimal-

ity conditions. But unlike Theorems 10.9 and 10.11, the result below is only
necessary with a relazed e-complementary slackness condition.
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Theorem 10.14 Consider the convex programming problem (CP) with C
given by (3.1). Let € > 0 be given and T be an e-solution of (CP). Assume
that the Slater constraint qualification holds. Then there exist £y > 0, & > 0,
and \; > 0,4i=1,2,...,m, with &g+ > i~ & = ¢ such that

m

0€ 0z, /(%) + > 0-(Nigi)(x) and e+ Y Xigi(z) > 0.

i=1 i=1
Proof. By the previous theorem, there exist \; > 0, i = 1,2, ..., m, such that
L(Z,\) < L(x,\) +¢, Vo € R

along with ¢ + 37" | X\;g:(Z) > 0. By Definition 10.1 of e-solution, the above
inequality implies that T is an e-solution of the unconstrained problem

inf f(x)+ Z N\igi(z) subject to x € R™.
i=1
By Theorem 10.4, the approximate optimality condition is
0€0:(f+>_ Xigi)(@). (10.12)
i=1

As dom f=R" and dom g; =R"™, i =1,2,...,m, applying the Sum Rule of
e-subdifferential, Theorem 2.115, there exist &; > 0, i = 0,1, ..., m, satisfying
€0+ Y i, & = € such that (10.12) becomes

m

0€ 0z, f(2) + > 0, (Nigi) (D),

i=1
thereby establishing the result. O

Observe that the conditions obtained in Theorem 10.14 are only neces-
sary and not sufficient. The approach used in Theorems 10.9 and 10.11 for
the sufficiency part cannot be invoked here. But if instead of the relaxed
e-complementary slackness condition, one has the standard complementary
slackness, which is equivalent to

> igi(@) =0,
=1

then working along the lines of Theorem 10.9 the sufficiency can also be estab-
lished. The result below shows that the optimality conditions derived in the
above theorem imply toward the 2e-solution of (C'P) instead of the e-solution.
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Theorem 10.15 Consider the convex programming problem (CP) with C
given by (3.1). Let € > 0 be given. Assume that the approximate optimal-
ity condition and the relaxed -complementary slackness condition of Theo-
rem 10.14 hold for (Z,)\) € R™ x RY and e; > 0, i = 0,1,...,m, satisfying
g0+ Y v, e; =¢. Then T is a 2e-solution of (C'P).

Proof. From the approximate optimality condition of Theorem 10.14, there
exist A\; > 0,i=1,2,...,m,ande; >0, i =0,1,...,m, witheo+>_/", & =,

& € 0, f(T), and & € 0¢,(Nigi)(Z), i =1,2,...,m such that
0=&+ ) & (10.13)
i=1

By Definition 2.109 of the e-subdifferential,

f@)=f@) = (So,z—T)— e,

Summing the above inequalities along with the condition (10.13) leads to
flx) + Zj\igi(f) > f(z) + Z Xigi(Z) — (0 + 251)
i=1 i=1 i=1

For any z feasible for (CP), g;(z) <0, i = 1,2,...,m, which along with the re-
laxed e-complementary slackness condition and the fact that eg + Zzl € =€
implies that

fz) > f(@) — 2, Yz eC.

Thus, T is a 2e-solution of (CP). O
From Definition 10.12, (%, \) is an e-saddle point of (C'P) if

L(z,\) —e < L(%,)\) < L(z,\) +¢, Vo € R, VA€ RT.
With respect to the e-solution, we will call Z an e-minimum solution of L(., A)
and similarly, call A an e-mazimum solution of L(Z,.).
We end this section by presenting a result relating the e-solutions of the
saddle point to the almost e-solution of (C'P) that was derived by Dutta [37].

Theorem 10.16 Consider the convex programming problem (CP) with C
given by (3.1). Let (z,)\) € R" xR be such that & is an 1-minimum solution
of L(.,\) and X is an eo-maximum solution of L(Z,.). Then T is an almost
(e1 + €2)-solution of (CP).

Proof. Because A € R is an eo-maximum solution of L(Z, \) over R,

L(z,\) —e2 < L(Z,A\), VA € R
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L(z,\) = f(z) + X%, Migi(z), the above inequality reduces to
D> A= X)gi(T) ez, YA 20, i=1,2,...,m. (10.14)
i=1

We claim that Z € C., = {& € R" : g;(x) < &9, i = 1,2,...,m}. On the
contrary, suppose that ¢ C.,, which implies that the system

gi(.’f)—EQ SO, ¢ = 172,...,m
does not hold. Equivalently, the above condition implies that
(91(T) —€2,92(T) — €2, .., gm(T) — €2) ¢ R™.

As R™ is a closed convex set, by the Strict Separation Theorem, Theo-
rem 2.26 (iii), there exists v € R™ with v # 0 such that

S 2igi(@) =Y mie2 > 0>y, Yy € R (10.15)
=1

=1 i=1

We claim that v € R*. On the contrary, assume that v ¢ R, which implies
for some i € {1,2,...,m}, 7, < 0. As the inequality (10. 15) holds for every
y € R™ taking the corresponding y; — —oo leads to a contradiction. Hence,
v € R

Because v # 0, it can be so chosen satisfying Y .-, 7; = 1. Therefore, the
strict inequality condition in (10.15) reduces to

Z%gz > . (10.16)

As )\ € R and v € RT, A+7v¢€ R’ Therefore, taking A = A+ in (10.14)
leads to

Z’ngz < €2,

which contradicts (10.16). Thus, Z € C;, C C¢, +¢,, where
Coyge, ={2 €R" 1 gj(x) <e1+e9, i=1,2,...,m}.
As 7 is an £;-minimum solution of L(x, \) over R",
L(z,)\) < L(x,\) + &1, Vo €R",

which implies

ngZ ) < f(= ij\gz )+e1, Vo eR™
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For any z feasible to (CP), gi(z) < 0, i = 1,2,...,m, which implies

Nigi(z) <0, i = 1,2,...,m. Taking A\; = 0, i = 1,2,...,m, in (10.14),

> Xigi(®) > —e5. Thus, the preceding inequality reduces to
f@ < f(x)+e1+eq, YzeCl.

Therefore, Z is an almost (g1 + €2)-solution of (C'P). O

10.5 Exact Penalization Approach

We have discussed different approaches like the e-subdifferential approach,
max-function approach, and saddle point approach to study the approximate
optimality conditions. Another approach to deal with the relationship between
the different classes of approximate solutions is the penalty function approach
by Loridan [76]. In the work of Loridan that appeared in 1982, he dealt with
the notion of regular and almost regular approximate solutions. But here
we will concentrate more on e-solutions and almost e-solutions for which we
move on to study the work done by Loridan and Morgan [77]. This approach
helps in dealing with the stability analysis with respect to the perturbed
problem, thereby relating the e-solutions of the perturbed problem and almost
e-solutions of (C'P).
We consider the exact penalty function

fola) = f(z) + Zpi max{0, g;(x)},

where p = (p1,p2,---,pm), with p; > 0, i = 1,2,...,m and the following
unconstrained problem

min f,(z) subject to z € R", (cpP),

is associated with it. The convergence of the e-solutions of the sequence of
problems (CP), under certain assumptions leads to an e-solution of the prob-
lem (CP). So before moving on to establish the convergence result, we present
a result relating the e-solution of (C'P), with the almost e-solution of (C'P).

Theorem 10.17 Assume that f is bounded below on R™. Then there ez-

ists pe = (ate) where o = infyec f(x) — infiern f(x) such that whenever
€

pi > pe, 1 =1,2,...,m, every e-solution of (CP), is an almost e-solution of

(CP).

Proof. Suppose that x, is an e-solution for (CP),. Then

fo(zp) < folz) +&, Vo eR™ (10.17)
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Observe that for z € C, as g;(z) <0, ¢ = 1,2,...,m, f,(x) = f(z). This
along with the condition (10.17) and the definition of f, implies

f(x,) < folz,) < flx)+e, Vo el (10.18)

Again, from the definition of f, along with (10.18),

inf f(@)+ > pimax{0,gi(x,)} < fy(w,) < inf f(z) +e,

i=1
which implies
Z pimax{0,g;(z,)} < a+e. (10.19)
i=1
. (a+¢)
Now consider p = (p1,p2,...,pm) such that p; > p. = ——= for every

€
i =1,2,...,m. Therefore, for the e-solution z, of (CP),, the condition (10.19)
leads to

gl($P) < maX{O,gi(xp)} < Zmax{ovgi(xp)} < €, Vi= ]-7 27 cee,Mm,
=1

which implies z, € C.. This along with (10.18) yields that z, is an almost
e-solution of (C'P). O

In the above theorem, it was shown that the e-solutions of the penal-
ized problem (CP), are almost e-solutions of (C'P). But we are more in-
terested in deriving an e-solution rather than an almost e-solution of (C'P).
The next result paves a way in this direction by obtaining an e-solution of
(CP) from the e-solutions of the sequence of problems {(CP),, }r, where

P = (1,05, o)

Theorem 10.18 Assume that f is bounded below on R™ and satisfies the
coercivity condition

flw) = +oo.

llzll =00

Let {pi,}1. be a sequence such that limy,_, o p¥ = 400 for everyi =1,2,...,m
and x,, be the e-solution of (C'P),,. Then every convergent sequence of {x,, }
has a limit point that is an e-solution of (C'P).

Proof. As {z,, } is the e-solution of (CP),,, by Theorem 10.17, {z,,} is an
almost e-solution of (C'P) and thus satisfies

f(zp) < f(z)+e, VxeC.

Because f(z,, ) is bounded above for every k, therefore by the given hypothesis
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{z,,} is a bounded sequence and thus by the Bolzano-Weierstrass Theorem,
Proposition 1.3, has a convergent subsequence. Without loss of generality,
assume that z,, — z,. As dom f =R", by Theorem 2.69, f is continuous on
R™. Thus, taking the limit as k — 400, the above inequality leads to

flp) < f(@)+e, Vael. (10.20)
Using the condition (10.19) in the proof of Theorem 10.17

9i(xp,) < (a+¢)/pk.

Again, by Theorem 2.69, g;, i = 1,2,...,m, is continuous on dom ¢g; = R",
i =1,2,...,m. Therefore, taking the limit as k — +o00, the above inequality
leads to

gi(z,) <0, Vi=1,2,...,m.

Thus, z, € C along with the condition (10.20) implies that z, is an e-solution
of (CP). O

From the above discussions it is obvious that an e-solution of (C'P), need
not be an e-solution of (CP) when z, ¢ C. But in case z, € C, it may
be considered as an e-solution of (CP). The result below tries to find an
e-solution for (C'P) by using an e-solution of (CP), under the Slater constraint
qualification. Even though the result is from Loridan and Morgan [77] but the
proof is based on the work by Zangwill [114] on penalty functions. Here we
present the detailed proof for a better understanding.

Theorem 10.19 Consider the convex programming problem (CP) with C
given by (3.1). Assume that [ is bounded below on R™ and the Slater con-
straint qualification is satisfied, that is, there exists & € R™ such that g;(Z) < 0,
1=1,2,...,m. Define f = infyecc f(x) — f(Z) and v = max;—1,.. m g:(Z) < 0.
Let po = (B8—1)/v > 0. For p=(p1,p2,--.,pm) with p; > po, i =1,2,...,m,
let x, ¢ C be an e-solution for (CP),. Let T be the unique point on the line
segment joining T, and & lying on the boundary of C'. Then T is an e-solution

of (CP).
Proof. Because 7 is a unique point on the line segment joining z, and £ lying

on the boundary, the active index set I(z) = {i € {1,2,...,m} : g;(Z) =0} is
nonempty. Define a convex auxiliary function as

Flx)=f@)+p0 Y gilx).

iel(z)
Observe that for ¢ € I(Z), g;() = 0 while for ¢ ¢ I(Z), ¢;(Z) < 0. Therefore,

F(z) = f(&) = fp,(T). (10.21)
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As z lies on the line segment joining z, and &, there exists A € (0,1) such
that £ = Az, + (1 — A\)&. Then by the convexity of g;, i =1,2,...,m,

9i(7) < Agi(w,) + (1 = N)gi(2), i =1,2,...,m.

For i € I(z), g;(Z) = 0, which along with the Slater constraint qualification
reduces the above inequality to

0<—(1-X)gi(@) < Agi(z)), Viel(T).
Therefore, for i € I(Z), g;(x,) > 0, which implies
> gilwp) = Y max{0,gi(x,)} <Y max{0,g;(x,)},
iel(z) iel(z) i=1
thereby leading to the fact that
Flxp) < fpolap). (10.22)

To prove the result, it is sufficient to show that F(Z) < F(z,). But first
we will show that F(&) < F(Z). Consider

F(&) = f(&)+ po Z 9i(%).

i€l (z)

Because ¢;(2) <0, i =1,2,...,m, Ziel(@ 9i(&) < max;=1,_._m g;(&), which
by the given hypothesis implies

F#) < (@) + oy = inf f(2) ~1 < (&) = (&), (10.23)
The convexity of F along with (10.23) leads to
F(z) < AF(xp) + (1= N F(2),

which implies F(Z) < F(z,). Therefore, by (10.21) and (10.22),
f(&@) < foo(xp). By the definition of f,, fy(x) < fo(z) for every
p=(p1,p2,...,pm) With p; > po, i = 1,2,...,m, which along with the fact
that z, is an e-solution of (C'P), implies

f(@) < folz,) < folx)+e, Vo eR"™
For z € C, f,(xz) = f(x), which reduces the above condition to

f(@) < f(z)+e, Vaedl,

thereby implying that Z is an e-solution of (C'P). |
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For a better understanding of the above result, let us consider the following
example. Consider

infe® subject to 1z <0.

Obviously the Slater constraint qualification holds. Consider £ = —1 and then
po=e 141 Fore=2, x, =1/2 > 0 is an e-solution for every p > po. Here,
Z=0¢€[-1,1/2] is an e-solution for the constrained problem.

Observe that one requires the fact that x, is an e-solution of (C'P), only to
establish that Z is an e-solution of (C'P). So from the proof of Theorem 10.19
it can also be worked out that under the Slater constraint qualification, cor-
responding to x, ¢ C, there exists z € C such that

f(j) = fp(i‘) < fp(xp)

for every p > pg, where pg is the same as in the previous theorem. As a matter
of fact, because the set C' is closed convex, one can always find such an Z on
the boundary of C. As z, ¢ C is arbitrarily chosen, then from the above
inequality it is obvious that

inf [(2) < fyla), Vo ¢ C.
Also, for any € C, f(xz) = f,(z), which along with the above condition
implies

inf fy@) = inf f(@) < inf f,(x).

The reverse inequality holds trivially. Therefore,

inf = inf . 10.24
inf f(z) = inf f,(x) (10:24)
This leads to the fact that every e-solution of (C'P) is also an e-solution of the
penalized unconstrained problem. Next we derive the approximate optimality
conditions for (C'P) using the penalized unconstrained problem.

Theorem 10.20 Consider the convexr programming problem (C'P) with C de-
fined by (3.1). Assume that the Slater constraint qualification is satisfied. Let
e > 0. Then T is an e-solution of (CP) if and only if there exist 9 > 0, &; > 0
and \; >0, i=1,...,m, such that

0€05,f(@)+ Y 0:(Nigi) (@ and > &—e=Y Xigi(x) <0.
=1 =0 =1

Proof. As Z € C' is an e-solution of (C'P), from the above discussion it is also
an e-solution of the penalized unconstrained problem for p = (p1, p2,.- ., Pm)
with p; > po > 0, where pg is defined in Theorem 10.19. Therefore, by the
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approximate optimality condition, Theorem 10.4, for the unconstrained pe-
nalized problem (C'P),,

0 € 0. f,(T).
As dom f = dom g; = R", applying the e-subdifferential Sum Rule, Theo-
rem 2.115, there exist ¢; > 0, ¢ = 0,1,...,m, satisfying Z;io €; = € such
that

0 € 8- f () + Y O, (max{0, pigi()}) ().

i=1
By the e-subdifferential Max-Function Rule, Remark 2.119, there exist
0 < \; <1 and &; > 0 satisfying

€ =E&; + HlaX{O, pigi(f)} — /\ipigi(i') =&; — )\ipigi(ﬂ_i‘) (1025)
for every i = 1,2,...,m such that

m

0 € 0z, f() + Y _ 0=, (Nigi) (),

=1

where &g = g9 > 0 and \; = p;\; >0, i = 1,2,...,m. The condition (10.25)
along with "7  &; = ¢ implies that

Zéi - Zj\igi(a_:) =g,
i=0 i—1

thereby leading to the requisite conditions. The converse can be proved in a
similar fashion, as done in Theorem 10.9 with ¢, = 0. O

Note that the conditions obtained in the above theorem are the same as
those in Theorem 10.11.

10.6 Ekeland’s Variational Principle Approach

In all the earlier sections, we concentrated on the e-solutions. If Z is an
e-solution of (C'P), then by the Ekeland’s variational principle, Theorem 2.113,
mentioned in Chapter 2 there exists £ € C such that

f(@) < f(z) + Vellz — 2|, vz € C.

Any Z satisfying the above condition is a quasi e-solution of (CP). Observe
that we are emphasizing only one of the conditions of the Ekeland’s variational
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principle and the other two need not be satisfied. In this section we deal
with the quasi e-solution and derive the approximate optimality conditions
for this class of approximate solutions for (C'P). But before doing so, let
us illustrate by an example that a quasi e-solution may or may not be an
e-solution. Consider the problem

1
inf — subject to x> 0.
T

Note that the infimum of the problem is zero, which is not attained. For ¢ =

O,,p‘,_;

it is easy to note that x. = 4 is an e-solution. Now z > 0 is a quasi e-solution
if

1 1
<—+4-jr—2z|, V2 >0.
z 2

SR

Observe that £ = 4.5 is a quasi e-solution that is also an e-solution satisfying
all the conditions of the Ekeland’s variational principle, while Z = 3.5 is a

quasi e-solution that is not e-solution. Also, it does not satisfy the condition

1 1
— < —. These are not the only quasi e-solutions. Even points that satisfy
z Te

only the unique minimizer condition of the variational principle, like T = 3,
are also the quasi e-solution to the above problem.

Now we move on to discuss the approximate optimality conditions for the
quasi e-solutions.

Theorem 10.21 Consider the convex programming problem (CP) with C
given by (3.1). Let ¢ > 0 be given. Assume that the Slater constraint qual-
ification holds. Then T is a quasi e-solution of (CP) if and only if there exist
N >0, i=1,2,...,m, such that

0€df(z +ngz )+ VeB  and  Ngi(z) =0, i=1,2,...,m.

Proof. A quasi e-solution Z of (CP) can be considered a minimizer of the
convex programming problem

min f(z)+ vVe||lz — Z|| subject to x € C,
where C = {z € R" : ¢g;(z) <0, i = 1,2,...,m}. By the KKT optimality

condition, Theorem 3.7, T is a minimizer of the above problem if and only if
there exist A\; >0, ¢+ =1,2,...,m, such that

0€d(f + Vel - )z +ZAagz

As dom f =dom ||. — Z|| = R", invoking the Sum Rule, Theorem 2.91, along
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with the fact that d||. — Z|| = B, the above inclusion becomes
m
0€df(Z)+ VeB+ Z Ai0gi(T),
i=1

along with \;g;(Z) =0, i = 1,2,...,m, thereby yielding the requisite condi-
tions.

Conversely, by the approximate optimality condition, there exist
& €0f(z), & € 0g:(T), i=1,2,...,m, and b € B such that

0==& + Y A& + Veb. (10.26)
=1

By Definition 2.77 of the subdifferential,

fl@)—f(@) > (¢,2—7), VreR", (10.27)
gi(x) —gi(x) > (&,x2—Z), VaeeR" i=1,2,...,m, (10.28)

and by the Cauchy—Schwartz inequality, Proposition 1.1,
loll ||z — z|| > (b,z — T), V2 € R™ (10.29)
Combining the inequalities (10.27), (10.28), and (10.29) along with (10.26)

implies
Fl@) = f@) + Y Nigi(@) = > Niga(@) + VEIb| 2 — 2] >0, V& € R™.
i=1 i=1

For any « feasible to (CP), g;(x) <0, i =1,2,...,m, which along with the
complementary slackness condition and the fact that A\; >0, i =1,2,...,m,
reduces the above inequality to

fl@) = f(@) + Velbll e — 2 =0, Vo € C.
As b e B, ||b]| < 1, thereby leading to
fl@) = f(@) + Vellz -z 20, Yz eC

and thus, establishing the requisite result. O

Observe that the above theorem provides a necessary as well as sufficient
characterization to the quasi e-solution. Here the approximate optimality con-
dition is in terms of B and the subdifferentials, unlike the earlier results of
this chapter where the approximate optimality conditions were expressed in
terms of the e-subdifferentials. Also, here we obtain the standard complemen-
tary slackness condition instead of the e-complementary slackness or relaxed
e-complementary slackness conditions. Results similar to the e-saddle point
can also be worked out for quasi e-saddle points. For more details, one can
look into Dutta [37].
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10.7 Modified e-KKT Conditions

In all discussions regarding the KKT optimality conditions in the earlier chap-
ters, it was observed that under some constraint qualification, the optimality
conditions are established at the point of minimizer, that is, the KKT opti-
mality conditions are nothing but point conditions. Due to this very reason,
the KKT conditions have not been widely incorporated in the optimization
algorithm design but only used as stopping criteria. However, if one could find
the direction of the minima using the deviations from the KKT conditions,
it could be useful from an algorithmic point of view. Work has recently been
done in this respect by Dutta, Deb, Arora, and Tulshyan [39]. They introduced
a new notion of modified e-KKT point and used it to study the convergence
of the sequences of modified e-KKT points to the minima of the convex pro-
gramming problem (C'P). Below we define this new concept, which is again
motivated the Ekeland’s variational principle.

Definition 10.22 A feasible point & of (C'P) is said to be a modified e-KKT
point for a given € > 0 if there exists Z € R™ satisfying ||z — z| < /¢ and
there exist & € Of(Z), & € 0g:(Z) and A; >0, i =1,2,...,m, such that

[0+ D N&ill < Ve and e+ Nigi(®) 2 0.
i=1 i=1

Observe that in the e-KKT condition, the subdifferentials are calculated at
some ¥ € B z(Z), whereas the relaxed e-complementary slackness condition
is satisfied at Z itself. Before moving on to the satability part, we try to relate
the already discussed e-solution with the modified e-KKT point.

Theorem 10.23 Consider the convex programming problem (CP) with C
given by (3.1). Assume that the Slater constraint qualification holds and let T
be an e-solution of (CP). Then T is a modified e-KKT point.

Proof. Because Z is an e-solution of (C'P), by Theorem 10.13, there exist
i >0,i=1,2,...,m, such that ¥ is also an e-saddle point along with

e+ > Xigi(®) > 0. (10.30)
i=1

As Z is an e-saddle point,
L(z,\) < L(z,\) +¢, YV eR",

which implies Z is an e-solution of L(.,\) over R™. Applying Ekeland’s vari-
ational principle, Theorem 2.113, for /e, there exists Z € R™ satisfying
|Z — Z|| < /€ such that & is a minimizer of the problem

min L(x,\) + ve||x — Z|| subject to x € R".
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By the unconstrained optimality condition, Theorem 2.89,
0 € OL(A) + Vell. = 2I)(@).

As the functions dom f = dom ¢g; = R™, i = 1,2,...,m, applying the Sum
Rule, Theorem 2.91,

0€0f(&)+ Y _ Nidgi(&) + VEB,
i=1

which implies there exist & € f(%), & € dg;(%), i =1,2,...,m, and b € B
such that

0=2¢ +Z)\igi + Vb,
i=1
thereby leading to

1o + Z Xl < Ve,

i=1

which along with the condition (10.30) implies that Z is a modified e-KKT
point as desired. O

In the case of the exact penalization approach, from Theorem 10.16 we
have that every convergent sequence of e-solutions of a sequence of penalized
problems converges to an e-solution of (C'P). Now is it possible to establish
such a result by studying the sequence of modified e-KKT points and the
answer is yes, as shown in the following theorem.

Theorem 10.24 Consider the convex programming problem (CP) with C
given by (3.1). Assume that the Slater constraint qualification holds and let
{er} C Ry such that e | 0 as k — +oo. For every k, let xp be a modified
ex-KKT point of (CP) such that x, — T as k — +oo. Then T is a point of
minimizer of (CP).

Proof. As for every k, xy is a modified ;-KKT point of (C'P), there exists
71, € R™ satisfying || — 2 || < +/€ and there exist €& € Of (%), £F € 0g:(Tx),
and )\f >0, i=1,2,...,m, such that

1€+ > AFEF < Ver  and  ep+ Y Agi(zi) > 0. (10.31)
=1 =1

We claim that {\*} C R is a bounded sequence. Suppose that {\*} is an
Ak
IA*]

unbounded sequence. Define a bounded sequence 7* = with ||7%]| = 1.
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Because {7*} is a bounded sequence, by the Bolzano-Weierstrass Theorem,
Proposition 1.3, it has a convergent subsequence. Without loss of generality,
assume that v¥ — ~ with ||y|| = 1. Observe that

lee =2l < o= el + o — 7
< ek + |z — Z|.
By the given hypothesis, as k — 400, ¢ | 0 and z; — Z, which implies
T — T.

Now dividing both the conditions of (10.31) throughout by [|\¥|| yields

1 . m ook ﬁsk m . Ek
||Wfo + Z%‘ &Gl < ] and Z’Yi gi(zk) 2 T
i=1 i=1

By Proposition 2.83, f and g;, i = 1,2,...,m, have compact subdifferentials.
Thus, {¢5} and {¢F}, @ = 1,2,...,m, are bounded sequences and hence by
the Bolzano—Weierstrass Theorem, Proposition 1.3, have a convergent subse-
quence. Without loss of generality, let f{f — & and ff — &, 1=1,2,...,m.
By the Closed Graph Theorem, Theorem 2.84, & € df(Z) and &; € 0g;(Z),
i=1,2,...,m. Therefore, as k — +o0,

VE

1 Ek
7516 — 0, —
[[AF ]~ Al

and —
ARl

0,

which implies || Y%, ;& <0, that is, > i, v& = 0 and Y0 v:9:(Z) > 0.
By Definition 2.77 of the subdifferential,

gi(z) —gi(@) > &,z —Z), Ve eR", i=1,2,...,m,

which yields

m

m
Z%‘gi(ﬂf) 2 Z'Yigi(i') >0, VzeR",
=1 =1

thereby contradicting the existence of a point 2 satisfying g;(£) < 0,
i=1,2,...,m by the Slater constraint qualification. Therefore, the sequence
{\*} is a bounded sequence and hence by the Bolzano~Weierstrass Theorem,
Proposition 1.3, has a convergent subsequence. Without loss of generality, let
A\, i =1,2,...,m. Taking the limit as k — 4oc0 in (10.31) yields

€0+ D> N&ill <0 and D Nigi(x) > 0. (10.32)
i=1

=1

The norm condition in (10.32) implies that

0="4%0+ Y Nk,

i=1
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thereby leading to the optimality condition
0€f(x)+ Y Xgi(%).
i=1

As {zy} is a modified €,-KKT point, it is a feasible point of (C'P), that
is, gi(xg) < 0, ¢ = 1,2,...,m, which implies ¢g;(z) <0, i = 1,2,...,m, as
k — 4o00. This along with the condition in (10.32) leads to the complementary
slackness condition

i=1

Hence, T satisfies the standard KKT optimality conditions. As (CP) is a
convex programming problem, by the sufficient optimality conditions, Z is a
point of minimizer of (C'P), thereby establishing the desired result. |

Theorems 10.23 and 10.24 can be combined together and stated as follows.

Theorem 10.25 Consider the convexr programming problem (CP) with C
given by (3.1). Assume that the Slater constraint qualification holds. Let {xz\}
be a sequence of the e-solution of (CP) such that v, — T and e | 0 as
k — 4+o0o. Then T is a point of minimizer of (CP).

10.8 Duality-Based Approach to e-Optimality

In this chapter, in all the results on approximate optimality conditions, we
have assumed the Slater constraint qualification. But what if neither the Slater
nor any other constraint qualification is satisfied. Work has been done in this
respect by Yokoyama [113] using the exact penalization approach. In this
work, he replaced the assumption of Slater constraint qualification by relating
the penalty parameter with the e-maximum solution of the dual problem
associated with (CP). The results were obtained relating the e-solutions of the
given problem (C P), its dual problem, and the penalized problem. Here we will
discuss some of his results in comparison to the ones derived in Section 10.5.
For that purpose, we associate the dual problem

sup w(A\) subject to A€ R™, (DP)
where w(\) = ienﬂgrl L(z,\) and L(z, ) is the Lagrange function given by
m
G ;> ,=1,2,...
L(:L'7 )\) — f(x) +1z:;>\zgl(x)7 Al — 07 1 ) ) 7m7

—00, otherwise.
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Denote the duality gap by § = infycc f(x) — supyerpm w(A). Next we present
the theorem relating the e-solution of (C'P), with the almost e-solution of
(CP) under the assumption of the e-maximum solution of (DP). Recall the
penalized problem

min f,(x) subjectto x&R”, (CP),

where f,(z) = f(z) + Y, prmax{0, g:(z)} and p = (p1,ps,. ., pm) with
pi>0,i=12_...m

Theorem 10.26 Consider the convex programming problem (CP) with C
given by (8.1) and its associated dual problem (DP). Then for p satisfying

- 0
p>3+ max N+ —,
i=1,...,m €

where X = (A1, A2, ..., Am) 45 an e-mazimum solution of (DP), every T that
is an e-solution of (C'P), is also an almost e-solution of (CP).

Proof. Consider an e-solution & € C of (CP), that is,
) < inf
f(@) < inf f(z) +e
As 7 is an e-solution of (C'P),, in particular,

fo(®) < £,(2) + e = f(2) +e,
which implies that

(@) +pY_max{0,g:(7)} < nf f(x) + 2. (10.33)
=1

By the definition of duality gap 6,

inf f(z) = sup w(\)+ 0. (10.34)
zeC AER™

For an e-maximum solution A of the dual problem (DP),

Therefore, using the conditions (10.34) and (10.35), (10.33) becomes

f(f)erZmaX{O,gz )} < f(z +Z/\zgz )+3e+0,

i=1

that is,

pZmax{O 9:(T Si (Z) + 3+ 6.

i=1
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Define the index set I~ = {i € {1,2,...,m} : g;(Z) > 0}. Thus

m m

ngi(f)=pzma>¢{07gi(f)} < Z&gz ) +3c+0

iel>
< Z)\zgz +35+9

el>

which implies

(p— max X;) D (@) < D (p—Ni)gi(®) < 3e +6.

""" iel> iel>

From the above condition and the given hypothesis on p,

3e+0
()< —mm8 8 M8 <
Zgz(l‘)_ (p— max \;) =

iel> i=1,...,m
thereby implying that T € C. = {z e R" : g;(x) < ¢, i =1,2,...,m}.
Also, f(z) < f,(Z). As T is an e-solution of (C'P),,

fo(@) < fp(z) +6, Vo eR",
which along with the fact that f(z) = f,(z) for every « € C leads to
f(@) < f(x)+e YVael,
thus implying that Z is an almost e-solution of (C'P). O
This result is the same as Theorem 10.17 except for the bound on

the penalty parameter. Recall from Theorem 10.17 that p > ate where
€

a = infyec f(z) — infyern f(x). Also in that result the Slater constraint qual-
ification was not assumed. Observe that both the results are similar but the
parameter bounds are different. Under the Slater constraint qualification, it is
known that strong duality holds and thus the duality gap § = 0 and the dual
problem (DP) is solvable. Consequently, under the Slater constraint qualifi-
cation, the bound on the parameter now becomes

p>34+ max A\,
i=1,...,m
where A = (A1, A2, ..., A\) is a maximizer of (DP). Here we were discussing
the existence of an almost e-solution of (C'P), given an e-solution of (C'P),.
From the discussion in Section 10.5, it is seen that under the Slater con-
straint qualification and for p > py with py given in Theorem 10.19,

inf f(@) = inf fy(x),

thereby implying that every T that is an e-solution of (C'P) is also an e-solution
of (CP),. So in absence of any constraint qualification, Yokoyama [113] ob-
tained that Z is an (2¢ + 6)-solution of (CP), presented below.
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Theorem 10.27 Consider the convex programming problem (CP) with C
given by (3.1) and its associated dual problem (DP). Then for p satisfying

p > max A,

i=1,....m

where X = (A1, A2, ..., Am) is an e-mazimum solution of (DP), every T that
is an e-solution of (CP) is also a (2¢ + 0)-solution of (CP),.

Proof. As 7 is an e-solution of (CP), z € C, which implies

fo(@) = f(2) < zlgfcf(x) +e.

As X is an e-maximum solution of (DP), working along the lines of Theo-
rem 10.26, the above condition becomes

Fol®) < f(z) + D Nigi(x) +2e+0, Vo €R™.
i=1
Using the hypothesis on p, the above inequality leads to

fo(@) < flz) + pZmaX{O,gi(ac)} +2e4+0=f,(z)+2+0, VeeR",

i=1
thereby implying that z is a (2e 4 6)-solution of (C'P),. O

It was mentioned by Yokoyama [113] that in the presence of the Slater con-
straint qualification and with A as some optimal Lagrange multiplier, every
Z that is an e-solution of (C'P) is also an e-solution of (CP),. In his work,
Yokoyama also derived the necessary approximate optimality conditions as
established in this chapter in the absence of any constraint qualification. The
sufficiency could be established only under the assumption of the Slater con-
straint qualification.



Chapter 11

Convex Semi-Infinite Optimization

11.1 Introduction

In all the preceding chapters we considered the convex programming problem
(C'P) with the feasible set C of the form (3.1), that is,

C={zeR":gi(z) <0, i=1,2,...,m},

where g; : R* — R, i = 1,2,...,m, are convex functions. Observe that the
problem involved only a finite number of constraints. Now in situations where
the number of constraints involved is infinite, the problem extends to the class
of semi-infinite programming problems. Such problems come into existence in
many physical and social sciences models where it is necessary to consider
the constraints on the state or the control of the system during a period of
time. For examples from real-life scenarios where semi-infinite programming
problem are involved, readers may refer to Hettich and Kortanek [57] and
references therein. We consider the following convex semi-infinite programming
problem,

inf f(x) subjectto g(z,i) <0, i€l (SIP)

where f, g(.,7) : R® — R, i € I are convex functions with infinite index set
I C R™. The term “semi-infinite programming” is derived from the fact that
the decision variable x is finite while the index set I is infinite. But before
moving on with the derivation of KKT optimality conditions for (SIP), we
present some notations that will be used in subsequent sections.

Denote the feasible set of (SIP) by Cf, that is,

Cr = {xER”:gi(:E) <0, ZGI}
Let R be the product space of A = (A\; € R:i € I) and
RUT = {X e R : \; # 0 for finitely many i € I},

while the positive cone in RUI, RL{], is defined as

RU = (A eRW: N\ >0, Viell.

365



366 Convex Semi-Infinite Optimization

For a given z € R’ and A € RUI define the supporting set of \ as
supp A ={i € I : \; # 0},

iel i€supp A

With these notations, we now move on to study the various approaches to
obtain the KKT optimality conditions for (SIP).

11.2 Sup-Function Approach

A possible approach to solve (SIP) is to associate a problem with a finite
number of constraints, that is, the reduced form of (SIP)

inf f(z) subject to g(z,i) <0, i€l (SIP)

where I C I is finite and f and g(.,i), i € I are as in (SIP) such that the
optimal value of (SIP) and the reduced problem (SIP) coincide. Then (SIP)
is said to be the equivalent reduced problem of (SIP). One way to reduce (SIP)

to an equivalent (S/'I:ID) is to replace the infinite inequality constraints by a
single constraint,

g(x) = supg(z,i),
icl

where § : R® — R is a convex function by Proposition 2.53 (iii). Therefore,
the reduced problem is
inf f(x) subjectto g(z)<O0. (§ﬁ38up)

Such a formulation was studied by Pshenichnyi [96], where g(.,¢) for every

i € I, were taken to be convex differentiable functions. Observe that (SAIYDSUP)
is of the form (CP) studied in Chapter 3. It was seen that under the Slater
constraint qualification, the standard KKT optimality conditions for (CP)

can be obtained. Therefore, to apply Theorem 3.7, (SIP,p) should satisfy
the Slater constraint qualification. But this problem is equivalent to (SIP),
for which we introduce the following Slater constraint qualification for (SIP).

Definition 11.1 The Slater constraint qualification for (SIP) is
(i) I C R™ is a compact set,
(ii) g(z,%) is a continuous function of (z,7) € R™ x I,

(iii) There exists & € R™ such that g(Z,7) < 0 for every i € I.
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Observe that in the Slater constraint qualification for (C'P), only condition
(iii) is considered. Here the additional conditions (i) and (ii) ensure that the
supremum is attained over I, which holds trivially in the finite index set
scenario. We now present the KKT optimality condition for (SIP).

Theorem 11.2 Consider the convex semi-infinite programming problem
(SIP). Assume that the Slater constraint qualification for (SIP) holds. Then
Z € R™ is a point of minimizer of (SIP) if and only if there exists \ € RE{(I)]
such that

0€af@+ > Ndg(x,i),

1ESUPP A
where 1(z) = {i € I : g(z,i) = 0} denotes the active index set and the
subdifferential Og(z,1) is with respect to x.

Proof. As already observed, (SIP) is equivalent to (Sﬁsup) and thus Z is

also a point of minimizer of (Sﬁsup). As the Slater constraint qualification
for (STP) holds, then by conditions (i) and (ii) the supremum is attained over
I. Therefore, by condition (iii) of the Slater constraint qualification for (SIP),
there exists £ € R™ such that

§(&) =supg(,i) <0,
el

which implies that (@Sup) satisfies the Slater constraint qualification. In-
voking Theorem 3.7, there exists A’ > 0 such that

0€df(z)+Nog(x) and Ng(z)=0. (11.1)
Now we consider two cases depending on §(Z).

(i) g(Z) < 0: By the complementary slackness condition X’ = 0. Also, because
(%) <0, g(Z,1) < 0 for every ¢ € I, which implies the active index set I(Z)
is empty. Thus the optimality condition (11.1) reduces to

0€of(z),

and the KKT optimality condition for (STP) holds with A = 0 € R,

(ii) g(z) = 0: By the complementary slackness condition, A > 0. Define the
supremum set as

I(z) ={i € l:g(z,i) = ()} = {i € I : g(a,) = O},
which implies that I(z) = I(z). By the conditions (i) and (ii) of the Slater

constraint qualification for (SIP), I(Z) and hence I(Z) is nonempty. By the
Valadier formula, Theorem 2.97, the optimality condition becomes

0eaf(@+ > Nog(x,i),

icl(z)
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where A; = N'X; > 0, i € I(z) with X € RV satisfying 3 =L
As N >0, )\ € RE{(E)] and thus the preceding optimality condition can be
expressed as

1ESsUpp

0€af@+ Y. Nog(x,i).

i€ESupp A

Thus, the KKT optimality condition is obtained for (SIP).
Conversely, suppose that the optimality condition holds, which implies
that there exist £ € df(Z) and & € dg(Z, 1) such that

0=¢(+ ) A&, (11.2)

iEsSupp A
where \ € Rg(i)]. By Definition 2.77 of the subdifferential, for every = € R",

f(j:) + <§7$ _j:>7

>
> g(z,1) + (&, x—T), i € supp A,

which along with the condition (11.2) implies that

f@)+ >0 Xglzi) > f@)+ > Xig(zi), Yz eR™

iESUpp A iESuUpp A

The above inequality along with the fact that g(z,i) =0, i € I(Z) leads to

f@+ > Niglz,i) > f(z), Vo eR™

i€Esupp A

In particular, for z € Cj, that is, g(x,i) < 0, i € I, the above condition
reduces to

flz) > f(z), Vel

thereby implying that Z is the minimizer of (SIP). O

11.3 Reduction Approach

As already mentioned in the preceding section, the reduction approach is one
possible method to establish the KKT optimality condition for (SIP). The
sup-function approach was one such reduction technique. Another way to for-
mulate an equivalent (STP) is to use the approach by Ben-Tal, Rosinger, and
Ben-Israel [9] to derive a Helly-type Theorem for open convex sets using the
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result by Klee [72]. But this approach was a bit difficult to follow. So Bor-
wein [16] provided a self-contained proof of the reduction approach involving
quasiconvex functions. Here we present the same under the assumptions that
g(.,1) is convex for every i € I and g(.,.) is jointly continuous as a function
of (z,i) € R™ x I. In the proof, one only needs g(z,) to be jointly usc as a
function of (z,7) € R™ x I along with the convexity assumption.

Proposition 11.3 Consider open and closed conver sets U C R"™ and
C C R"™, respectively. The following are equivalent when I is compact.

(i) There exists x € C' and € > 0 such that

x+eBCU, g(y,i)<0,Vycax+eB, Viel.

(i) (a) For every set of n+ 1 points {ig,i1,...,in} C I, there exists x € C
such that

g(x,i0) <0, g(z,i1) <0, ..., g(x, i) <O.

(b) For every set of n points {i1,ia,...,in} C I, there exists x € C such
that

x e U, g(x,i1) <0, g(z,i2) <0, ..., g(x,i,) <O0.

Proof. It is obvious that (i) implies (ii)(b). Also, in particular, taking
y=x €x+eBin (i) yields (ii)(a). Therefore, to establish the result, we show
that (ii) implies (i).

Suppose that both (ii)(a) and (b) are satisfied. We first prove that (ii)(a)
implies (i) with U = R™. For any r € N and any i € I, define the set

1
C'@)={zeCnrdB:g(y,i) <0, Vy€x+;IB%}.
Observe that C"(i) C r ¢l B and hence is bounded.
We claim that C7(4) is convex. Consider z1, z2 € C7 (i), which implies that

z; € CNrc B, j=1,2. Because C' and cl B are convex sets, C N7 cl B is
also convex. Thus,

(1—)\)$1+)\$2€COTCZB7 V)\E[O,l].

1
For any y; € z; + =B, j = 1,2,
r

1 1
y=1=Ny1+My2 € (1—/\)(331-1-;153)4'/\(962—&-;13)

1
C (1—=XNxy+ Aze + ;IB%.
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As x1,29 € C(4), for j = 1,2,
9(y;,1) <0, Yy; €x;+ %B.
By the convexity of g(.,1), for any \ € [0,1],
9(y,1) < (1= Ng(y1,1) + Ag(y2,) < 0.

1
Because the above conditions hold for arbitrary y; € x; + =B, j = 1,2,
r

1

g(y,i) <0, Vye (l—Nzy + Aza+ ;IB%.

Therefore, from the definition of C” (i), it is obvious that
(1=XNax1+ A2 € C™(3), YV A €]0,1].

Because x1,z2 € C7(i) are arbitrary, C"(4) is a convex set.

Next we prove that C7(i) is closed. Suppose that z € ¢l C7"(i), which
implies there exists a sequence {z}} C C" (i) with z, — Z. Because zj, € C" (%),
zr € CNr cl B such that

1
9(y,1) <0, Vy €z, + ;IB. (11.3)

Because C' and ¢l B are closed sets, C N r ¢l B is also closed and thus,

1
ZelCnrcB. Now if £ ¢ C"(i), there exists some § € T + —B such that
r

1

9(y,1) > 0. As z, — T, for sufficiently large k, § € xp + —B with g(g,7) > 0,
r

which is a contradiction to condition (11.3). Thus C7 (i) is a closed set.

Finally, we claim that for some 7 € N and every set of n 4+ 1 points
{io,il,...,in} cl,

() C7 () # 0.
j=0

On the contrary, suppose that for every r € N, there exist n + 1 points
{ig,45,...,in} C I such that

() C(if) =0. (11.4)

Define the sequence s, = (if,i},...,i") € I"™1. As I is a compact set,
I"+1 s also compact and thus {s,} is a bounded sequence. By the Bolzano—
Weierstrass Theorem, Proposition 1.3, it has a convergent subsequence. With-
out loss of generality, assume that s, — 5, where 5 = (ig,i1,...,4,) € "1

As (ii)(a) is satisfied, there exists & € C such that

g(jag()) <O7 g(jagl) <07 R g(fvgn) <0.
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Because g(.,.) is jointly continuous on (x,i) € R™ x I, hence jointly usc on

(z,i) € R™ x I. Therefore, by the above condition there exist ¢ > 0 and a
neighborhood of ¢j, N'(4;), j = 0,1,...,n, such that

g(y,i;) <0, Vyez+eB, Vi; e N(ij), j=0,1,...,n. (11.5)

As i — ij, one may choose 7 € N sufficiently large such that

S

1Z]| <7, &> and if € N(i;), j=0,1,...,n. (11.6)

Combining (11.5) and (11.6

~

, T € CNT cl B such that
.f — 1
g(y,i;) <0, VyEx—!—%IB%.

.,n, which contradicts our as-

Therefore, z € C7(i}) for every j = 0,1,..
€ N and every set of n 4+ 1 points

sumption (11.4). Thus, for some 7
{io,il,...,in} c I,

() C7(i;) # 0.
j=0

As C"(i;), j = 0,1,...,n, are nonempty compact convex sets, invoking Helly’s
Theorem, Proposition 2.28,

() C7 () # 0.
el

From the above condition, there exists & € C"(¢) for every ¢ € I, which implies
Z € C such that

1
g(y,1) <0, Vye:%—&—;IB%, 1€ 1.

1
Taking U = R™ and defining ¢ = - for r € N, the above condition yields (i).
To complete the proof, we have to finally show that (ii)(b) also implies (i).
This can be done by expressing (ii(b) in the form of (ii)(a). Consider a point
i’ ¢ I and define I’ = {i’} U I, which is again a compact set. Also define the
function ¢’ on R™ x I’ as

fa -6, z€U, reoe N
Jai)={ 2 TSl ad i) =g il

where 6 > 0. Observe that ¢'(.,7), ¢ € I’ satisfies the convexity assumption
and is jointly usc on R™ x I’. Therefore, (ii)(b) is equivalent to the existence
of z € C for every n points {i1,42,...,i,} C I,

g (z,i) <0, ¢'(x,i1) <0, ..., ¢ (z,in) <O. (11.7)
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As (ii)(a) is also satisfied, for every n+1 points {ig, i1, ...,4,} C I there exists
x € C such that

g (z,10) <0, ¢'(z,i1) <0, ..., ¢ (z,in) <O. (11.8)

Combining the conditions (11.7) and (11.8), (ii)(b) implies that for every n+1
points {ig,%1,...,4,} C I’ there exists € C such that

g (z,i0) <0, ¢'(x,i1) <0, ..., ¢'(x,in) <O,

which is of the form (ii)(a). As we have already seen that (ii)(a) implies (i)
with U = R"™, there exists x € C' and € > 0 such that

g (z,i) <0, Vyexz+eB, Viel,
which by the definition of the function ¢’ implies that
yeU, g(x,i) <0, Vyeax+eB, Viel,
that is,
x4+eBCU, g(x,i) <0, Vyeax+eB, Viel.

Thus, (ii)(b) implies (i) and hence establishes the result. O

Using the above proposition, Borwein [16] obtained the equivalent reduced
form of (SIP) under the relaxed Slater constraint qualification. The convex
semi-infinite programming (S1P) is said to satisfy the relazed Slater constraint
qualification for (SIP) if given any n+1 points {ig, i1, ...,4,} C I, there exists
Z € R™ such that

g(iﬁ,’i()) <0, g(.’%,%l) <0, ..., g(ﬁﬂn) < 0.

Observe that the Slater constraint qualification for (STP) also implies the
relaxed Slater constraint qualification for (SIP). Now we present the KKT

optimality condition for (SIP) by reducing it to the equivalent (SIP).

Theorem 11.4 Consider the convex semi-infinite programming problem
(SIP). Suppose that the relaxzed Slater constraint qualification for (SIP) holds.
Then T is a point of minimizer of (SIP) if and only if there exist n points
{iv,dg, .. yin} C I, Ni; 20, j=1,2,...,n, such that

n
0€0f(Z)+ Y Ni,0g(T,i;).
j=1
Proof. Define an open set

U={zeR": f(z) < f(2)}.
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Consider z1,xs € U. By the convexity of f,
F(A=Nz1 4+ Az2) < (1= N)f(21) + Af(z2) < f(z), VA €[0,1],

which implies (1 — A)xzy + Axe € U. Because x1,x2 € U were arbitrary, U is
a convex set. As T is a point of minimizer of (SIP), there does not exist any
z € R" and € > 0 such that

z+eBCU g(y,i)<0, Vyex+eB, Viel,

which implies that (i) of Proposition 11.3 does not hold. Therefore either
(ii)(a) or (ii)(b) is not satisfied. As the relaxed Slater constraint qualification
for (SIP), which is the same as (ii)(a), holds, (ii)(b) cannot be satisfied. Thus,
there exist n points {i1,42,...,4,} C I such that

flzx) < f(z), g(z,i;) <0, j=1,2,...,n, (11.9)
has no solution. We claim that Z is a point of minimizer of the reduced problem
inf f(x) subjectto g(z,i;) <0, 7=12,...,n. (S/’IVP)

Consider a feasible point Z of (57173), that is,
g(z,1;) <0, j=1,2,....n. (11.10)
Also, by the relaxed Slater constraint qualification for (SIP), corresponding
to the n + 1 points {ig,i1,42,...,in} C I with {i1,ia,...,i,} as in (SIP),

there exists & such that

g(#,i;) <0, j=0,1,2,...,n. (11.11)

By the convexity of ¢(.,%;), j =1,2,...,n, along with the conditions (11.10)
and (11.11),

Because the system (11.9) has no solution,
fF(A=XNZ+A2) > f(Z), YA€ (0,1). (11.12)

As dom f = R", by Theorem 2.69, f is continuous on R™. Thus, taking the
limit as A — 0, the inequality (11.12) leads to

f(@) > f(z).

Because 7 is an arbitrary feasible point of (ST.ﬁD)7 Z is a point of minimizer of
(SIP). Observe that by (11.11), the Slater constraint qualification is satisfied
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by the reduced problem. Therefore, invoking Theorem 3.7, there exist A;; > 0,
j=1,2,...,n, such that

0€0f(x)+ Y Ni,g(x,i;) and \jg(z,i;) =0, j=1,2,...,n. (11.13)

Jj=1

We claim that \ € Rg(i)]. From the complementary slackness condition in
the optimality condition (11.13), if i; & I(Z), A; = 0, whereas for i; € I(z),
Ai; > 0. For i & {i1,ia,...,i,} but i € I(z), define A\; = 0. Therefore,
A€ R[f(j)] such that

0eaf@+ Y. Nog(z,i),
iESuUpp A

thereby yielding the KKT optimality condition for (SIP). The converse can
be worked out along the lines of Theorem 11.2. O

11.4 Lagrangian Regular Point

In both the preceding sections on reduction techniques to establish the KKT
optimality condition for (SIP), the index set I was taken to be compact. But
then what about the scenarios where the index set I need not be compact.
To look into such situations, Lépez and Vercher [75] introduced the concept
of Lagrangian regular point, which we present next. Before we define this
concept, we introduce the following notations.

For z € C; having nonempty I(Z), define

S(z)={0g(z,i) eR":ie (@)} = ] og(z,i)
iel(z)

and

8(2) = cone co S@) ={ Y Adg(z,i) eR": e RID)Y,

iESUPP A

For any i € I(z), consider & € dg(Z,i) C S(z). By Definition 2.77 of the
subdifferential,

g(x,i) — g(z,i) > (&, 2 —z), V2 € R

In particular, for {z;} C Cy, that is, g(zx,4) < 0 along with the fact that
9(Z,i) =0, i € I(Z), the above inequality reduces to

(Ci,op—2) <0, VkeN.



11.4 Lagrangian Regular Point 375
For any {ax} C Ry,
(S an(zr — 7)) <0, VEEN.
Taking the limit as k — +oo in the above inequality,
(€,2) = lim (&, ax (g — 7)) <0,

where z € cl cone (C; — z). By Theorem 2.35, 2 € T¢, (Z). Because i € I(T)
and & € S(Z) were arbitrary,

(€,2) <0, V&€ S),
which implies z € (S(Z))°. Because z € T¢, (%) is arbitrary,
Te, (T) € (S(7))°, (11.14)

which by Propositions 2.31(iii) and 2.37 implies that ¢l S(Z) C Ng, (). As
(SIP) is equivalent to the unconstrained problem,

inf (f+4dc,)(z) subject to x€R™, (SIP,)

therefore, if Z is a point of minimizer of (SIP), it is also a minimizer of (SIP,).
By Theorem 3.1, the following optimality condition

0 € 9f(z) + N¢, () (11.15)

holds. So rather than cl 5(Z) C Ng, (), one would prefer the reverse relation
so that the above condition may be explicitly expressed in terms of the subd-
ifferential of the constraints. Thus, we move on with the notion of Lagrangian
regular point studied in Lépez and Vercher [75].

Definition 11.5 % € (7 is said to be a Lagrangian regular point if
(i) I(z) is empty: T, (Z) = R™.
(i) I(z) is nonempty: (S(z))° C Te, (Z) and S(z) is closed.

Recall the equivalent Abadie constraint qualification for (C'P) studied in
Chapter 3, that is, S(Z) C Tc(Z), where

S(z)={veR":g(z,v) <0, Viel(z)}
By Proposition 3.9,
(8(2)° = el 5(z)

which by Proposition 2.31(ii) and (iii) along with the fact that S(Z) is a closed
convex cone implies that
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where
S(z) ={0g;(z):i=1,2,...,m} = U 0g;(Z

Therefore, the Abadie constraint qualification is equivalent to
(S(2))° C Te(@).

Moreover, in the derivation of the standard KKT optimality condition for
(CP), Theorem 3.10, under the Abadie constraint qualification, we further
assumed that S (z) was closed. A careful look at the Lagrangian regular point
when I(Z) is nonempty shows that it is an extension of the Abadie constraint
qualification to (SIP) along with the closedness condition. Next we derive
the KKT optimality condition for (STP) under the Lagrangian regularity.
The result is due to Lépez and Vercher [75].

Theorem 11.6 Consider the convex semi-infinite programming problem
(SIP). Assume that T € Ct is a Lagrangian regular point. Then T is a point

of minimizer of (SIP) if and only if there exists A € RL{(@] such that
0€df(zx) Z Ai0g(Z,1)
1ESUpPpP A

Proof. Suppose that Z is a point of minimizer of (SIP), which by the condi-
tion (11.15) implies

0 € 9f(z) + N, (z).
Therefore, there exists £ € 9f(Z) such that
—£ € Ng, (Z).

Depending on the emptiness and nonemptiness of I(Z), we consider the fol-
lowing two cases.

(i) I(z) is empty: As T is a Lagrangian regular point, T, (Z) = R™, which by
Proposition 2.37 implies that

Ne, (7) = (Te, (7)) = {0}
Therefore, the optimality condition reduces to
0 € df(x).

(ii) I(Z) is nonempty: As Z is a Lagrangian regular point, (S(Z))° C T¢, (Z),
which by Proposition 2.31(i) and (iii) yields that

Ne,(z) < (@)
=l cone co S(z) = cl 8(z). (11.16)
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Also, by relation (11.14), T¢, (Z) C (S(%))°, which implies that
e 5(z) € Ne, (z) (11.17)
is always true. Combining the conditions (11.16) and (11.17),
Ng, (%) = ¢l S(z).

Again, by Definition 11.5 of the Lagrangian regular point, S (Z) is closed and
hence, the KKT optimality condition becomes

0€af(z)+S(z),

which implies that there exists A\ € R[Jf(i)] such that

0edf@+ Y. Ndg(x,0),

iESUPP A

as desired. The converse can be worked out as in Theorem 11.2; thereby es-
tablishing the requisite result. |

In Goberna and Lépez [50], they consider the feasible direction cone to
F CR"at z € F, Dp(Z), defined as

Dp(z) = {d € R" : there exists A > 0 such that Z + A\d € F'}.
It is easy to observe that
Dp(z) C cone (F — ). (11.18)
In case F is a convex set, by Definition 2.46 of convex set, for every z € F,
T4+ Mz —zZ)eF, Ve (0,1),

which implies ¢ — Z € Dp(Z). Because x € F was arbitrary, F — & C Dp(Z).
As Dp(Z) is a cone,
cone (F'—z) C Dp(Z). (11.19)

Combining the conditions (11.18) and (11.19),
Dp(z) = cone (F — )

and hence, the tangent cone to F' at T is related to the feasible direction set
as

TF(.f) =cl DF(i‘)

For the convex semi-infinite programming problem (SIP), the feasible set is
C7. In particular, taking F' = C; in the above condition yields

TCI(S_C) =cl DCI(‘T:)'
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From (11.14) we have that T, (Z) C (S(z))°; thus the above condition yields

D¢, () € Te, (z) € (5(2))° (11.20)

In Definition 11.5 of the Lagrangian regular point, for £ € C; with nonempty
1(z),

(5(x))° € Te, (7) = el De, (7).

Combining the above condition with (11.20), which along with Proposi-
tion 2.31 and the fact that S(Z) = cone co S(z) implies that

d 5(z) = (5(2))°° = (D¢, (2))°-

By the closedness condition of S () at the Lagrangian regular point Z, the
preceding condition reduces to

5(z) = (De, (7))°.

The above qualification condition is referred to as the convex locally Farkas-
Minkowski problem in Goberna and Lépez [50]. For z € ri Cr, Te, () = R,
which by Proposition 2.37 implies that

Ne, () = (T, (7)° = {0}

As T, () C (S(z))° always holds, by Proposition 2.31,

{0} € (8(@)*° € (Te, (7))° = {0}

which implies
S(z) = ¢l cone co S(z) = (S(z))°° = {0}.

Thus, S’\(a’c) = N¢,(Z) for every T € 1i Cr. Therefore one needs to impose
the Lagrangian regular point condition to boundary points only. This fact
was mentioned in Goberna and Lépez [50] and was proved in Fajardo and
Lépez [44].

Recall that in Chapter 3, under the Slater constraint qualification, Propo-
sition 3.3 leads to N¢(Z) = S(Z), which by Propositions 2.31 and 2.37 is
equivalent to

~

Te(z) = (S(2))° = (cd 5(x))° = S(x).

Also, under the Slater constraint qualification, by Lemma 3.5, S (z) is closed.
Hence the Slater constraint qualification leads to the Abadie constraint qualifi-
cation along with the closedness criteria. A similar result also holds for (SIP).
But before that we present Gordan’s Theorem of Alternative which plays an
important role in establishing the result.
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Proposition 11.7 (Gordan’s Theorem of Alternative) Consider x; € R™ for
i € 1, where I is an arbitrary index set. If co{x; : i € I} is a closed set, then
the equivalence holds between the negation of system (I) and system (II),
where

(1) {zeR":(z;,z)<0,iel}#0,
(II) 0€co{zx;:i€l}.
Proof. If z; = 0 for some ¢ € I, then the result holds trivially as system (I)
is not satisfied while system (/1) holds. So without loss of generality, assume
that x; # 0 for every i € I.
Suppose (I) does not hold. Let 0 ¢ co {x; : ¢ € I}. As by hypothesis

co {x; : 1 € I} is closed, by the Strict Separation Theorem, Theorem 2.26(iii),
there exists a € R™ with a # 0 such that

(a,z)y <0, Vxeco{r;:iel}
In particular, for x; € co {z; : i € I},
(a,2) <0, Viel,

which implies system (I) holds, a contradiction to our supposition. Thus
0 € co {z; : i € I}, that is, system (IT) holds.

Suppose that system (II) holds, which implies that there exists A € RL{]
with Y A; = 1 such that

iEsupp A

iesupp A

Let Z € {x € R™: (z;,z) <0, i € I}. Therefore,

0=1(0,2)= Y Nz, z) <0,

iESUPP A

which is a contradiction. Thus, system () does not hold, thereby completing
the proof. |

The hypothesis that co {z; : i € I} is a closed set is required as shown
in the example from Lépez and Vercher [75]. Consider x; = (cosi,sin¢) and

I= [—g, g) Observe that (0,0) & co {x; :i € I} as
0cco{cosi:iecl} and O0€cco{sini:icl}

cannot hold simultaneously because 0 € co {cos i : i € I} is possible only if

1= —g at which sin i = —1. Thus system (II) is not satisfied. Also, there

does not exist any © = (¢, zs) such that

Zecos i+ xssin i <0, Viel (11.21)
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T
On the contrary, suppose that such an x exists. In particular, taking i = —3

7

and ¢ = 0 yields that z5 > 0 and z. < 0, respectively. But as the limit ¢ — 5
TCOS 1+ TsSIN T — T,

that is, for some ¢ € I, x.cos i + xssin ¢ > 0, which is a contradiction to

(11.21). Hence, system (1) is also not satisfied. Note that co {x; : i € I} is not

™
closed because taking the limit as ¢ — 5

x; = (cos i,sin i) — (0,1)
and (0,1) ¢ co {x; :i € I}.

Now we present the result from Lépez and Vercher [75] showing that
the Slater constraint qualification for (SIP) implies that every feasible point
x € Cf is a Lagrangian regular point.

Proposition 11.8 Consider the conver semi-infinite programming problem
(SIP). If the Slater constraint qualification for (SIP) holds, then every z € C;
1s a Lagrangian regular point.

Proof. Suppose that z € Cj, that is,
g(z,i) <0, i€l
Define g(x) = sup;c; g(x, ).

(i) I(z) is empty: By conditions (i) and (ii) of the Slater constraint qualifica-
tion for (SIP), g(Z) < 0 which by Proposition 2.67 implies that Z € ri Cf.
Therefore,

Te,(Z) = cl cone (C; — ) = R™

(ii) I(Z) is nonempty: We claim that I(Z) is compact. By condition (i) of the
Slater constraint qualification for (SIP), I is compact. Because I(Z) C I, I(Z)
is bounded. Now consider {ix} C I(Z) such that i, — ¢. By the compactness
of I and the fact that I(z) C I, i € I. As i, € I(Z),

g(jaik:) = 07 Vke N7

which by condition (ii) of the Slater constraint qualification for (SIP), that
is, the continuity of g(x, ) with respect to (z,4) in R™ x I, implies that as the
limit & — 400, g(Z,4) = 0 and thus ¢ € I(Z). Therefore, I(Z) is closed, which
along with the boundedness implies that I(Z) is compact.

Next we will show that S(z) = Uier) 99(2, ) is compact. Suppose that
{&} € S(z) with & — & As & € S(z), there exists ix € I(Z) such that
&k € 09(Z, 1), that is, by Definition 2.77 of the subdifferential,

g(x,ix) — g(Z, i) > Epyx —T), Ve R™
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).
i)

As I(Z) is compact, without loss of generality, assume that i, — @ € I(Z
Taking the limit as k& — +oo in the above inequality along with condition (i
of the Slater constraint qualification for (STP) yields

g(i[,’,’é) 7g(jvl) Z <§,$ 7i’>7 Ve Rna

that is, £ € dg(z,4) with i € I(z). Therefore § € S(z), thereby implying that
S(Z) is closed. As dom g(.,i) = R™, i € I(Z), by Proposition 2.83, 0¢(Z, %) is
compact for ¢ € I(Z), which implies for every &; € dg(Z, ) there exists M; > 0

such that
&l < M;, ¥ i e I(z).
Because I(Z) is compact, the supremum of M; over I(Z) is attained, that is,

sup M; = M < +o0.
1€I(x)

Therefore, for every ¢ € I1(Z),
1€l < M, ¥V € € 9g(2,9),

which implies that S(Z) is bounded. Thus S(Z) is compact.

As I(Z) is nonempty, g(Z) = 0. By condition (iii) of the Slater constraint
qualification for (S1P), there exists & such that ¢(Z,4) < 0, ¢ € I, which along
with condition (i) yields that

9(2) <0=g(z).

Thus, Z is not a point of minimizer of g and hence 0 ¢ dg(Z). By the Valadier
formula, Theorem 2.97,

0¢co U dg(z,1) = co S(T).

i€l(z)

Because S(Z) is compact, by Theorem 2.9, co S(Z) is also compact. By Propo-

sition 3.4, cone co S(z) and hence S(z) is closed.
Finally to establish that z is a Lagrangian regular point, we will prove

that (S(Z))° C T¢, (Z). Define the set
S'(z)={x e R": (£,2) <0, V&€ S(T)})

As co S(z) is closed with 0 ¢ co S(z), by the Gordan’s Theorem of Alternative,

Proposition 11.7, S’(Z) is nonempty. Therefore, by Proposition 2.67, ri (S(Z))°

is nonempty. Consider z € ri (S(Z))°, which implies

(€,2) <0, Ve S@),
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which leads to
(£,2) <0, V&€ coS(T).

Again, by the Valadier formula, Theorem 2.97,

9g9(Z) = co U 9g(.,7) = co S(T).

Thus,
(§,2) <0, V&€ dg(z).

By the compactness of I, the supremum is attained by g(.,7) over I. As
dom ¢(.,i) =R"™, dom g = R™. Therefore, by Theorem 2.79,

"(Z,2) = max (£,2).
§@) = o (6.2

Also, because dom g = R"™, by Proposition 2.83, dg(7) is compact and thus
9'(Z,z) < 0, which implies that there exists A > 0 such that

g(T+A2) <0, ¥ A€ (0,N),
which implies that for every A € (0, \),
g(Z+Az,1) <0, Viel.

Hence, T + Az € Ct for every A € (0, \), which yields

1
z € X(CI —Z) Ccl cone (Cr —z) =T¢,(Z).
Because z € ri (S(z))° was arbitrary, ri (S(z))° C T¢,(Z), which along with
the closedness of the tangent cone, T¢, (Z), leads to

(S(x))° =l (ri (8(2))°) C Tc, (2).

From both cases, we obtain that £ € C7 is a Lagrangian regular point. Because
T was arbitrary, every feasible point is a Lagrangian regular point under the
assumption of the Slater constraint qualification for (SIP), thereby establish-
ing the result. O

11.5 Farkas—Minkowski Linearization

In the previous section on the Lagrangian regular point, observe that it is
defined at a point and hence is a local qualification condition. We observed
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that the notion of Lagrangian regular point is also known as the convex locally
Farkas—Minkowski problem. In this section, we will discuss about the global
qualification condition, namely the Farkas—Minkowski qualification studied
in Goberna, Lépez, and Pastor [51] and Lépez and Vercher [75]. Before in-
troducing this qualification condition, let us briefly discuss the concept of
Farkas—Minkowski system for a linear semi-infinite system from Goberna and
Lépez [50].
Consider a linear semi-infinite system

O = {(z;,x) >¢;, 1 €1} (LSIS)

The relation (Z,z) > ¢ is a consequence relation of the system © if every solu-
tion of © satisfies the relation. A consistent (LSIS) O is said to be a Farkas—
Minkowski system, in short, an FM system, if every consequent relation is a
consequence of some finite subsystem. Before we state the Farkas—Minkowski
qualification for convex semi-infinite programming problem (SIP), we present
some results on the consequence relation and the FM system from Goberna
and Lépez [50].

Proposition 11.9 (Z,z) > ¢ is a consequence relation of the consistent
(LSIS) © if and only if

(Z,¢) € cl cone co {(xi,c;), i € I; (0,—1)}.
Proof. Denote by K C R**! the convex cone
K = cone co {(x;,¢), i € I; (0,—1)}.
Consider ¢’ ¢ I and define (z;/,¢7) = (0,—1) and I’ = {i’} U I. Thus
K = cone co {(z;,¢;), i € I'}.

Suppose that (Z,¢) € ¢l K, which implies there exist {A\z} C R[f], {sk} €N,
{xlkj} C R™ and {Cikj} C R satisfying ix; € I’ for j = 1,2,..., sy, such that

= lim Z)\k iy Ciy) (11.22)

As I c R, by the Carathéodory Theorem, Theorem 2.8, 1 < s, < n + 2.
For any k € N with s, < n 4 2, define A\, = 0 and any arbitrary (a:ikj,cikj)
with 4y, € I’ for j = s + 1,5 + 2,...,n + 2. Therefore, condition (11.22)

becomes
n+2

(#,¢) = lim Dk (@i, i) (11.23)
=1

If Z is a solution of (LSIS) ©,

<xikj7j> Zcikjv j=1L2,...,n+2
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which along with the fact Ay; >0, j =1,2,...,n+ 2, leads to

n+2 n+2
Z Ak, (Ti,, , T) = Z Ak; Ci, -
j=1 j=1
Taking the limit as ¥ — +o0 in the above condition along with (11.23) yields
(Z,T) > ¢.

Because T was arbitrary, (Z,z) > ¢ is a consequence relation of (LSIS) ©.

Conversely, suppose that (Z,z) > ¢ is a consequence relation of (LSTS) ©.
We claim that (Z,¢) € ¢l K. On the contrary, suppose that (Z, ¢) € ¢l K. By the
Strict Separation Theorem, Theorem 2.26 (iii), there exist (v, ¥n+1) € R” xR
with (7, Yn+1) # (0,0) such that

(v, ) + n1e > @ = (7, Z) + Y116, ¥V (x,¢) € d K. (11.24)
As 0 € K C ¢l K, the above condition implies that & < 0. We claim that
(v, ) + Y1 >0, V (z,¢) € cl K.
On the contrary, suppose that there exists (Z,¢) € ¢l K such that
& < (Y, Z) + Yny1C < 0.

Because ¢l K is a cone, A\(Z,¢) € ¢l K for A > 0. Therefore, the above inequality
along with the condition (11.24) implies that

& < (7, AT) + Yns1\E < 0. (11.25)
Taking the limit as A\ — 400,
(7, AZ) + Yn41A€ — —00,
thereby contradicting the relation (11.25). Thus,
(v, ) + np1c > 0> @, ¥V (z,¢) € e K. (11.26)
As (0,-1) e KL C el K, for A >0, (0,—A) € ¢l K. Therefore, (11.26) leads to
A1 >0, YA >0,

which implies that v,+1 < 0. We now consider the following two cases.

(i) Yn+1 = 0: The condition (11.26) reduces to
(v:x) 20> (7,2), V (z,¢) €l K.
In particular, for (x;,¢;) € cl K, i € I,

(y,23) > 0> (y,%), Viel. (11.27)
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As (LSIS) © is consistent, there exists & € R™ such that
(T,mi) > ¢y, YViel (11.28)
Therefore, from the inequalities (11.27) and (11.28), for any A > 0,
T+ My, 2y > ¢y, Viel,

which implies Z+ A\ is a solution of (LSIS) ©. By our supposition, (Z,z) > ¢
is a consequence relation of ©, which implies that

(£, +\) > ¢ (11.29)
By the condition (11.27), as the limit A — 400,
<i‘ + )‘77i'> — — 0,

thereby contradicting the inequality (11.29).

(ii) Yn+1 < 0: As yp41 # 0, dividing (11.26) throughout by —~,,41 and setting
F=—1
Yn+1

(Z, ) —c>0>(z,Z) — ¢ ¥ (v,c) € cl K.
The above condition holds in particular for (x;,¢;) € K C ¢l K, i € I. Thus,
(Tyx;)—c; 20> (Z, Ty —¢ Viel,
that is,

(Z,z) > ¢, i€l and (T,7)<é.

Therefore, Z is a solution of (LSIS) © but does not satisfy the consequence
relation (Z,x) > ¢, which is again a contradiction.

Hence, our assumption was wrong and (Z,¢) € ¢l K, thereby completing the
proof. O

Next we present the characterization of the FM system © from Goberna,
Lépez, and Pastor [51].

Proposition 11.10 (LSIS) © is an FM system if and only if
(%,¢) € cone co {(x;,¢;), 1 € I; (0,—1)}.
Proof. Suppose that

(Z,¢) € cone co {(x;,¢;), i € I; (0,—1)}.
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As in the proof of Proposition 11.9, consider ¢’ ¢ I. Define (z;/,¢;) = (0, —1)
and I’ = {i'} U I. Therefore,

(&,¢) € cone co {(x4,¢;), i € I'} C R™ T,

which by the Carathéodory Theorem, Theorem 2.8, implies that there exist
Aj>0andi;el’, j=1,...,s with 1 <s <n+ 2 such that

S
(#,8) = Y Ay ci,)-
j=1
Invoking Proposition 11.9 to the finite system, (Z,z) > ¢ is a consequence
relation of the finite system

(Ti;, ) >ci;y J=1,2,...,5.

Therefore, (LSIS) © is an FM system.
Conversely, suppose that © is an FM system, which implies that a conse-
quence relation (Z,z) > ¢ of the infinite system

(Ti,x) > ¢y €1

can be expressed as a consequence of finite subsystem, that is, (Z,z) > ¢ is a
consequence relation of a finite subsystem

(i, ) > ¢y i =1,2,...,5.
Applying Proposition 11.9 to the above finite system,

(z,¢) € clconeco{(xici), i1=1,2,...,8(0,—1)}
= cone co {(z;,¢;), i=1,2,...,8;(0,—1)}

which implies that
(Z,¢) € cone co {(x;,¢;), i € I; (0,—1)},

thereby establishing the desired result. (]

Now we introduce the Farkas-Minkowski qualification for (SIP) from Gob-
erna, Lépez, and Pastor [51].

Definition 11.11 The convex semi-infinite programming problem (SIP) is
said to satisfy the Farkas—Minkowski (FM) qualification if (LSIS)

O ={g(y,1) +{{,x—y) <0: (y,i) eR" x I, £ € dg(y,i)}

is an FM system.
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Using the FM qualification, we present the KKT optimality condition for
(SIP) from Goberna, Lépez, and Pastor [51].

Theorem 11.12 Consider the conver semi-infinite programming problem
(SIP). Assume that the FM qualification holds. Then T € R™ is a point of

minimizer of (SIP) if and only if there exists A € R[Jf(i)] such that
0€df(@)+ Y. Ndgi(®).
i€supp X
Proof. Define the solution set of (LSIS) © by C, that is,
C={zeR":g(y,i)+(Ez—y) <0,V (y,i) €ER" x I, V £ € Dg(y,i)}.

Note that as dom g(.,i) = R", i € I, by Proposition 2.83, d¢(y, i) is nonempty

for every y € R™ and hence C' is defined. We claim that C; = C.
Suppose that & € Cy, which implies that ¢(Z,4) <0, ¢ € I. For any y € R™
and §; € dg(y, i) for i € I, by Definition 2.77 of the subdifferential,

g(y77’) + <€“.'17 - y> S g($,1)7 Vze R™.
In particular, for z = Z, the above inequality becomes
g(y, 1) + (&, @ —y) < g(3,i) <0, Viel,

which leads to # € C. Because & € Cr was arbitrary, Cr C C.
Conversely, suppose that & € C, which implies that for every y € R™ and
iel,

9(y,9) + (£, —y) <0, V £ € Ig(y,1).
In particular, taking y = 2, the above condition reduces to
g(#i) <0, i €1,

thereby implying that & € C7. Because ¥ € C was arbitrary, C C C;. Hence
C; = C and thus the FM system © is a linearization of C7.

As T is a point of minimizer of (SIP), it is also the point of minimizer of
the equivalent problem

inf f(x) subjectto z€Cr.
Because dom f = R"™, by Theorem 3.1,
0€0f(z)+ N¢, (%),

which implies that there exists £ € 9f(Z) such that —¢ € N¢, (Z). By Defini-
tion 2.36 of the normal cone,

<£,$7f>20, VIJ’JEC[,
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and thus it is a consequence relation of (LSTS) ©. As © is an FM system, by

Proposition 11.10, there exist A\; > 0, & € 0g(Z,4;), i; € I, 1 =1,2,...,s,
and p > 0 such that

Z/\ (=&, 95, 15) — (&2 y5)) + (0, —p).

Without loss of generality, assume that A\; >0, j =1,2,...,s. Now multiply-
ing the above condition throughout by (—z, 1) leads to

ZA 9(y;,i5) + (&0 — ;) —
As p > 0, the above relation leads to
)< Z)‘ 95, 15) + (&> x = v5))- (11.30)

As & € 09(7,15), 7=1,2,...,s,
9(y;,i5) + (&rw — y5) < g(w,i5), Vo € R™. (11.31)
Also, because & € 0f(Z),
f(@) — flx) <{z—2x), Vo eR™ (11.32)
Combining the conditions (11.30), (11.31) and (11.32), yields that
f(@) < f(:v)—l—i)\jg(ac,ij), vV xeR™ (11.33)
j=1

In particular, taking z = Z in the above inequality, which along with the
feasibility of Z leads to

0< ) Ng(z,i;) <0
j=1

that is, Z)\jg(i‘,ij) = 0. Thus,
j=1

/\jg(j,ij)zo, Vi=12,...,s.

By our supposition, A; > 0, j =1,2,...,s which implies that g(z,%;) = 0, that
is,i; € I(z), j=1,2,...,s. Define A\; =0 for i € I(Z) and @ & {i1,12,...,%s}.
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Therefore, from the inequality (11.33), Z is the minimizer of the unconstrained
problem

inf f(z)+ Z Aig(z,i)  subject to x € R",

i€supp A

where A € RE(E)]. By the optimality condition for the unconstrained problem,
Theorem 2.89,

0€d(f+ D Ngl))@).
i€Esupp A
As dom f =dom g(.,i) = R"™ for ¢ € I(Z), by the Sum Rule, Theorem 2.91,
0eaf@+ Y. Nog(z,i),
i€ESUpp A

thereby establishing the KKT optimality conditions for (SIP). The converse
can be worked out along the lines of Theorem 11.2. O

Another notion that implies (LSIS) © is an FM system is that of the
canonically closed system. Below we define this concept and a result relating
a canonically closed system and an FM system from Goberna, Lépez, and
Pastor [51].

Definition 11.13 (LSIS) © = {{(z;,z) > ¢;, i € I} is canonically closed if
the following conditions hold:

(i) There exists & € R™ such that {(x;, &) > ¢;, i € I.
(ii) The set {(x;,c¢;), ¢ € I} is compact.

The following result provides different conditions under which © is an FM
system, part of the proof is due to Hestenes [55].

Proposition 11.14 If the consistent (LSIS) © satisfies one of the following
conditions, then it is an FM system:

(i) cone co {(x;,¢;), i € I; (0,—1)}) is closed.
(i) cone co {(x;,¢;), i € I} is closed.
(iii) (LSIS) © is canonically closed.

Proof. (i) Suppose that cone co {(z;,¢;), i € I; (0,—1)} is closed. Then by
Proposition 11.9, (Z,z) > ¢ is the consequence relation of (LSIS) © if and
only if

(Z,¢) € cone co {(x;,¢;), i € I; (0,—1)},
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which by Proposition 11.10 is equivalent to © being an FM system.
(ii) Define

K = cone co {(zs,¢;), i € I; (0,—1)} and K = cone co {(z;,c;), i € I}.
It is easy to observe that
K = K + cone (0,-1). (11.34)

Suppose that K is closed. We claim that K is closed, which by (i) will then
imply that © is an FM system. Consider a bounded sequence {(Zy,é)} C K
such that (Z, ¢x) — (&, ). Note that (Zg, ¢x) for k € N can be expressed as

(Tk, k) = (T, k) + (0, —1), Vk €N, (11.35)

where {(zy,cx)} C K and {\;} C Ry. Assume that {\;} is an unbounded
sequence, which implies A\, — +o00. From the condition (11.35)

1 1
f(i‘k,ék) = —(a:k,ck) + (O, —1), VkeN.
Ak Ak
As (Zg,é) — (Z,¢), taking the limit as & — 400 in the above condition
implies that

1

il — (0.1
" (zg,cr) — (0,1),

that is, (0,1) € ¢l KcCeK. By Proposition 11.9,
0=(0,z) >1

is a consequent relation of (LSIS) O, which is impossible. Thus, {\z} is a
bounded sequence. By the Bolzano—Weierstrass Theorem, Proposition 1.3, it
has a convergent subsequence. Without loss of generality, assume that Ay — A.
By the condition (11.35) and boundedness of the sequences {(Z, )} and
{A}s {(zg, ck)} is also a bounded sequence. Without loss of generality, by the
Bolzano-Weierstrass Theorem, let (z, c) — (z,¢). As K is closed, (z,¢) € K.
Therefore, taking the limit as kK — +o00, (11.35) along with (11.34) yields that

(#,¢8) = (z,¢) + A(0,-1) € K,

and hence K is closed, which by (i) implies that (LSIS) © is an FM system.

(iii) Suppose that © is a canonically closed system. Therefore, the set
{(zi,¢i), © € I'} is compact. We claim that

K = cone co {(x;,¢;), i € I} C R*!

is closed. On the contrary, assume that it is not closed, which implies there
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exists a convergent sequence {(Z,¢)} C K such that (iy,é) — (%,¢) with
(#,¢) € cl K but (z,¢) ¢ K. Because (%, ) € K, there exist Ai, 20, i, €1
for j =1,2,..., sk, {sx} C N such that

xk,Ck; § )\Zk xlk 7CZk )

By the Carathéodory Theorem, Theorem 2.8, 1 < s < n+ 2. For s, < n—+ 2,
choose any iy, € I with Aikj =0, j=sg+ 1,5 +2,...,n+ 2. Therefore the
above condition can be rewritten as

n+2

(Tg, Cx) = Z i, (xikj,cik,j). (11.36)

j=1
As {(x4,¢;), i € I} is compact, by the Bolzano—Weierstrass Theorem,
{(x% ) Cir, )} has a convergent subsequence. Without loss of generality, assume
that (wikj,cikj) — (z4;,¢i;) € {(z4,¢;), 1 € I}. By assumption, (Z,¢) ¢ 167
which implies {)\ikj} is unbounded. Otherwise, there exists some convergent
subsequence of {)\% }. Without relabeling, assume that /\z‘kj — i, . Therefore,
taking the limit as k — +o0 in (11.36) leads to

n+2

T 5) = Z )\27 (l'ij,Cij) € ’6,
j=1

which is a contradiction of our assumption.

Denote A\, = Z;Lilz Ay, Observe that the sequence { J} CRyisa

bounded sequence and hence by the Bolzano—Weierstrass Theorem has a con-
Ai

vergent subsequence. Without loss of generality, assume that )\kj —Ai; 20,
k
j=1,2,...,n+2, with Z"+2 = 1. Dividing the condition (11.36) through-

out by Mg and taking the hmlt as k — +o0o, which along with the fact that
A — +oo yields

n+2 n+2
Z )\j (xij y Cij) =0 with Z )\ij =1. (1137)
J=1 j=1

As (LSIS) © is canonically closed, there exists & € R™ such that (z;, %) > ¢;,
i € I, that is,

((mi, i), (B, -1)) = (24, 8y —¢; >0, Viel (11.38)
Combining the relations (11.37) and (11.38) along with the fact that A;; > 0,
7=1,2,...,n+ 2, not all simultaneously zero, implies that
n+2 n+2

0= Z /\ij <(.’£1‘].,Cij ZIZ 71 Z )\ZJ IL’l , L) — 17) > O,
j=1
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which is impossible. Thus our assumption was wrong and hence K is closed,
which by (ii) yields that © is an FM system. O

As seen in Section 11.4, the Slater constraint qualification for (SIP) im-
plies that every feasible point is a Lagrangian regular point; we will now
present the relation between the Slater constraint qualification for (SIP) and
the FM qualification. For this we will need the following result from Goberna,
Lépez, and Pastor [51].

Proposition 11.15 Consider a closed conver set F' C R™ and let F}, denote
the boundary points of F. Also consider (LSIS)

0 = {(z;,x) <¢, i€}
such that
(i) every point of F is a solution of the system ©,
(i) there exists & € F such that (x;,x) < ¢;, i € I,
(iii) given any y € Fy, there exists some i € I such that (x;,y) = ¢;.
Then F' is the solution set of ©, that is,
F={xeR": (z;,x) <¢, i €I}

Proof. Observe that by condition (i), FF C {z € R : (z;,2) < ¢, i € I}.
Conversely, suppose that there exists

ze{x eR": (x;,x) < ¢, i €1}

and z ¢ F. By (ii), there exists & € F such that (x;,z) < ¢; for every i € I. As
Fis a closed convex set, the line segment joining & and z meets the boundary
F, at only one point, say y € (&, z). Therefore, there exists A € (0,1) such
that y = (1 — A\)& + Az € F},. By condition (iii), there exists i € I such that

(z3,9) = ci. (11.39)

By the conditions on & and z,

respectively. Thus
<J};,y> = (1 - )‘)<an jj) + )\<JJ;, Z> <

which is a contradiction to (11.39). Hence, F' D {z € R™ : (z;,z) < ¢;, i € I},
thereby establishing the result. |

Now we are in a position to present the implication that the Slater con-
straint qualification for (STP) leads to the FM qualification from Lépez and
Vercher [75].
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Proposition 11.16 Consider the conver semi-infinite programming problem
(SIP) with bounded feasible set Cy. If the Slater constraint qualification for
(SIP) holds, then the FM qualification condition is also satisfied.

Proof. Define g(z) = sup g(z,4) and C? = {z € Cr : g(z) = 0}. Consider the
iel
(LSIS)

O ={(t.2) < (&), yeC, £€dg(y)}

We claim that © is a linear representation of Cj. For any £ € dg(y), by
Definition 2.77 of the subdifferential,

(§,v—y) < g(r) —g(y), Vo eR" (11.40)

As the Slater constraint qualification for (SIP) holds, by condition (i) and
(ii), the supremum g(z) is attained. Therefore, in particular, for y € C? and
x € Cr, that is, g(y) = 0 and g(z) = sup,c; g(x,7) < 0, respectively, the above
inequality reduces to

(€, 2) < (&), Y &€ dg(y)

Because z € C; was arbitrary, every point of C7 is a solution of o.
By condition (iii) of the Slater constraint qualification for (SIP), there
exists & € R™ such that

g9(z,i) <0, Viel,

that is, & € Cr. By the conditions (i) and (ii) of the Slater constraint qualifi-
cation for (SIP), g() < 0. Therefore, in particular, taking y € C% and = = #,
the condition (11.40) becomes

(€2 —y) <g(2) <0, VEcdy(y) (11.41)

for every y € C%. Also, in particular, taking y = § € C? and = 7 in the
inequality (11.40), the relation holds with equality.

From the above discussion, it is obvious that the conditions of Proposi-
tion 11.15 are satisfied and thus, C; coincides with the solution set of (LSIS)
©, that is,

Cr={zeR": (&2) < (&y), Yy eCr, ¥V EE(y)} (11.42)

We now show that © is canonically closed and hence is an FM system.
By the condition (11.41),

(&,2) < (&), Yy eCh VEedg(y)

and thus, the condition of (ii) of Definition 11.13 is satisfied. Therefore, for ©
to be a canonically closed system, we need to show that the set

K ={(& (&), yeCl &cdgy)}
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is compact.

As Cy is bounded and C% C Cj, therefore C? is bounded. Also by condition
(i) and (ii) of the Slater constraint qualification for (SIP), the supremum is
attained over I. Therefore, as dom g(.,i) = R™, ¢ € I, dom g = R", which
by Theorem 2.69 is continuous over R™. Thus, for a sequence {y;} C C? with
yr — U, 9(yx) — g(g). Also, as g(yx) = 0 for every k € N, g(g) = 0, which
implies 3 € C%. Hence, C? is closed, thereby yielding the compactness of C?.
By Proposition 2.85,

dg(CY) ={¢eR": £ €g(y), ye Chy = | 99(y)

yec?h

is compact.

Now consider a convergent sequence {(&x, (€x,yx))} C K where {y} € C?
and & € dg(yx) C g(Cy). Suppose that (&, (&, yx)) — (£,7), that is & — &
and (&, yx) — 7. As & — &, which by the compactness of dg(C?) implies that
€ € Ag(C?). Because {yx} C C%, {yi} is a bounded sequence. By the Bolzano-
Weierstrass Theorem, Proposition 1.3, it has a convergent subsequence. With-
out loss of generality, assume that y; — 7, which by compactness of C? leads
to § € CY. As (&, yx) — 7, which by the convergence of {¢;} and {y;} im-
plies that 4 = <§:, 7). Because & € 9g(yg) with & — € and yp — 7, by
the Closed Graph Theorem, Theorem 2.84, £ € dg(f). Thus (£, (£,7)) € K,
thereby yielding the closedness of K.

By the compactness of C% and 9g(C?), |ly|| < M; for every y € C? and
1€ < My for every & € g(C?), respectively. Therefore, for any (¢, (€,y)) € K
along with the Cauchy—Schwarz inequality, Proposition 1.1,

€117 + 1K€, ol < € + M€l llyll < Mu(My + Mo)

and hence K is bounded. Therefore, K is compact, thus implying that the
system © is canonically closed, which by Proposition 11.14 yields that © is
an FM system.

Next we claim that (LSIS)

0 ={({z—y) <—g(y,i), (y,9) €eR" x I, £ € dg(y,7)}

is equivalent to é, that is, both © and O have the same solution set. To
establish this claim, we will prove that C; is the solution set of ©.

For any (y,7) € R™ x I and &; € 0g(y, i), by Definition 2.77 of the subdif-
ferential,

&,z —y) < g(x,i) —g(y,i), Vo €R™ (11.43)

In particular, taking x € C7, that is,

g(z,i) <0, Viel,
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the inequality (11.43) reduces to

<£iax _y> S _g(yvi)v v (y,z) € R" x Ia Véz € 3g(y,l),

which implies x is a solution of (LSIS) ©. Because x € C; was arbitrary,
every point of C7 is a solution of ©.

By condition (iii) of the Slater constraint qualification, there exists & € R"
such that

g(@,i) <0, Viel

In particular, taking = & in (11.43) yields that for every (y,i) € R" x I,

(&2 —y) < g(&,1) — g(y,9) < —g(y,), ¥V & € dg(y, ).
Also, taking y = § € C?, where

C% = {y € R™ : there exists some i € I such that g(y,i) = 0},
along with z = § and 7 € () in the condition (11.43) leads to
(€5 — ) = 0=—g(5,0), V & € 0g(§,1)-

As the conditions of Proposition 11.15 are satisfied,

Cr={zeR":({z—y) < —g(y,i), V(y,i)) ER" x [, VE € 8g(y’i)}7
(11.44)
that is, Cr is a solution set of (LSIS) ©.

From the conditions (11.42) and (11.44), both © and © are equivalent
(LSIS). Because ©isan FM system, © is also an FM system, which along with
Definition 11.11 yields that (SIP) satisfies the FM qualification condition,
thereby establishing the requisite result. (]

11.6 Noncompact Scenario: An Alternate Approach

In this section we discuss the recent epigraphical approach, or more precisely
the sequential approach studied in Chapter 7 as a tool to establish the KKT
optimality conditions for (SIP). This approach has been studied for convex
programming problems with infinite constraints by Jeyakumar [66, 67] and
Goberna, Jeyakumar, and Lépez [49]. Here we will present the KKT optimality
conditions for (STP) from the work of Dinh, Mordukhovich, and Nghia [33]
under the following relaxed closed cone constraint qualification for (SIP),
that is,

cone co U epi g(.,0)* s closed.
iel
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But before establishing the optimality conditions for (SIP) as a consequence
of the optimality conditions expressed in terms of the epigraph of the conjugate
functions, we present a result from Jeyakumar [67].

Proposition 11.17 Consider an lsc proper convex function ¢ : R — R and

define
F={zeR": ¢(x) <0}
If F' is nonempty, then epi §3 = cl cone co epi ¢*.

Proof. Suppose that F' is nonempty. From the definition of the indicator
function to the set F, dp,

¢(zr) <0=0p(z), forxelF,
¢(z) < 400 =6p(x), forxz¢F.
Therefore, ¢(z) < dp(x) for every x € R™. By Proposition 2.103,

0p(€) < ¢7(§), VEeR™ (11.45)

We claim that ¢l cone co epi ¢* C epi 07.. By Definition 2.101 of the conjugate
function, 07 is the same as the support function to the set F', that is, 67, = op.
By Proposition 2.102, 4} is lsc, hence by Theorem 1.9, epi 6% is closed. Also,
as op is a sublinear function, by Theorem 2.59 ep: ¢ is a convex cone. So it
is sufficient to establish that epi ¢* C epi 63. Consider any (£, a) € epi ¢*,
which by condition (11.45) implies that

0p(8) < ¢7(§) < a.

Therefore, (£, ) € epi 05.. As (§,a) € epi ¢* was arbitrary, epi ¢* C epi 05
Because epi 6} is a closed convex cone,

cl cone co epi ¢* C epi 0%. (11.46)

To complete the proof, we will prove the converse inclusion, that is,
epi 6% C cl cone co epi ¢*. Suppose that (§,a) ¢ cl cone co epi ¢*. As
0% = op is a sublinear function with §%(0) = 0. Therefore, (0,—1) & epi 6%,
which by the relation (11.46) implies that (0,—1) € ¢l cone co epi ¢*. Define
the convex set

F={1=MN(&a)+A0,-1)eR*xR: X e[0,1]}.
We claim that
F Nl cone co epi ¢* = 0.
On the contrary, suppose that there exists \e (0,1) such that
(1 —A)(& @) + A0, —1) € cl cone co epi ¢*. (11.47)



11.6 Noncompact Scenario: An Alternate Approach 397

We claim that {0} x Ry C ¢l cone co epi ¢*. To establish this fact, it is
sufficient to show that (0,1) € ¢l cone co epi ¢*. On the contrary, suppose
that

(0,1) & cl cone co epi ¢*.

Then by the Strict Separation Theorem, Theorem 2.26 (iii), there exist
(a,7) € R" x R with (a,~) # (0, 0) such that

(a,&) + ya >, ¥V (§,a) € cl cone co epi ¢*. (11.48)
As (0,0) € ¢l cone co epi ¢*, v < 0. We will show that
(a,&) +ya > 0>, V (§,a) € cl cone co epi ¢*.
On the contrary, suppose that (£, «) € ¢l cone co epi ¢* such that
0> (a,&) +ya > . (11.49)

For any A > 0, A(&, @) € ¢l cone co epi ¢*, which by the conditions (11.48)
and (11.49) implies that

0> A({a,&) +~ya) > .
Taking the limit as A — +oc in the above inequality,
A((a, &) +ya) — —oo,
which is a contradiction. Therefore,
(a, &) +ya > 0>, V (§ a) € cl cone co epi ¢*. (11.50)

Consider any £ € dom ¢* and € > 0. Thus, (£, ¢*(§) 4+ €) € cl cone co epi ¢*.
Therefore, from the condition (11.50),

(a,8) +7(67(§) +¢) 20,

which implies

(@8 +76*(©) +7 2 0.

Taking the limit as € — +00 in the above inequality, which along with (11.50)
yields that 0 > v > 0, which is a contradiction. Thus, (0,1) € ¢l cone co epi ¢*
and hence

{0} x Ry = cone (0,1) C ¢l cone co epi ¢*. (11.51)

From the relations (11.47) and (11.51),

(1 =) (& a) = (1= A)(Ea)+A0,—1) + (0, ) € ¢l cone co epi ¢*,
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which implies

1 ~ o
& a)= - 5\){(1 —AN)(& )} € cl cone co epi ¢F,

thereby contradicting our assumption. Thus
F Nl cone co epi ¢* = 0.

AsFisa compact convex set and cl cone co epi ¢* is a closed convex cone, by
the Strict Separation Theorem, Theorem 2.26 (iii), there exists (a,7y) € R" xR
with (a,~) # (0,0) such that

(a,2) + 98 > (a,2) + P (11.52)
for every (z,3) € cl cone co ¢* and (Z,3) € F. As (0,0) € ¢l cone co epi ¢*,
0> (a,z) +7B, V (2,8) € F.
Also, as (0,—1), (£,a) € F, from condition (11.52),
¥y>0 and {(a,&) +ya<O. (11.53)
Repeating the discussion as before, we can show that
(a,2) + 78 20> {a,2) + 7

for every (z,08) € cl cone co ¢* and (2,5) € F. For any & € dom ¢*,
(&, 0*(€)) € cl cone co epi ¢*, which by the above inequality implies that

(a,&) +v¢*(£) > 0, V & € dom ¢*. (11.54)

Because ¢ is Isc, by Theorem 2.105, ¢ = ¢**. Therefore, by the conditions
(11.53) and (11.54),

¢(7) = ¢**(7) = 585%3}{(5, 7> —¢7(§)} <0,

which implies that A er Again using the condition (11.53),
Y

—a —a —a
0p(—) = orp(—) 2 57 —) >,
F( 5 ) ( 5 ) = 5 )
which implies (£, «) ¢ epi ¢}, thereby establishing the desired result. a

Now we move on to derive the optimality conditions in epigraphical form.
Similar results have been studied in the form of generalized Farkas’ Lemma
in Dinh, Goberna, and Lépez [31] and Dinh, Goberna, Lépez, and Son [32].
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Theorem 11.18 Consider the conver semi-infinite programming problem
(SIP). Then T is a point of minimizer of (SIP) if and only if

(0,—f (7)) € epi f* 4+ cl cone coU epi g*(.,19). (11.55)
iel

Proof. Suppose that Z is a point of minimizer of (SIP) and hence of the
following unconstrained problem

inf f(z)+dc,(xz) subject to =xeR™
Therefore, by Theorem 2.89,
0€9(f +dc,)(Z),
which by Theorem 2.108 and the fact that £ € C implies that
f(@) + (f +0¢,)"(0) = (0,z) = 0.
Therefore, the above condition leads to
(0, —f(2)) € epi (f +d¢,)"

As dom f =R", by Theorem 2.69, f is continuous over R". Thus, by Propo-
sition 2.124,

(0, —f(2)) € epi "+ epi o¢,. (11.56)
Define the supremum function g(z) = sup,c; g(x, %), which implies that
Cr={z eR":g(zx) <0}

Because z € C7, C7 is nonempty. Invoking Proposition 11.17, the condition
(11.56) yields

(0,—f(Z)) € epi f* + cl cone co epi g*.

Applying Theorem 2.123 to the above relation leads to

(0,—f(x)) € epi f* + cl cone co U epi g*(.,1),
i€l
thereby leading to the desired condition.
Conversely, suppose that the epigraphcal condition (11.55) is satisfied,
which implies that there exist £ € dom f*, a > 0, \F > 0, &F € dom g*(.,i)
and af > 0 for 7 € I such that

(0,— (@) = (€ F7(§) +a) + Tim S”Ne(ek, g7 (€5,1) + ab).

i€l
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As cone co J;epepi g*(.,i) € R™!, by the Carathéodory Theorem, Theo-
rem 2.8, any element in the convex cone can be expressed as a sum of n + 2
elements from (J;.; epi g*(., 7). Therefore, the above condition becomes

n+2

(0.~ (@) = (€ (&) +a) + Jim S0k (€h, " (€ i) + ),
j=1

where ¢; € I, j =1,2,...,n+ 2. Componentwise comparison leads to
n+2
_ : k ¢k
0 = §+klin;oZAi_j (11.57)
j=1
n+2
—f@) = f§+a+ lim ZA’“ “(€a1) +ap). (1158)

By Definition 2.101 of the conjugate function, condition (11.58) yields
n+2

f@) = flz) < —(2 —a—hmZ)\k i)+ ar)

n+2
_<§7x>_a_kh_,ngoz>\fa(< zkjv‘r>_g( Zazj)+afj)7 VzeR"
’ i=1

IN

Using condition (11.57), for every x € Cj, the above inequality leads to

n+2

f(@) = f(z) < —a = lim ; Aok

which by the nonnegativity of a and of, j =1,2,...,n + 2, yields

f(@ < f(z), Va el
Thus, T is a point of minimizer of (STP), thereby establishing the result. [

We end this chapter by presenting the KKT optimality condition for (S1P)
from Dinh, Mordukhovich, and Nghia [33]. But before that we define the set
of active constraint multipliers as

A(z) ={) € R[Jf] :Xig(Z,1) =0, Vi€ supp A}

Theorem 11.19 Consider the conver semi-infinite programming problem
(SIP). Assume that the closed cone constraint qualification holds. Then Z
is a point of minimizer of (SIP) if and only if there exists A € A(Z) such that

0e€df(z Z Ai0g(Z,1).

iEsupp A
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Proof. By Theorem 11.18, Z is a point of minimizer of (SIP) if and only
if condition (11.55) is satisfied. As the closed cone constraint qualification is
satisfied, (11.55) reduces to

(0,—f (7)) € epi f* + cone coU epi g* (., 1).
iel
By Theorem 2.122, there exist £ € 0. f(Z), € > 0, \; > 0, & € Oc,9(Z,1) and
€; > 0, 1 € I such that

(0, =f() = (& (&.2) = F(2) +) + D Nil&, (&, 7) — 9(@,4) + &4)-

i€l
Componentwise comparison leads to
0 = &+ N, (11.59)
il
—f(@) = (&2) — f(@) +e)+ > Nl((&7) — g(Z,4) +&). (11.60)
i€l

Using the condition (11.59), (11.60) reduces to

O*EJFZ/\ 9(Z,1) + €;).
el

The above condition along with the fact that z € Cy, that is, g(Z,7) <0, i€ I
and the nonnegativity of €, ; and \;, ¢ € I, implies that

e=0, XNg;=0 and M\g(z,i)=0,i€l.

Thus, for i € supp A, &; = 0 and A € A(Z). Therefore, £ € Jf(z) and
& € 0g(z,i), i € supp X satisfying

0=¢+ Z Ai&i-
1Esupp A
Therefore, for A\ € A(Z),
0e€df(z Z Xi0g(Z, 1) (11.61)
1ESUPP A

thereby yielding the KKT optimality condition for (SIP).
Conversely, suppose that (11.61) holds, which implies that there exist
&€ df(z) and & € dg(z,1), i € supp A such that

0=¢(+ ) & (11.62)

1ESUPP A
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By Definition 2.77 of the subdifferential, for every x € R",

f(‘%) + <£»x _j>7

>

which along with the condition (11.62) implies that

f@+ >0 Nglai) > f@)+ Y, Ng(®,i), Ve eR™

1ESUPP A 1ESUPP A

As X € A(Z), \ig(Z,1) = 0 for i € supp A, which for every x € CT reduces the
above inequality to

f@) = f@)+ > Ngla,i) > f(z), Vo el

i€Esupp A

Therefore, T is a point of minimizer of (SIP), hence completing the proof. O



Chapter 12

Convexity in Nonconvex Optimization

12.1 Introduction

This is the final chapter of the book. What we want to discuss here is essen-
tially outside the preview of convex optimization. Yet as we will see, convexity
will play a fundamental role in the issues discussed. We will discuss here two
major areas in nonconvex optimization, namely maximization of a convex
function and minimization of a d.c. function. The acronym d.c. stands for
difference convex function, that is, functions expressed as the difference of
two convex functions. Thus, more precisely, we would look into the following
problems:

max f(z) subject to x€C (P1)
and min f(z) — g(x) subject to x € C, (P2)

where f,g: R™ — R are convex functions and C' C R™ is a convex set. A large
class of nonconvex optimization problems actually come into this setting. Note
that (P1) can be posed as

min — f(z) subjectto ze€C
and thus as
min ¢(z) — f(x) subjectto z€C,

where ¢ is the zero function. Thus the problem (P1) can also be viewed as
a special case of (P2), though we will consider them separately for a better
understanding.

12.2 Maximization of a Convex Function

The problem of maximizing a convex function over a convex set is a complete
paradigm shift from that of minimization of a convex function over a convex

403



404 Convexity in Nonconvexr Optimization

set. The problem of maximization of a convex function is, in fact, a hard
nonconvex minimization problem. One of the early results in this direction
appears in the classic text of Rockafellar [97] and we will mention a few of
them here in order to motivate the reader. The first point that the reader
should note is that local maxima of a convex function need not be global
maxima. We leave it to the reader to create some examples that bring out
this fact. The following result is given in Rockafellar [97]. We will not provide
any proof. See Rockafellar [97] for the proof.

Theorem 12.1 Consider a convex function f : R® — R and a convex set
C C R™. If f attains its supremum relative to C' at some point in ri C, then
f is constant on C.

The above theorem says that if f is a nonconstant convex function and if
it attains its supremum on C, then it must be attained at the boundary. Of
course the more interesting question is when does the convex function actually
attains its maximum? In this respect, one has the following interesting result
from [97] where the set C' is assumed to be polyhedral.

Theorem 12.2 Consider a convex function f : R® — R and a convex set
C C R"™ that is polyhedral. Suppose that there are no half lines in C' on which
f is unbounded above. Then f attains its supremum over C.

For more general results, see [97]. One of the earliest papers dealing exclu-
sively with the optimality conditions of maximizing a convex function over a
convex set is due to Strekalovskii [104]. Though Strekalovskii [104] frames his
problem in a general setting, his results are essentially useful for the convex
case and the main results in his paper are given only for the convex case.

Observe that if f : R®™ — R is a convex function and z € C' is the point
where f attains a global maximum, then for every x € C,

02> f(z) — f(z) 2§z —7), VEE€If(T),
which implies
(0 —-T)<0,VEeaf(z), Voel.

Thus the necessary condition is df(Z) C N¢(Z). The reader should try to find
a necessary condition when Z is a local maximum. Can we find a sufficient
condition for a global maximum? Strekalovskii [104] attempts to answer this
question by developing a set of necessary and sufficient conditions.

Theorem 12.3 Consider the problem of mazimizing a convex function f over
a closed convex set C. Assume that T € C' is a point such that

—00 < xiengn fz) < f(T) < 40
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and the set
C={zeR": f(z) < f(2)}

is compact having a nonempty interior, that is, int C # 0. Then & € C is a
global mazimum of f on C if and only if

(a) for every x* € Of (%), (x*,x —%) <0, Vx e or

(b) for every y* € S(f, %), (y*, o —Z) <1, YV € C where

S(f.z)={y" eR": 3y eR", y#z, f(y) = f(x) and
Ja>0, ay* € df(y) satisfying (y*,y —z) = 1}.

Proof. We will only prove (a) and leave (b) to the readers. If Z is a global
maximum, then our discussion preceding the theorem shows that (a) holds,
that the condition in (a) is necessary. Now we will look into the reverse, that
is, whether (a) is sufficient for a global maximum or not. Observe that under
the given hypothesis, for every z* € 9f(z),

(x*,z—Z) <0, Vael.

As dom f = R", by Theorem 2.69, f is a continuous convex function, thus
the set C is closed and convex. Also, from the above inequality,

cone 0f(T) C N¢ ().

Further, as C' has a nonempty interior, there exists # such that f(2) < f(z).
Hence

Ne(Z) ={N: A >0, £€0f(T)}.

Thus, Ne(Z) = cone 0f(Z). This shows that N(Z) C No(Z), which implies
that C' € C. Hence Z is the point where the maximum is achieved as T is
already given to be an element of C. |

It is important to note that without the additional conditions,
0f(Z) C N¢(Z) does not render a global maximum. Here we put forward an
example from Dutta [38]. Consider f : R — R defined as

f(z) = max{z? x}.

Now suppose that we want to maximize f over C = [—1,0]. Consider & = 0.
Thus No(Z) = Ry = {z € R: 2 > 0}. Observe that 9f(0) = [0, 1]. Therefore,
df(0) C N¢(0). However, Z = 0 is a global minimizer of f over C' and not a
global maximizer.

Strekalovskii refined the above result slightly to provide the following re-
sult. This appeared in [105].
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Theorem 12.4 Consider a closed conver set C' C R™ and let T € C. Assume
that

oo < _
o< inf fx) < f(2),
where f: R™ — R is a convex function. Then T € C is a global maximum for
(P1) if and only if

df(x) C No(x), ¥V x € R" satisfying f(x) = f(T).

Readers are requested to have a look at the difference between
Strekalovskii’s result in Theorem 12.3 and this result. Though the above re-
sult is elegant, it suffers from a drawback, that is, one needs to calculate
Ne(z) for every x € R™ satisfying f(x) = f(Z). Now if « ¢ C, then tradi-
tionally we define Ne(z) = 0. However, for a convex function f : R" — R,
df(z) # 0 for every x € R™. This drawback was overcome by Hiriart-Urruty
and Ledyaev [61]. We now present their result but with a different approach
to the proof.

Theorem 12.5 Consider a convex function f:R™ — R and a closed convex
set C CR. Let x € C be such that

oo < inf f(z) < f(@).

Then T € C is a mazimizer for (P1) if and only if
Of(x) C Neo(z), V z € C satisfying f(z) = f(Z).

Proof. If z € C is the global maximizer of the function f over C, then we
have already seen that 0f(Z) C No(Z). It is simple to see that if f(z) = f(Z),
df(x) C N (x). We leave this very simple proof to the reader.

Conversely, assume on the contrary that z € C' is not a global maximizer
of (P1). Therefore, there exists & € C such that f(Z) > f(Z). Consider the
following level set

S() ={x e C: f(x) < f(B)},

which is a closed convex set. It is clear that & ¢ S(Z). Thus, the following
projection problem:

1
min §||x —2||?  subject to f(z) < f(z), x € C

has a unique solution. Let £ € C' be that unique solution. Now using the Fritz
John optimality conditions for a convex optimization problem, Theorem 5.1,
there exist A\g > 0 and Ay > 0 with (Ao, A1) # (0,0) such that

(i) 0€ Xo(Z — &) + MOf(Z) + Ne(2),
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(i) A (f(2) = f(®)) = 0.

Assume that A\g = 0, which implies Ay > 0. Thus the above conditions reduce
to

0 € \MOf(Z) + No(2) and f(2) = f(T).
The condition 0 € A\9f(Z) + N (Z) leads to the expression
0 € 0f(Z)+ No().

This is obtained by dividing both sides by A; and noting that N¢(Z) is a cone.
As f is convex, invoking Theorem 3.1, & € C' is a point of minimizer of f over
C, that is,

(@) = if fa).

zeC

The condition f(Z) = f(z) along with the given hypothesis yields that

—00 < inf, fz) < f(2),

thereby contradicting the fact that x is the point of minimizer of f over C.
Hence \g > 0. Now assume that Ay = 0. Therefore, the facts that A\g > 0 and
N¢(Z) is a cone yield that

0€(Z—2)+ Ne(2),
that is,

Ne ().

=
|

ISH

m

Because z € C,

implying that £ = &. This is indeed a contradiction. Hence A; > 0. Thus there
exist £ € 0f(Z) and n € N¢(Z) such that

0=Xo(Z — &)+ ME+. (12.1)
As f(z) = f(Z), by the given hypothesis, 0f(Z) C N¢(Z), which implies
—(ME, 3 —F) > 0. (12.2)
Further, it is simple to see that
—(n,& — &) + o||& — Z||* > 0. (12.3)

The conditions (12.1), (12.2), and (12.3) lead to a contradiction, thereby es-
tablishing the result. O
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12.3 Minimization of d.c. Functions

In this section we will concentrate on deriving the optimality condition for
local and global minimization of a very important class of nonconvex problems.
These problems are the ones where the objective function can be expressed
as the difference of two convex functions. Such functions are referred to as
difference convex functions or d.c. functions. Thus we will concentrate on the
problem

min f(x) —g(z) subjectto zeC (P2)

where f,g: R™ — R are convex functions and C' C R" is a convex set. Note
that f(z) — g(z) need not be a convex function unless g is a linear or affine
function. So in general it is a nonconvex function. We begin by providing a
necessary optimality condition for a local optimal point.

Theorem 12.6 Consider the problem (P2) and let T be a local minimizer of
(P2) where C = R™. Then df(z) N dg(z) # 0.

Proof. Let  be a local minimum. As f — g is locally Lipschitz,
0€9°(f — 9)(@).

For details, see Clarke [27] or Chapter 3. Hence, by the Sum Rule of the Clarke
subdifferential,

0€0°f(z) +9°(—9)(7).

Noting that 0°f(z) = 0f(z) and 0°(—¢)(Z) = —0°¢(T) = —0g(Z), the above

condition becomes

0€df(z)—dg(z).
This yields that

0f(x) N dg(x) # 0.

We would again like to stress that for details on the Clarke subdifferential,
see Clarke [27]. O

Let us note that the above condition is only necessary and not sufficient.
Consider h(z) = f(x) — g(z), where f(z) = 22 and g(z) = |z|. At z = 0,
0f(0) =0 and 9g(0) = [—1,1]. Thus,

9£(0) N dg(0) = {0}

But it is clear that £ = 0 is not a local minimizer of h.
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Now let us see what happens if we consider C' C R™. In this case, one
would have

0€0°(f —9)() + No(),
(see Clarke [27] for more details). Hence,
0€0f(z)—99(Z) + Nc(Z).
Thus there exist {; € 0f(Z), {; € 0g(Z) and n € Nc(Z) such that
§g =&+
Thus, the optimality condition can now be stated as follows:

If z is a local minimum for (P2), there there exists £, € O0g(T)
such that

&y € 0f(T) + Ne(Z).
For C =R", if Z is a global minimum for (P2),

f(@) —g(x) = f(Z) — g(2), Vo eR"

Therefore,

f(@) = f(7) = g(x) — 9(Z) = (§g, 2 —T), V& € dg(T),

thereby implying that
dg(z) C Of (Z).

Note that this is again a necessary condition and not sufficient. We urge the
reader to find an example demonstrating this fact.

We now present interesting and important necessary and sufficient optimal-
ity conditions for the global optimization of problem (P2). Here the optimality
conditions will be expressed in terms of the e-subdifferential. We present this
result as given in Bomze [15].

Theorem 12.7 Consider the problem (P2) with C = R™. Then z € R™ is a
global minimizer of (P2) if and only if

0:9(ZT) C 0:f(Z), Ve >0.
Proof. As € R" is a global minimizer of (f — g) over R™,
F(x) - £(@) > g(z) — g(), ¥ = € R™.
If £ € O.9(z) for any € > 0,

f(x)*f(i’)Zg(z)*g(f)2<§,$7i’>*5, V’I'ER”,
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thereby implying that £ € 0. f(Z). Because € > 0 was arbitrary, this establishes
that

0:9(%) C 0:f(T), Ve > 0.

Let us now look at the converse. On the contrary, assume that Z is not a
global minimizer of (P2), which implies that there exists & € R™ such that

f(@&) —g(2) < f(Z) — g(2).
This yields that
f(@) = f(&) — g(z) + g(2) > 0.

Set 6 = (1/2)(f(z) — f(&) — g(Z) + g(2)). It is simple to see that § > 0.

)
Now consider € € 8g(#), which implies that

9(z) — g(&) — (£, 7 — &) > 0.

Because § > 0,

Set & = g(&) — g(&) — (£,Z — &) 4 0. Then for any z € R™,
x—Z)—e = (x—2+2—-I)—c¢
= (u—)—d+g(@) —g(@).
As € € dg(&), it is clear that £ € d5g(#), which leads to
(x—2) =6+ g(#) < gla).
Thus,
(2 —2)—c<g(x)—g(x), Vo R,

thereby implying that & € d.¢(z). By the given hypothesis, £ € 8. f(&). There-
fore, in particular for x = z,

Now

20

Il
=
S
S~—
|
~
—
=
|
—
s
—
0
|
=2
2>
=

< e— (i —2) - (9(2) - g(2)).
The way in which ¢ is defined leads to

e~ (9(z) — g(2)) = 6 + (£,& — 7).
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Hence,

260< 5+ (2 —1)— (£,8—7) =0 <26,

which is a contradiction. Thus, Z is indeed a global solution for (P2). O

Note that the above result also holds true if we assume f : R” — RU{+o00}
and g : R™ — R. In that case, one just has to assume that & € dom f. The
reader is encouraged to sketch the proof for such a scenario. However, we
present the result here for the sake of convenience.

Theorem 12.8 Consider the problem (P2) with C = R™ and a lower semi-
continuous convex function f : R™ — R U {+oc} with dom f # 0. Let
Z € dom f. Then T is a global minimum for (P2) if and only if

0:9(T) C 0:f(T), Ve >0.

Using the above result, one can deduce an optimality conditions for the case
when C C R™ and f : R® — R. Observe that when C C R" and f : R” — R,
the problem (P2) can be equivalently written as

min (f 4+ dc)(z) —g(x) subject to x € R".
Hence, Z is a global minimum for (P2) if and only if
Deg(¥) C O.(f +60)(3), V& > 0.

This is done of course by applying Theorem 12.8. Invoking the Sum Rule of
e-subdifferential, Theorem 2.115,

O:(f +60)(T) = U (02, f(Z) + 0-,00(7)).
€120, e2 >0,
€1 +ex2=¢

Hence,

0-9(z) C U (8-, f(Z) + N., (), Ve >0.
€120, 220,
€1 +e2=¢

We just recall that 0,0 (%) = Ne,,c(Z) for any g5 > 0.
The result Theorem 12.8 can also be used to deduce necessary and sufficient
optimality conditions for the problem (P1).

Corollary 12.9 Consider the problem (P1). Assume that C C R™ is a closed
convez set. The T € C is a global mazimum for (P1) if and only if

0-f(Z) C Noc(Z), YV e>0.
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Proof. Observe that the problem (P1) can be written as
min — f(z) subjectto z€C.
A further equivalent version can be given by
min (¢ + f)(x) subject to =z € R"

Using Theorem 12.8, the optimality condition is

0-f(Z) C 0:0¢(Z), Ve>0,
that is,

0:f(Z) C Neo(Z), Ve >0,

thereby establishing the result.

O

We end our discussion and the book here. However for more details on the
use of the above results, see for example Bomze [15], Hiriart-Urruty [60], and

the references therein.
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Inf-Convolution Rule, 118
infimal/inf-convolution, 68
Infimum Rule, 118

inner product, 4

interior, 4, 31

Jacobian, 14
Jensen’s inequality, 64

Karush-Kuhn—Tucker (KKT)
optimality condition, 2, 151
Karush—Kuhn—Tucker multiplier, 151

Lagrange multiplier, 1, 146, 151, 188
Lagrangian duality, 185
Lagrangian function, 172, 238, 345
Lagrangian regular point, 374, 375
limit infimum of function, 6

limit infimum of sequence, 5

limit point, 5

limit supremum of function, 6
limit supremum of sequence, 5
line segment principle, 32

linear programming, 1, 25, 61, 327
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linear semi-infinite system, 383
linearity criteria, 213, 221
Lipschitz constant, 82, 163
Lipschitz function, 2, 82, 320
locally bounded map, 15
locally Lipschitz function, 82, 163
lower limit of function, 6

lower limit of sequence, 5
lower semicontinuous (Isc), 5
lower semicontinuous hull, 10
lower-level set, 8

Mangasarian—Fromovitz constraint
qualification, 317

marginal function, 190

max-function, 104, 159, 342

Max-Function Rule, 106, 132

maximal monotone, 95

Mean Value Theorem, 14

merit function, 19

metric approximation, 209

minimax equality, 170

minimax inequality, 170

modified e-KKT conditions, 358

modified e-KKT point, 358

modified Slater constraint
qualification, 176, 183

monotone, 18

multifunction, 93

nonconvex optimization, 403
nondecreasing function, 100, 286
nondegeneracy condition, 316, 321
nonsmooth function, 13, 243, 320
nonsmooth optimization, 2

norm, 4

normal cone, 40, 54, 57, 89

open ball, 4
open half space, 24, 44
orthogonal complement, 48

parameter, 199
parameterized family, 199
penalty function, 209
polar cone, 40, 50
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polyhedral cone, 61
polyhedral set, 25, 58, 60
positive cone, 365
positive polar cone, 53
positively homogeneous, 71
primal problem, 170
product space, 365
projection, 65
prolongation principle, 32
proper function, 3, 62, 75
proper map, 15

proper separation, 45, 221
pseudonormality, 213, 220

quasi e-solution, 338, 355
quasinormality, 215
quasiregularity, 215

Rademacher Theorem, 163

recession cone, 41

regular e-solution, 338

regular function, 320

regular point, 270

regularization condition, 254

relative interior, 31

relaxed e-complementary slackness,
346, 358

relaxed Slater constraint
qualification, 372

right scalar multiplication, 339

saddle point, 169, 170
saddle point condition, 170, 216
Saddle Point Theorem, 171
Scalar Product Rule, 131
second-order derivative, 14
semi-infinite programming, 365
separable sublinear function, 274
separating hyperplane, 44
separation theorem, 44, 45
Sequential Chain Rule, 286, 290
sequential optimality conditions, 243,
281, 291, 395
Sequential Sum Rule, 282
set-valued map, 15, 93
sharp minimum, 327
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Slater constraint qualification, 145,
146, 167, 172, 214, 254, 272,
302, 316, 339, 366

Slater-type constraint qualification,
157, 162, 213, 221, 236

slope inequality, 86

smooth function, 13, 243, 315

strict convex function, 63

strict epigraph, 64

strict separation, 45

strong duality, 186

strongly convex function, 19

strongly convex optimization, 19

strongly monotone, 20

strongly unique local minimum, 327

subadditive, 71

subdifferential, 89, 162

subdifferential calculus, 98

subgradient, 89, 162

sublinear function, 66, 71, 274, 320

subsequence, 5

Sum Rule, 98, 118, 129, 137, 163

sup-function approach, 366

support function, 66, 71, 72

support set, 113, 366

supporting hyperplane, 45

Supremum Rule, 118, 137

tangent cone, 40, 54
two-person-zero-sum game, 169

upper limit of function, 6

upper limit of sequence, 5

upper semicontinuous (usc), 6, 94
upper semicontinuous (usc) map, 15

Valadier Formula, 107
value function, 190, 197
value of game, 170
variational inequality, 17

weak duality, 186

weak sharp minimum, 327, 328
weakest constraint qualification, 270
Weierstrass Theorem, 12
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